ON EVEN-ODD AMICABLE PAIRS

ABSTRACT. A pair of positive integers (m,n) is called an amicable pair if the sum of proper
divisors of each is equal to the other member. Even though more than 1 billion amicable pairs
are known today, it is still unknown if there is any even-odd amicable pair. In this paper, we prove
that such even-odd amicable pairs are rare by showing an upper bound for the counting function
of even-odd amicable pairs. This improves a remark of Pollack (2011) based on the result of
Tannucci and Luca (2009). Our method is a higher-degree version of Pomerance’s method (2015),
which was used to bound the number of the usual amicable numbers. To extend Pomerance’s
method to the higher-degree case, for a given positive integer k, we prove an upper bound for
the number of smooth values of o(n¥), where o(n) is the sum of divisors of n, and we also prove
an upper bound for the number of smooth values of a polynomial and an upper bound for the
number of smooth values of a polynomial over primes, which improve the previous results of
Hmyrova (1969), Timofeev (1977) and Mine (2024) for a certain range.

1. INTRODUCTION

For a positive integer n, let o(n) be the sum of divisors of n and s(n) be the sum of proper divisors
of n so that s(n) = o(n) —n. A pair of integers (m,n) is called an amicable pair if s(m) = n and
s(n) = m or, equivalently, if m and n satisfies the equation

o(m)=o0c(n) =m+n.

A member of an amicable pair is called an amicable number. We say that (m,n) is an even-odd
amicable pair and m,n are even-odd amicable numbers if (m,n) is an amicable pair consisting of an
even number m and an odd number n. Even though more than 1 billion amicable pairs are known
today, it is still unknown if there is any even-odd amicable pair. In this paper, we prove that such
even-odd amicable pairs are, if any, rare.

In this paper, we measure the “rarity” by bounding the counting functions. The amicable
numbers, even if they are not restricted to be even-odd, are known to be rare. Let A(x) be
the number of amicable numbers up to x. The first non-trivial upper bound for A(x) is due to
Kanold [13], where the upper density of amicable numbers was shown to be less than 0.204. Soon
later, Erdds [4] proved the upper density of amicable numbers is 0 and several authors [5, 23, 24,
25, 26] improved the upper bound for A(z). The current best upper bound is

(1.1) A(z) < zexp(—(3 + o(1))(log zlog log logx)%) as T — 00

which is due to Pomerance [25]. Note that the infinitude of amicable pairs is still unknown.
We now get back to the even-odd amicable pairs. Let B(z) be the number of even-odd amicable
numbers up to z, i.e. we let

B(z) = #{m < x| there exists an amicable pair (m,n) with m # n (mod 2)}.
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A simple elementary argument (see Lemma 6.1 at the beginning of Section 6) shows that an even-
odd amicable pair (m,n) should be the form
(m,n) = (2°M?* N?) with a€ Nand M,N :odd.

At this point, we already know that the even-odd amicable pairs are rare among the whole amicable
pairs in the sense that the even-odd amicable pairs form a “quadratic” subsequence of the amicable
pairs. This immediately gives the bound

(1.2) B(z) < 7,

which we call the trivial bound comparable to A(z) < z. Our next interest is then to obtain upper
bounds of B(z) better than the trivial bound (1.2). The only known such bound is a remark of
Pollack [22, p. 103], which shows

(1.3) B(z) < z7(logz) 21 as 2 — oo
based on the method of Iannucci and Luca [11]. However, the bound (1.3) has smaller “non-
triviality” over (1.2) than (1.1) over A(z) < x.

In this paper, we show the following bound for the even-odd amicable numbers, which has almost
the same strength as (1.1):
Theorem 1.1. We have

B(z) <=z

SIS

1
exp(—(r}E + 0(1))(log z log log log z) 2)
as x — 00.

Our method is based on Pomerance’s argument in [25] but it needs to be extended to the higher
degree sequences. As the input of the higher degree version of Pomerance’s argument (cf. Lemma 2.1
of [25]), for a given degree k, we need some bounds for the number of squarefree numbers n for
which o(n*) is smooth. For a positive integer n, we let

Pmax(n) == max{p : prime factor of n} with a convention ppax(1) = 1.
For ke N, z,y > 1, we let
Ebk(x,y) = #{n < z | n: square-free, ppax(c(n*)) <y}
We can then prove the following upper bound, which may have its own interest:

Theorem 1.2. Let k€ N, z,y >4 and u := }Zg; Then, we have

32 (z,y) < zexp(—uloglog(u + €) — uloglog(log(u + 1) + ) + o(u))
as u — oo in the range
y > log xloglog x,
where the implicit constant depends only on k.

In [25], the result (Lemma 2.1 of [25]) corresponding to Theorem 1.2 was essentially obtained
in Banks-Friedlander—Pomerance-Shparlinski [1], whose gap has been corrected in [2]. To prove
Theorem 1.2, we use the argument in Section 3 of [2], which was used for large y in the paper [2].
This further demands us, corresponding to Lemma 2.2 on p. 1374 of [2], to bound the number of
primes p for which the value of a polynomial o(p*) = p* 4 ---+p+1 is smooth. More generally, let
F(T) € Z[T] be a primitive irreducible non-constant polynomial, where a polynomial is primitive
if the greatest common divisor of its coefficients is 1, and

ﬂ-F(xvy) = #{p <z | pmax(F(p)) < y}



ON EVEN-ODD AMICABLE PAIRS 3

We need to show some upper bound of 7g(z,y).
Such upper bounds for mg(z,y) were claimed by Hmyrova [9] or by Timofeev [30]. However, the

author could not follow Hmyrova’s argument [9] as it is. In particular, Hmyrova’s argument for the

) at p. 117 of the English translation of [9] seems not working (note that the prime

numbers ¢a,...,q, in (16) can be much larger than qél), .. .,q,(jl) in (24)) and such an argument
imitating Brun’s pure sieve is probably insufficient for the purpose there. We can of course try to
use a more sophisticated treatment on the multiple sum over primes as in sieve methods, but we do
not pursue this direction in this paper. Also, the proof of Lemma 1 of [30, p. 88] seems including
a gap that the number p(d) of the solutions of a polynomial congruence (mod d) is treated as a
complete multiplicative function, which is not true in general. Recently, this issue of Timofeev’s
lemma has been overcome and the bound itself has been improved for some cases by Mine [15].
Because of such a confusing situation, we reprove the results on smooth values of polynomials in
this paper via an alternative method. We also give an upper bound for

Ur(z,y) = #{n <z | pmax(F(n)) < y}

as well, which was treated in [9, 15, 30]. Our bounds for Ur(x,y) and 7p(z,y) are the following.
Note that these bounds indeed improve the results in [9, 15, 30] once we have © — oo and that the
following theorems lose their meaning for fixed u while the results in [9, 15, 30] do.

lower bound of ql(,1

Theorem 1.3. Let F(T) € Z[T)] be a primitive irreducible non-constant polynomial, z,y > 4 and

U= %ng. Then, we have
ogy
Up(x,y) < zexp| —ulogu — uloglo (u+e)+u—%(u+e)+0 B —
FA%Y P & &08 log(u + €) log(u + €)
provided
(1.4) y > log x log log z,

where the implicit constant depends only on F'.

Theorem 1.4. Let F(T) € Z[T] be a primitive irreducible non-constant polynomial, x,y > 4 and

U= iog“’. Then, we have
ogy
(z,y) < T e ulogu — uloglog(u +€) +u uloglog(u+e)+0 “
T xp| — - -
&Y log P & &8 log(u + €) log(u + €)
provided

y > log xloglog x,
where the implicit constant depends only on F'.

The proofs of Theorem 1.3 and Theorem 1.4 are based on a standard application of Rankin’s trick
together with an application of an upper bound sieve. This treatment is inspired by Friedlander’s
argument [6]. The insides of the exponential functions in Theorem 1.3 and Theorem 1.4 coincide
with the asymptotic expansion of the Dickman function p(u) (see e.g. [3, (1.8), p. 26]) but what
we should have here is p(ku) with k = deg F' according to Martin [14, (1.4), p. 110]. By allowing a
slightly weaker asymptotic formula inside the exponential functions, we can extend the admissible
ranges of Theorem 1.2, Theorem 1.3 and Theorem 1.4 to y > logx. See Remark 3.1.

This paper is organized as follows. In Section 3, we summarize the outcome of Rankin’s trick
under a general one-sided setting. In Section 4, we then combine the result of Section 3 with a sieve
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method to prove Theorem 1.3 and Theorem 1.4. In Section 5, we prove Theorem 1.2. Finally, we
prove Theorem 1.1 in Section 6.

2. NOTATIONS

In this section, we summarize notations used throughout the paper.

Unless otherwise specified, we use the letters in the following manner: The letters d, e, ¢, k, m,
n, D, M, N, u, v denote positive integers, the letters a, b, f denote integers, the letters z, y, z,
L denote real numbers usually assumed to be large, the letters u, v, w, z, A, B, U, «a, B, €, k
denote positive real numbers, the letters ¢, ¢, o denote real numbers. The letter p always denotes
prime numbers unless otherwise specified. The letter ¢, P, Q) are also used for prime numbers. The
letter u denotes a non-negative real number which is usually associated to the real numbers z,y by
= oz

For a positive integer n, o(n) denotes the sum of divisors of n, s(n) := o(n) —n denotes the sum
of proper divisors of n, 7(n) denotes the number of divisors of n and w(n) denotes the number of
distinct prime factors of n. As usual, the arithmetic function p denotes the Mdébius function and
¢ denotes the Euler totient function. In Section 3, for x, A > 0, we use the set F(k, A) of general
multiplicative functions f satisfying the conditions (F1), (F2) and (F3).

For positive integers my, ..., my, we write (my, ..., mg) for their greatest common divisor, which
should be distinguished from a tuple easily by context.

For an integer n > 1, we let

Pmax () = max{p : prime factor of n},
Pmin(n) = min{p : prime factor of n},
and, as a convention, we let ppax(1) = 1 and ppin(1) == oo.
Let F(T) € Z[T] be a primitive irreducible non-constant polynomial, for which we assume

without loss of generality that F'(n) — oo as n — oo.
For z,y > 1, we let

Up(z,y) =#{n <z | pmax(F(n)) <y},

mr(2,y) = #{p < = | pmax(F(p)) <y},

Y0 (z,y) = #{n < x| pmax(c(n¥)) <y and n: square-free}.
For B, > 0, define functions g, h: [0,00) — Rs given by

(2.1)  g(u) = gp(u) :==exp (—ulogu —uloglog(u+e)+u— UICI)(i;Ef(f;; ) log(iqfi— 5 ),
(2.2)  h(u) = hs(u

(u) == exp(—uloglog(u + e) — uloglog(log(u + 1) + €) + du)
with ¢g(0) = h(0) = 1.
If a theorem or a lemma is stated with the phrase “where the implicit constant depends on

a,b,c,...”, then every implicit constant in the corresponding proof may also depend on a,b,c,...
without being specifically mentioned.

3. SUMS OF NON-NEGATIVE ARITHMETIC FUNCTIONS OVER SMOOTH NUMBERS

In this section, we first prepare some auxiliary estimates for sums of arithmetic functions over
smooth numbers. The method used here is just a standard application of Rankin’s trick (cf. Sec-
tion 7.1 of [17, p. 199-215]) but we include proofs for completeness. For possible future use, we
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prove estimates under a set of general “one-sided” conditions with a relatively wide admissible
range by focusing only on the upper bounds. For methods to obtain asymptotic formulas but with
narrower admissible ranges, see, e.g. [27, 28, 29].

Throughout this section, we consider a multiplicative function f and real numbers x, A > 0. Our
conditions on f are the following:

(F1) The multiplicative function f is non-negative, i.e. we have f(n) > 0 for all n € N.
(F2) For real numbers z,w with 2 < w < z, we have

Z f lgp logiJr A
w

logw’

w<p<lz
(F3) For any prime power p¥ with v > 1, we have f(p¥) < A.
Let us write % (k, A) for the set of the multiplicative functions f satisfying (F1), (F2) and (F3).

Remark 3.1. Our density condition (F2) is somehow stronger than the usual one, e.g. (Q2(k)) of
Halberstam—Richert [7]. This is necessary for getting the terms up to w in the exponential function
of Theorem 1.3 and Theorem 1.4 and for getting the error term estimate o(u) in Theorem 1.2. We
may simplify the arguments in Sections 3 to 5 by using the condition (22(x)) of Halberstam-Richert
and giving up such precise results and satisfied with the term or the error term estimate O(u). This
simplification also enables us to have a wider admissible range y > logx as a positive side-effect.

Lemma 3.1. For k,A >0, f € F(k,A) and x > 2, we have

3 % < rloglogz + O(1),

p<z

where the implicit constant depends only on k and A.

Proof. This immediately follows by applying partial summation to (F2). We have

flp flp logp dt 1 f(p)logp
Z Z /p t(logt)? + log z Z; D

p<lx p<lx

f(p)logp dt 1 f(p)logp
/2<Z p )(10gt) logxg p

p<t

fp<K/‘"” dt_i_A/r dt —&—/@—1—1 A
p ~ Jy tlogt log2 J, t(logt)? log x log 2

< kloglogz + (1 — loglog2)x

By (F2), we have

p<z
L4

(log2)?”
This completes the proof. O

Lemma 3.2. For x, A > 0, fég(li A) y>2and 0 <o <1, we have

l1—0o l1—0o

flp KY Y
Z )< wlog - +<1a>1ogy+0(<<1o)logy>2)’

where the implicit constant depends only on k and A.
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Proof. We first remark that the Taylor expansion of the exponential function implies

yl=e exp((1 — o) logy) > 1+ (1—o0)logy+ 5((1—0)logy)®+ -

BD T oyeen? ~ ((1-o)logy? = (1= o) logy)?

so any error term of the size O(1) is negligible below.

Let
1
=e .
Y1 Xp T
We first decompose the sum as

(3.2) Zf <Zf Zf =Dt

p<y p<v1 y1<p<y

(The first inequality cannot be equality when y < y1.)
We then consider the sum ). Since

d (ti=e t=° 1
e - l—o)—— ) <0 for t<
dt(logt) logt<( o) logt>_ or b=

by using (F2), we have

Z Z f logp d

P<y1

- <Zf
S/le(mlogt—i—ng

p)logp
Y1 dt
= — +0(1
" /2 to logt +o(

) 7 Z f(p logp

log y1

d -7 flp logp
>d ( gt )11 iy 27

a

dt

yl -7 A
1
) ( logt> log 1(Fd gy1+1g2)
)

where we used (F2) in the last inequality. For the last integral, since

2<t<y = t'"7 =exp((1—o0)logt) =1+ O((1 —o)logt)

T vy v gt 1
K/Q o logt ”/2 tlogt T <( J)/z t) g 7, +00)

By substituting this formula into (3.3), we obtain

(3.4) Z < I{lOg

We next consider the sum ) _,. Since

d (ti=° t=° 1
d - l—o)—— ) >0 for t>
dt(logt) logt<( o) logt>_ or i

by using (F2), we have

f(p)logp logp f(p)logp logp
Z Z /dt(logt) logy1 Z

y1<p<y y1<p<y

)

we have

+O()

IV
DN | =
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:/ <Z fp logp)d(tl“’> - > f(p)logp
D dt \ logt 1ogy1y o<y P

< [ ot o i )+ i (s )
K — | = klog —
" 08 logt / dt \ logt log 11 gy1 log 11
Voot '
—H/ +O<y 2)
s t7logt (logy)

where we used (F2) in the last inequality. For the last integral, since

vt viglooge (Vi dt
~ = <e = log4,
g 17 logt y, tlogt g, tlogt

by using the integration by parts, we can further continue the above estimate to obtain

Yy dt yl—a
<
Zz = I{/y% t logt +O(((l —a)logy)2>

1—0o Y l1—0o
Ky K dt Y
3.5 <
(3:5) S T-o)lesy 10 / 7 {log )7 +O(((l — logy)2)
1-0o l1—-0o
RY )
_. +1<J+O(>, say.
(1—0)logy (1= o) logy)? Y

by using (3.1). By integration by parts, we have

< yl o N 2 /y dt
S (T—o)logy)? " (1-0) Jys to(log1)?

< v, 1 /y d v 1
T ((T=o)logy)* * 2(1—-0) Jys t7(logt)*>  ((1—o)logy)* 2

—_

so that
1—0

Y
((1—0)logy)*
By substituting this formula into (3.5), we obtain

I«

l—0o

B Ky ylfo'
(3.6) sz (1—a)logy+O<((1—0)10gy)2)

On inserting (3.4) and (3.6) into (3.2), we obtain the lemma.

Recall the definition of the function g = gp given in (2.1).

Lemma 3.3. Let K, A >0, f € F(k,A),z>1,y>2 and u:= iﬁgz Then, we have

> @ < (logy)"gp(u)r"

n>x
Pmax (n)gy

provided
(3.7) y > log z log log x,

where the constant B > 0 and the implicit constant depend only on k and A.
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Proof. By (F1), (F3) and Lemma 3.1, we have a trivial bound

> fgl <H(1+Zf ><ep(zz U)

> < <ywv=1
pmaZ(na3<y P=y Py
A
< exp (Z G Z ) < (logy)”
= pp—1)

Thus, by (3.7), we may assume x,y, u are sufficiently large.
Let
(3.8) o1 log & loglog(u +e) _1_ log(ulog(u + e€)) logn'
logy logy logy logy

By (3.7), we have v <logz — e and so

ulog(u+e) < 08T loglogz < logx
Y

for large y. Thus, by (3.8), we have

10gu<17 1

B log log n log k co<1-

logy logy — 7 logy — logy
for large y, u. By using Rankin’s trick, (F1) and (F3),

Z m < 1’071 Z f(n)

n>x Pmax (1) <y

Pmax(n)<y
<o 11+ 107)
)

(3.9)

(3.10) piy * o=l

+

P vo(E m))

Py

By (3.9), we have 0 < ¢ < 1 for large y. Thus, by Lemma 3.2, (3.8) and (3.9), we have

f K/yl—a yl—rr
2 ) < wlog - +<1a)logy“)(((la)logy>2>

Py
ulog(u + e) ulog(u + e)
logu + loglog(u + ¢€) + log k (log(ulog(u + €)))?

log1
ulog og(u+e)+0 u
log u logu

]
IN
<

< kloglogy +

= kloglogy + u —
for large u. By substituting this estimate into (3.10) and recalling (3.8), we have

Z M < (logy)*k" exp (—ulogu —uloglog(u +€) + u
n

n>x

Pmax(n) <y
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_uloglog(u+e)+0( u Z _ 1

_|_ -
1 1 o1
ogu ogu L= p7(p7 —1)

Thus, it suffices to prove

1 U
(3.11) Z —— < .
v (p7—1)  logu
We consider three cases separately.
We first consider the case y > (logz)3. In this case, by (3.9), we have
o1 loglog x n log k > 2 n logﬁ.
logy logy — 3  logy

Therefore, for large y, we have p” — 1 > p? and so
1
2 D € > o ST <
p<y p<y P

Thus, (3.11) holds for the case y > (log z)3.
We next consider the case (logz)5 <y < (logz)3. In this case, by (3.9), we have

p(p

loglogz logk _ 3 logk
——o >4 .

logy logy — 8  logy
Thus, for large y, we have p” — 1 > p and so

oY LT L et ot <
p<y p<y P<y

Thus, (3.11) holds for the case (logz)f <y < (logz)3.
We finally consider the case 1ogxlog logz <y < (log sc)g We decompose the sum as

(3.12) S oo Z Z => >

Py p<60 eG <p<y

c>1-—

log x U
(loglogz)?2 ~ logu

p(p

p(p

We first estimate the sum ;. By (3.9), we have

log logz logz
> 1 og & . log =% _ logloglog z + log K S 2
- logy — log(log zloglogx) loglogz + logloglogx ~ loglogx
for large x. Thus, by using p° —1 > ologp and Chebyshev’s bound, we get
1 log x U
3.13 — 3 1 2 .
(3.13) Z Z log <oer < (log ) (log logz)? ~— logu
p<ev
In the sum ) ,, we can use p” —1=p7(1 —p~7) > "(1 —e 1) to get
o y,ey L
p<y

By (3.9), we have

log1 log 1 3  logl 4
<1 —20BT  OBOBY 0 O88Y -2 othat 20 €[0,1)
logy logy — 8 logy 9
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for large y. Thus, by applying Lemma 3.2 to (3.14), we have
1—-20 1-20

1
1
Zz <log 1-20 + (1 —-20)logy < log y

where we used (1 — 20)logy > %logy > 1 for large y. On inserting (3.8), this gives

Z < y2(1=9) _ (ulog(u + e))? _ U u(log(u + e))?
(3.15) 2 ylogy ylogy log(u + €) ylogy ,
U log z(log log x)3 U
loglute)  ylogy)? log(u+e)’

On inserting (3.13) and (3.15) into (3.12), we obtain (3.11) for the last case logzlogloga <y <
(log )% . This completes the proof.

O

Lemma 3.4. For B > 0, we have

g(u—1) < g(u)(e3ulog(u + e))? foru>0andu>t>0
and

glu+t) < g(u)(eiﬁulog(u +e)) " foru>0andt>0.

Proof. Let

 uloglog(u +€) Bu
log(u + €) log(u + €)

l(u) = —ulogu —uloglog(u+e€) 4+ u

so that g(u) = exp(¢(u)). Since

(1) = —log(ul - “
(u) = —log(ulog(u +e)) — =3 Tog(u + ¢)
_ loglog(u +e) uloglog(u + e) u

log(u+e)  (u+e)loglute))? (u+e)loglu+t o))

1 u
B ure) ~ T
we have
—log(e*ulog(u +e)) < ' (u) < — log(e_ﬁulog(u +e)).
Therefore, by the mean value theorem, we have
Uu—t) = L(u) + () (~t) < L(u) + (—log(e*€log (€ + €))) (1)
< £(u) + (log(e*ulog(u + €)))t

where ¢ € [u —t,u], and

(— log(e™ FEETI £ log (€ + €)))t

lu+t) =L0u) + ()t < l(u)
14 (flog(efﬁulog(qu e)))t

(u)

where £ € [u,u + t]. By exponentiating these inequalities, we obtain the lemma. O

+
+
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Lemma 3.5. Let K,A >0, f € F(k,A), x> 1,y >2, q be a prime and u = logz Then,

logy
Z @ < (log;y)"gB(u)Hu

n>x

qln
Pmax(n) <y
provided
(3.16) y > logxloglogx and ¢ <y,

where the constant B > 0 and the implicit constant depend only on k and A.

Proof. By (F1), (F3) and Lemma 3.3,

= f(¢™) n log y)~
ey » Re(RAP) v fReter

n>x TL>I m=1 pmax(n)gy
qln "In
Pmax(n) <y pmax(n/qm)gy

Hence, we may assume that x,y, u are sufficiently large. In particular, we may assume y < z. Let
g(u) = gp, (u) as defined in (2.1) with sufficiently large constant B; > 0 depending on x and A.
We decompose the sum as

(3.17) 2 @:i > SDIEDIEDIED DN

n>x m=1 n>x qm<zx qm>z
qln q"|In
pmax(n)gy pmax(n/qm)gy

For the sum )", by (F1), (F3), we obtain

(n)

ey o Y A
m<z n>x/q™
Pmax (1) <y

By noting that

y > logzloglogx > logiloglogi and  —— >1
q qm q
and using Lemma 3.3 and Lemma 3.4, we have
R
v logy
log g
w = [ KeSulog(u 4 e)\ M os
< gl logy) 3 ((“HoEET )
m=1
ke ulog(u + e) o keulog(u + e) ey \ ~
< g (log y)" (g> <1 . (g) )
Y Y
since the assumption (3.16) implies
(3.18) kedulog(u + e) < ke3log xloglog < Ke3 < 1

Yy - ylogy T logy T e
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for large y. When y > (log )2, we have

1 1
ulog(u+e) < v log v e) <yr <k ledyi
logy logy
for large y so that
log g 1
(1 - (“e%log(we)) ) <l-ghHt<l
Yy
When logz < y < (logx)?, we have
1 1
(3.19) u= 2% > Y > logy
logy — logy

for large y so that by recalling (3.16) and (3.18), we have

log q
Sul gy \ og g 1
(1 _ (ﬂeuog(um) * > < (- B« % < u = exp(O(log ).
Y O,

Thus, in any case, by using (3.16), we have

g4q

lo
“ . [(ulog(u +e) ey
5, < gt togy) (“EED) T oxp0gog )
(3.20) log a
o« logy)” (ulog(u +e)\ =v logy)~ u
— gluwe LB (OB o 010g ) < BEL gt exp(Of1og )
We next consider the sum »,. When y > (log z)?, we have
1
< exp(ulogu + uloglog(u + €) — ulog k)
g(u)r*

3 logzx

3
< —ulogl < —
< exp(2u og og:c) < eXp<4logloga:

log log x) < zi

for large = so that by (F1), (F3), Lemma 3.3 and (3.16),
1 f(n) P 1 (ogy)” _ (ogy)” _ (logy)™ . .
ZZ < qz o Y < (logy)t ) =< = < g(u)k

u 3
n T 1qxa
e 4 () <y gr>a 4 Y q

provided u > 4. On the other hand, when log xloglogx < y < (logx)?, we have

loglogz — log k )

< 1 —ul < 1 :
exp(ulogu + uloglog(u + e) —ulog k) < eXp( o8 log log = 4 log log log

glu)rt =
and (3.19) for large z,u so that by (F3), Lemma 3.3 and (3.16),

S, < o) 3 o WEUE BB i y) < B )t exp(Oflog )

x
qm>x Y

for large u. Thus, in any case,

(3.21) Zz < @g(u)n“ exp(O(log u)).

On inserting (3.20) and (3.21) into (3.17), we obtain the lemma.
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Lemma 3.6. Let k,A >0, f € F(k,A), x > 1, g be a prime and u = llzgz. Then,

Z f) (logqq)“ o)

n
n>x

Pmax(n)=¢q
provided
q > log zloglog x,

where the constant B > 0 and the implicit constant depend only on k and A.

Proof. This follows just by taking y = ¢ in Lemma 3.5. O

4. SMOOTH VALUES OF A POLYNOMIAL OVER PRIME NUMBERS

In this section, we shall prove Theorem 1.3 and Theorem 1.4.

4.1. Auxiliary lemmas on polynomial congruences. Throughout this section, we let
F(T) € Z[T] be an irreducible non-constant polynomial with coprime coefficients.

Note that the primitivity, i.e. the assumption that the greatest common divisor of the coefficients
of F'is 1 makes no loss of generality for the proof of neither of Theorem 1.3 nor Theorem 1.4. Also,
we may multiply F' by —1 if necessary to assume that the leading coeflicient of F' is positive. Let

k = deg F.

Also, for £ € R>(, we use arithmetic functions

¢
rp(n) =#{z (mod n) | F(z) =0 (mod n)} and rp,:= rﬂn)((p) .

We first collect some basic properties of 7.

Lemma 4.1. For the arithmetic function rg e, we have:
(i) The arithmetic function rp g is multiplicative.
(ii) We have 0 < rp,(p") <py 1 for prime powers p*.
(iii) There exists a real constant cy such that

Z TF,z(p) log p
p

1
:10gx+CF+O< )
log

for x > 2, where the implicit constant depends only on F, /.
(iv) We have rp, € F(1, A) with some A > 0 depending only on F and /.

p<z

Proof.

(i). The arithmetic function rp is multiplicative by the Chinese remainder theorem and the Euler
totient function ¢ is well-known to be multiplicative. Thus, the assertion is clear.

(ii). The lower bound is trivial. For the upper bound, we first prove rg(p¥) <z 1. Since Z/pZ is
a field and F is primitive, we have rp(p) < k. Then, for general prime power p¥, we can trace the
Hensel lifting with taking care of the effect of the discriminant of F', which is non-zero since F' is
irreducible. For details, see e.g. Théoréme II of Nagel [18, p. 349] or Theorem 54 of Nagell’s book [19,

p. 90]. See also [10] for a stronger estimate. Then, the assertion follows by ﬁ =5 <2
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(iii). Let 0 be a root of the polynomial F. When F is monic, by the Dedekind—Kummer theorem
(see, e.g. Proposition 8.3 on p. 47-48 or Exercise 2 on p. 52 of Neukirch [21]) and the sparseness
of prime ideals of the inertia degree > 2, the prime ideal theorem (see e.g. Corollary 1.(ii) of
Theorem 7.20 of [20, p. 358]) in the number field Q(#) implies

1 1
D oy L)
P log

(cf. Section 2 of [18, p. 349-352]). Even if F is not monic, we can use the same argument by
multiplying the (k — 1)-th power of the leading coefficient of F' to F itself. For details, see the

p<z

second paragraph of p. 352 of Nagel [18]. Then, the assertion follows by ﬁ =1+ O(%).
(iv). This follows by (i), (ii) and (iii) proven above. O
Lemma 4.2. Let x> 1,y > 2 and u := {giz Then, we have
Tren
> # < (logy)gs(u)
n>x
Pmax(n)<y

provided
y > log xloglog x,
where the constant B > 0 and the implicit constant depend only on F' and .

Proof. This follows by (iv) of Lemma 4.1 and Lemma 3.3 with x = 1. O
Lemma 4.3. Let x > 1, q be a prime number and u := {giz. Then, we have
lo
Z TF,@(n) < g qu (U)
n q
n>x
Pmax(1)=¢

provided
q > logzloglogx
where the constant B > 0 and the implicit depend only on F and /.

Proof. This follows by (iv) of Lemma 4.1 and Lemma 3.6 with x = 1. O

4.2. Auxiliary lemmas for the application of a sieve method. Our treatment of ¥ p(z,y)
and mp(z,y) requires some sieve method. We thus prepare some auxiliary results from sieve theory.
For convenience in the error term estimate, we shall use the arithmetic large sieve.

Lemma 4.4 (Arithmetic large sieve). Let xo,x,y be real numbers with x,y > 1. Suppose that a set
Q(p) of residues (mod p) is given for each prime p < vy. Let w(p) = #Q(p). Then,

T+ y2

Gy)

#{n € (zg,xo + x| NZ | n(mod p) € Q(p) for all p < y} <«

where

G) = 3 ua [T 220

d<y pld
and the implicit constant is absolute.

Proof. See Corollary 3.2 of [16, p. 25-26]. O
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Lemma 4.5. Let y,k, A be a real number with y > 2, K > 0 and A > 1. Suppose that a real
number w(p) is given for each prime p < y and satisfies

1
() 0§%§172 forall p<y
1
(Q2(k)) Z w(p)pnggfilogz}—kA forall 2<w<z<y.
w<p<lz

Then, for the sum G(y) defined as in Lemma 4.4, we have

<12,

p<y

where the implicit constant depends only on k and A.
Proof. Take x := y and z := y in Lemma 4.1 of [7, p. 131]. d
Lemma 4.6. For x > 2, we have

1)<

p<z

where the implicit constant depends only on F'.

Proof. This is just an analog of Mertens’ theorem. By (ii) of Lemma 4.1, we obtain

(1 -77) =eo(Zee (1 )

p<z p<x
;oS

= exp (—

By (iii) of Lemma 4.1, we have

ZTF(p) :er(p)logp/” a1 ZTF(p)logp
P P » t(logt)? logqu P

p<z p<z

= [ () e 00

p<t

(4.1)

)) < exp(—zrigm)

p<z p<z

Todt
—/2 tlogt+0(1)—loglogx+0(1).

On inserting this formula into (4.1), we obtain the lemma. O

Lemma 4.7. For x > 0 and d € N, we have

I(-") = ()

pld

where the implicit constant depends only on k = deg F'.
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Proof. Note that rr(p) < k since the congruence
F(z) =0 (mod p)
can be regarded as an algebraic equation in the field Z/pZ. We thus have

I(e-"7) <q1(-"7)
(37 o (£ E))

pld

pld pld
< ex — ) < lex log({1— - = — .
p(zp> ( p(Z g( p) ¢(d)
pld pld
This completes the proof. O

4.3. Smooth values of a polynomial. We now prove an upper bound for the number of smooth
values of a polynomial. We first prepare an auxiliary estimate:

Lemma 4.8. Let (€N, z,y > 2, u:= logz and z :== xy 3. We then have

log
1 TF,g(d)
Z log g Z d < gp(u)
q<y d>z
pmax(d):q

provided w is sufficiently large in terms of F and ¢ and

(42) y > exp((logz)?),
where the constant B and the implicit constant depend only on F and ¢.
Proof. Since wu is large, x,vy,z,u are all large and we may assume z > y* so that z > z1. Let

g(u) = gp, (u) as defined in (2.1) with sufficiently large constant By > 0 depending on F' and ¢. We
first decompose the sum as

CE D DI L D DD DI DIED DR

a<y d>z q<(logz)?>  (logz)><q<y
Pmax(d)=¢

For the sum ,, by noting ¢ < (log 2)? and using Lemma 4.2,

rre(d)
2.5 X X Ty

q<(log z)? d>z
Pmax(d)<log z

log 2 log 2 _1
log 2)?)(log 1 log 2)? =
< 7((log 2)*)(log ng)g(loglogz) < (log 2) g(loglogz> <z 2

for large z. Since z > % and (4.2) implies
2
5

=

23 > a8 > exp((log )3) > exp(u?) > exp(ulogu + uloglog(u +e)) > ——

1
9(u)
for large u, we have

(4.4) Zl < g(u).
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For the sum )_,, by noting ¢ > (log 2)? > log zloglog z and by using Lemma 4.3, we have

(4.5) Y.< Y lg(logz>.

I
(log 2)2<q<y q 08 q

By Lemma 3.4, for ¢ < y, we have

(logz>
1
0gq

g(logz logzlogz)

logy logy logg

Yy
log z log q

log 2z _plogz logz\\ Tsv Toea
g e log .
logy logy logy
>3 byz in, we have

log = log z\ _ogz 054 logz\ _'&g logz\ _loay
g 1 < g 17 e Togy Toga < g e Ted K g e Togg
0gq ogy logy logy

for large u. By using this estimate in (4.5) and noting that

IN

log z

Since §
ogy

Cdeew 1 1 < logy
e logd = ——— = 1 log y 1/logyy2 ~ logq’
eloga +(logq)+§(10gq) o &4

we have

log z 1 1oy log 2z 1 logg  [(logz\
R I AR

= logy Jlogy 7= ¢ logy
where we estimated the sum over ¢ by Mertens’ theorem. By using Lemma 3.4 again,
(4.6) Y, < glwulog(u+e))® = gu) exp(O(logu)).
On inserting (4.4), (4.6) into (4.3), we obtain the assertion. O
Proof of Theorem 1.3. We may assume z,y, u are sufficiently large. In particular, we may assume

x>yt Let g(u) = gp, (u) as defined in (2.1) with sufficiently large constant B; > 0 depending on
F. By (1.4), we then have

1
(4.7) g(u) > exp (—ulog k)g()i

1 1
— ulogloglog x + u) = exp (—ulog logz + u)
log x 2

2

for large u. We consider two cases according to the size of y.
We first consider the case

(4.8) y > exp((logz)?).
Let z == zy~3 > 21 > y. Then, (4.8) implies

< exp(ulogu + uloglog(u + ¢e)) < exp(uZ) < exp((log ac)%) <y

g9(u)
so that z < xg(u) for large x,u. Thus, it suffices to prove
(4.9) Z 1 < zg(u) exp(O(logu)).
2z<n<zx

Pmax (F(n))<y
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For a given integer n satisfying 2z < n < z and pmax(F(n)) <y, write
F(n)=p1---p, with y>p1>--->p,.

Since 2z < n < x implies
k
F(n) > (Z) > >2>y>p,
for large =, we may find ¢ € {1,...,r — 1} such that
PitPr > 22 Pit1 Pre
Then, by writing g :== p; and d := p; - - - p,-, we have
q<y, 2<d<zq pmax(d)=4¢q, d|F(n) and pmn(F(n)/d) > q.

Therefore, our sum (4.9) is bounded as

d.o1=<> Y Y. =) > > ®(.qda),

(410) 2z<n<x q<y z<d<zq n<lx q<y 2z<d<zq 1<a<d
Pmax (F(n))<y Pmax(d)=q d|F(n) Pmax(d)=¢ F(a)=0 (mod d)
Pmin (F(n)/d)>q

where

O(z,q;d,a) = Z 1.

n<z
n=a (mod d)
pmin(F(”)/d)Zq
We estimate ®(z, q;d,a). We first rewrite the sum slightly as
(4.11) O(x,q;d,a) < Z 1=:85(x,q;d,a), say.

n<z/d
Pmin (F(dn+a)/d) >q

For a prime p with p < ¢, let Q(p) be sets of residues (mod p) defined by
{b (mod p) | F(db+a) =0 (mod p)} if (d,p) =1,
Qp) = :
%) if (d,p) > 1.
Let w(p) := #Q(p). Then, the quantity ®(z,q;d,a) given in (4.11) can be bounded as
(4.12) S(z,q;d,a) < #{n <z/d|n(mod p) & Q(p) for all p < ¢}

We shall apply Lemma 4.4 to estimate the right-hand side and then use Lemma 4.5 to bound the
resulting sum G(y). To this end, we check assumptions of these lemmas. Note that since F(T) is
a primitive polynomial, for any prime p < y, we have

(4.13) w(p) <rp(p) <k,

where k is the degree of F. If we have w(p) = p for some prime p < ¢, then we obviously have
S(x,q;d,a) = 0 so we may assume w(p) < p for all p < ¢ to bound S(z,¢;d,a). Then, by (4.13)
and Mertens’ estimate, we find that the current w(p) satisfies the assumptions (1) and (Q2(k)) of
Lemma 4.5 with x = k and some constant A > 1 depending on k. By recalling z = xy~3, we have

(i) =) = ()



ON EVEN-ODD AMICABLE PAIRS 19

Thus, by applying Lemma 4.4 and Lemma 4.5 to (4.12), we obtain

S(z,q;d,a) < H(l - w(p))"’:l

p<q p
ptd

Note that w(p) = rp(p) if (d,p) = 1. Thus, by using (4.11), Lemma 4.6 and Lemma 4.7,

(4.14)  ®(z,q;d,a) < pl:[q(l - TF;”)E < ;(@Eld)y H(l _ rF;”):c < ;(({jcl))kb;.
pld re

On inserting (4.14) into (4.10) and using Lemma 4.8 with recalling (4.8), we arrive at

1 re(d) / d \F 1 rr(d
> 1<<xz@ > Fé)(w(dﬂ <<xq§<;@ > F’Z()<<xg(u).

22<p<x q<y 2<d<zq d>z
Pmax (F(p))<y Pmax (d)=¢ Pmax(d)=¢

This completes the proof for the case (4.8).
We next consider the case

(4.15) logxloglogx <y < exp((loga:)%).
We first dissect the sum dyadically to obtain

Z 1< (logxz) sup Z 1+ zg(u).

n<w zg(u)SU<z [ onoy

Pmax (F(n))<y Pmax(F(n))<y
Then it suffices to prove
(4.16) S 1< (wlogy)g(w) exp(O(log )
U<n<2U

Pmax (F(n))<y

for zg(u) < U < z since
(log z)(logy) < exp(2loglog z) = exp(O(logu)).
by (4.15). For U < n < 2U, write
F(n) =pipz---p, with y>pi>p>---2pr
and take i € {1,...,r} by
(4.17) pz---pr>%2pi+1---pr =:d,

which exists since (4.7) implies

1 1
n>U = n>xg(u)>Jcexp<—uloglogm+2u) >exp< )

5”

so that i i

U U

F(n)2%>725 for U<n<2U

provided w is large. If pmax(F(n)) <y, then (4.17) implies

U U

—>d> —.

2~ - 2y
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Also, note that ppax(D(n)) < y. Therefore,

(4.18) )OS R DR S 3 ) Z Tchd).

U<n<2U <d<U U<n<2U d>U =

Pmax(F(n))<y ifax(d)<y d|F(n) Praax (d)<y

We apply Lemma 4.2 to the last sum. To this end, we check the assumptions

U U U
— >1 and y > log—loglog —
2y 2y 2y

of Lemma 4.2. We start with & , = 1. By (4.15), we have

log z < log z

logy ~ loglogx + logloglog x
so that by (4.15) and (4.7), we obtain
1% < xg(u) - x exp(—uloglog x)

2y 2y 2y

logloglog x

z;mﬁ®w> <mmﬁzl

loglog x + log log log =

for large x,u. The assumption y > log % log log % immediately follows by (4.15) since % <U<uzx.
Thus, we may apply Lemma 4.2 to the sum in (4.18) to obtain

4.1 1< U(l log%
(4.19) Z < (Ogy)‘q(log)'

U<n<2U Yy
Pmax (F(n))<y

By Lemma 3.4, we have

log ¥ o
logy

logU  log2y
g _
logy logy
log 2y

logU 23 logU log U log y
g log

logy logy log y
< (" BY) (utog(u+ ) B < g 22V exp(O(logu))
<g oz y e“ulog(u + e g og exp ogu

for large z and B. Again by Lemma 3.4, we further have that

logU logz log &7 s s 8
4.21 _ _ - | p
( ) g<10gy) g(logy logy —g(u)(e u Og(que)) 2y

(4.20)

IN

By (4.15), we have

ulog(u +e) < Ogacloglogx <logz <y
Y

so that by (4.21), we have
logU z
4.22 =
(1.22) s(o0) < ot
On inserting (4.20) and (4.22) into (4.19), we obtain (4.16). This completes the proof. O
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4.4. Smooth values of a polynomial over primes. We now prove Theorem 1.4.

Proof of Theorem 1.4. By Theorem 1.3, we may assume that
(4.23) y > exp((log m)%)
since otherwise we may use 7p(z,y) < Up(z,y) and
log z = exp(loglog z) = exp(O(logu))

to reduce the assertion to Theorem 1.3. We may assume that z,y,u are sufficiently large. In
particular, we may assume x > y*. Let g(u) = gp,(u) as defined in (2.1) with sufficiently large
constant By > 0 depending on F'. Note that by (4.23), we have

1

(4.24) 9 = exp(ulogu 4 uloglog(u + e)) < exp(u?) < exp((log x)%) <y

g(u
for large x, u.

We then show that the lemma trivially holds for the case F'(T) = T. Indeed, for the case
F(T) =T, we have nr(x,y) = 7(y). By (4.24) and x > y*, we have
- 2 r
e y) =7ly) <y <yglu) < o glu).

Hence, the lemma is trivial for the case F(T') =T and we may assume F(T) # T.

logg”mg(u) for large =, u by (4.24), it suffices to prove
x
(4.25) Z 1 mg(u) exp(O(log u)).
2z<p<z &
pmax(F(p))Sy

Let z = xy’3 > ri > y. Then, since z <

For a given prime p satisfying 2z < p < z and pmax(F(p)) <y, write
F(p)=p1---pr with y>py>--->p,.
Since 2z < p < x implies
F(p) > (g)k > >a2y>p,
for large z, we may find ¢ € {1,...,r — 1} such that
DiPr> 22 Dig1 " Pre
Then, by writing g :== p; and d := p; - - - p,-, we have
¢<y, 2<d<zq Pmax(d)=¢q, d|F(p) and pumin(F(p)/d) =g

Therefore, our sum (4.25) is bounded as

PO DD D

2z<p<wz q<y =z<d<zq p<x
Pmax (F(p))<y Pmax(d)=¢ d|F(p)
(4.26) Pmin(F(p)/d)2q
=> X > e(w.qda),
q<y z<d<zq 1<a<d

Pmax (E):q F(G)E_O (r_nod d)
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where

O(x,q;d,a) = Z 1.

p<w
p=a (mod d)
Pmin (F(p)/d)>q

We estimate ®(x, q;d,a). For the case (a,d) > 1, we have
(4.27) O(z,q;d,a) < 1.

For the case (a,d) = 1, we use a sieve method. We first rewrite the sum slightly as

®(z,q;d,a) < > 1+y
y<dn+a<zx
dn—4a: prime
Pmin (F(dnta)/d)>q

< > 1+y=S(x,q¢da)+y, say.
n<z/d
Vptd, pldnta = p>y
vptd, p|F(dn+a) = p>q

(4.28)

For a prime p with p <y, let Q(p) be sets of residues (mod p) defined by
(4.29) Q(p) == {b (mod p) | db+a =0 (mod p)} U {b (mod p) | F(db+ a) =0 (mod p)}
if2<p<gqgandptd

Q(p) = {b (mod p) [ db+a =0 (mod p)}.

ifg<p<yandptd and Qp) = @ if 2 < p <y with p | d. Let w(p) = #Q(p). Then, the
quantity S(z,q;d,a) given in (4.28) can be written as

(4.30) S(z,q;d,a) = #{n < z/d | n(mod p) & Q(p) for all p < y}.

We shall apply Lemma 4.4 to estimate the right-hand side and then use Lemma 4.5 to bound the
resulting sum G(y). To this end, we check assumptions of these lemmas. Note that since F/(X) is
a primitive polynomial, for any prime p < y, we have

(4.31) wp) <14+rp(p) <14k,

where k is the degree of F'. If we have w(p) = p for some prime p < y, then we obviously have
S(z,q;d,a) = 0 so we may assume w(p) < p for all p < y to bound S(z,q;d,a). Then, by (4.31)
and Mertens’ estimate, we find that the current w(p) satisfies the assumptions (1) and (Q2(k)) of

Lemma 4.5 with £ = k + 1 and some constant A > 1 depending on k. By recalling z = zy >, we

also have
1 1 1
x\ 2 T\ 2 T\ 2
d zq 2y

Thus, by applying Lemma 4.4 and Lemma 4.5 to (4.30), we obtain

(4.32) S(x,q;d,a) < H (1 - w;p)>2
e

Since we are assuming F'(T) # T and F(T) is irreducible and primitive, the constant term of F(T),
say ¢p is non-zero. Thus, except O(1) exceptional p’s consisting of prime factors of ¢, F(T') (mod p)
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is not divisible by T' (mod p) so that F(0) # 0 (mod p). This implies that except O(1) exceptional
p’s, the union in (4.29) is a disjoint union. Thus, by using Lemma 4.7, we can bound (4.32) as

S(z,q;d,a) < H(l—}i) H(l— TF;p))z < @(%)k}:{(l— TF;p))bzy.

p<y r<q
ptd ptd

By using Lemma 4.6 and substituting the resulting estimate into (4.28), we obtain

(4.33) O(x,q;d,a) < ! < d >k Lo +y.

e(d) \¢(d) ) logqlogy
By (4.27), this estimate (4.33) is valid for all a. In the range ¢ <y, z < d < zq as in (4.26),

_9 X
d<zqg<zy=uzy ° < m
so that
_dlogy.ygl 1 x§1<d)k1 T
¢(d) logg o(d) logqlogy = ¢(d) \¢(d) ) logqlogy
for large y. Therefore, we can simplify (4.33) to
1 /d\'1 =z

(4.54) 2w ada) < o (wd)) ogglogy

On inserting (4.34) into (4.26), and using Lemma 4.8 with recalling (4.23), we arrive at

v L re(d) (_d "
2 1<<10gy§10gq 2 d (so(d))

2z<p<lzx z2<d<zq
pmaX(F(p))<y pmax(d):q
1 d
gy by TF’kzl( :
ogy logq £~
Pmax(d)=¢q
T TU
= = O 1 .
< 10gyg(u) 10gsﬂg(U) logxg(u) exp(O(log u))
Thus, we obtain (4.25). This completes the proof. O

5. SMOOTH VALUES OF o(nF)

In this section, we shall prove Theorem 1.2.
We first prepare an analog of Hildebrand’s formula [8, formula (2), p. 292]:

Lemma 5.1. For z,y > 1, we have

1 z dt 1 T
Sh(z,y) < / Sh(ty)— + b4 <y> log p,
(@, y) oz . R(tY)S logz ng; i\
pnm:c(q)k+1(p))§y

where ®j11(X) is the (k + 1)-th cyclotomic polynomial.
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Proof. We have
1 z 1
3] = log ~ log .
ey = oo > <ogn> * Togz > logn

n<zx n<zx
n: square-free n: square-free
Pmax (0 (n*))<y Pmax (0 (n*))<y

Then, for the former sum, we have

> ()= X T[]

n<lz n<z
n: square-free n: square-free
PmaX(U(nk))Sy Pmax(”(nk))fy

and for the latter sum, by using

n: squarefree = logn = Z log p,

pd=n
we have
E logn = E logp
n<x pd<z
n: square-free (p,d):l
Pmax (c(n®))<y d: square-free

Pmax(0((pd)*))<y

< > lgp > 1< > ZZ(Z,y)Ing

p<x d<z/p p<w
Pmax(0(pF))<y d: Squari_-free Pmax (0 (P™))<y
Pmax (U(d ))Sy

Since ®41(p) | p¥ + -+ + 1 = o (p"*), we have

Z logn < Z = (Z,y) logp

n<x p<z
n: squari—free Pmax (Pr+1(p)) <y
Pmax(a(n™))<y

By combining the above estimates, we obtain the lemma.

Recall the definition of the function h(u) given in (2.2).
Lemma 5.2. For u >t > 0 with large u, we have
¢

hu — 1) < h(u) (675+1og(12¢+6) (log(u + €)) (log(log(u + 1) + e))) :

Proof. Let
L(u) = —uloglog(u + ¢) — uloglog(log(u 4+ 1) + €) + du
so that h(u) = exp(£(u)). Since
0 (u) = —loglog(u + ¢) — loglog(log(u + 1) +€) + ¢

(u+e)loglute) (u+1)(log(u+ 1)+ e)(log(log(u+1) +e))’

we have ,
'(u) > —log (e‘“iloaw (log(u + ¢)) (log(log(u + 1) + e)))
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for large u. Therefore, by the mean value theorem, we have
u—t) = L(u) + '()(-1)
< (u) + (7 log (ef‘wm (log(& + ¢)) (log(log(& + 1) + e)))) (—1)
< l(u) +tlog (e_“m (log(u + €)) (log(log(u + 1) + e))),
where £ € [u — t,u] and we used the fact
eToEETe) (log(€ + €)) < max (62, eToETe (log(u + e))) = eTEuTe (log(u + €))

for large u since

d 2 1 2
— [ loglog(& +¢) — ) = —
ie (lstoste + 0 - s ) = e g
for £ > 0. By exponentiating both sides, we obtain the lemma. O

Proof of Theorem 1.2. We may assume x > y and that z,y,u are all large since otherwise the
assertion is trivial. Let F(X) = ®,11(X) be the (k + 1)-th cyclotomic polynomial. Take a
sufficiently large constant B; > 3 so that Theorem 1.4 holds for F' with the constant B := Bj.
Then, let g(v) = gpg, (v) as defined in (2.1). Also, take § € (0, 1] arbitrarily and let h(v) = hs(v) as
defined in (2.2). Any implicit constants in this proof may depend on 6. For y > 2, v,w > 0, let us
consider

Sty .
K(ya U) = Ma K(ya ’LU) = Ogug K(y7 ’U).

Then, it suffices to prove that

K(y,w) <1 aslongas logy"loglogy®” <y.
Note that y™ loglogy™ < y implies
2y 1 2log y" loglog y™
w
(logy)? ~ logyloglog y® + logloglogy® —

for large y (for small w, this estimate is trivial).

Let vg = vo(F,0) be a large constant. For y > 2 and vg <v < w < (loziyy)Z’ by Lemma 5.1,
. Y,v) = 1\Yy,v 2{Y,v 3y, v),
(5.1) K(y,v) < Ki(y,v) + Ka(y,v) + K5(y, v)
where
1 v dt
K S Y0 (t,y)—
1(y7’l)) h(v)y” 10gyv /1 k:( 7y) t )
1 b (Y
K =_—— = 1
2(2,/7’0) h(v)y”logy” Z k(p vy> ogp,
y<p<y"
pmaX(F(p))Sy
Ka(y,v) = > o5 (yv y) log p
’ h(v)y"logy® £ "\ p’

Pmax (F(p)) <y

We estimate these three terms separately.
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For K1 (y,v), by the definition of K (y,w),

1 v logt log t
Ki(y,v) < 7/ K(y, )h< )dt
1) h(v)y*logy” J, logy ) \logy

~ h(v)y?logyY logy h(v)yvv

2y
By Lemma 5.2 and vg < v < Togg)?”

Ki(yv) < K(y,v) /O” ( (log(v + €)) (log(log(v + 1) + ¢€)) >tdt < K(y,v) /O“ i <

- v Y v

for large y. Thus, we have
(5.2) Ki(y,v) <

provided y is large. R
For Ks(y,v), by the definition of K (y,w),

1 - lo lo lo
Kz(yﬂ))zm Z K<y7v— gp)h(v— gp) 8p

y<p<y" p
Pmax (F(p)) <y

< _K(y,v) 3 h(v N 10gp> logp.
S Foley 2 fozv) »
Pmax (F(p))<y

By partial summation, we can continue the estimate as

K(y,v) v’ logt\ logt
< —"" 7 - — ) ==
K (y,v) < h(v)logyv/y h{wv e drp(t,y)

K(y,v)

< S h(O)Te(y”,y)
(5.3) hlo)y”

K v logt \ logt dt
4 Ko / p(o— loBt\1o8t )
h(v)logy® J, logy ) t tlogy

K(y,v) /yv logt\ logt — 1
—_— hliv— t,y)dt.
h(v)logy® J, v logy 2 mr(t:y)

For v > 0, we have

[

K(y,v) /1y”h<lc>gzt>dt: K(y,v) /O”h(t)ytdt - [;i((i/]’)?/ovh(v—t)y_tdt.

h’(v) _ <_ loglog(v + e) — loglog(log(v + 1) +€) + 6 — (v +e)log(v+e)

(5.4)
) h(v) < h(v).

v
(v +1)(log(v + 1) + e) log(log(v + 1) + e)
By substituting (5.4) into (5.3), we obtain

A A

K(y,v) K(y,v) /y logt "\ logt
v —L T gl — =S rp(t,y)dt.
O ey’ y) + R logy” J, U gy ) P2 mr(t,y)

Kz(y, ’U) <

Since we have
logtloglogt < logy”loglogy” <logy® loglogy®” <y
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in the above integral, we can use Theorem 1.4 to obtain

K2(y7v)<<f((y, v) g(v )Jr K(y,v) /y”h<v_ 10gt>g<logt>it

(5.5) logy” h(v ) h( ) log yv logy )7 \logy
_ K(y,v) g( {(y,v /hv_t
log yv h h(v

For sufficiently large v > vg, we have
gv) _ '~ (log(v + €)) (log(log(v + 1) +¢€)) \ * 1
h(v) — vlog(v +e) -

Also, for sufficiently large v > vg, by Lemma 5.2, we have

'3 (log(v + ¢)) (log(log(v + 1) +¢)) )t

(5.6)

o= )9(0) < 1lo)

tlog(t +e)
(5.7) 8 Lo lon] .
5
gh(v)e_gt e ogvloglogv?) ™
tlog(t +e)
We shall calculate
el=8 logvloglogv\"
(5.8) sup .
>0 tlog(t+e)

Let £ = el~3 log vloglogv and
e!=% logvloglogv

o(t) = —tlogt — tloglog(t + e) + tlogL so ( ) — exp(o(t)).

tlog(t +e)
Then, the first and second derivatives of ¢(t) are
t
. '(t) = —1 tlog(t log - ————
(5.9) ¢'(t) og(etlog(t + ¢)) + log T ologltr o)
1 1 1
Py — —— +
¢ (t) t  (t+e)logt+e) (t+e)(log(t+e))?
e e

_ _ <0

(t+e)log(t+e) (t+e)2(og(t+e))? —
Thus, the supremum (5.8) is indeed the maximum attained at ¢ = to determined by ¢'(tp) = 0. By
using (5.9), we find that

(5.10) log(etg log(to +¢)) = log £ + O(log(ti—i—e)) log % + O(l g1.§£>
and
logty = log % + O(loglog(to + ¢€)) = log £ + O(loglog &)
so that
loglog(to +¢€) = loglog ¥ + O <10glog$)
log %

By substituting this again into (5.10), we obtain

loglog &£
logtg = log¥ —loglog¥ — 1+ O(ogog)

log &£
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£ loglog & _s
= 1 —_— > < 6 ]
elog.§£< +O( log & )> se oy

for large v > vg. By using this estimate and noting that (5.10) and e? > 1 implies

so that

log(etg log(to + €)) > log ¥ — e,
for large v > vg, we find that
e!=% logvloglogv ' £ fo s -%
su = ——F"—— <exp(e7ty) <v° 7.
t>E’< tlog(t + ¢) > <t0 log(fo + e)> < exp(e7to) <
Therefore, by (5.7), we have

s

(5.11) h(v —t)g(t) < h(v)v® Ze~it,

On inserting (5.6) and (5.11) into (5.5), we have

K K
(y.v) | K(,v)

K. /
2(4:v) < log y* vke*fﬁ
with 1 —e~3z > 0. Thus, we have
1

provided v > vg.
For K3(y,v), by the definition of K (y,w), v > vg, Lemma 5.2 and Mertens’ theorem,

Ks(y,v) < o log p o logp\ logp
o= h( logy P Togy logy) p
< _logp logp
h( logy ~ logy
(log (v+ )) ( og(log(v + 1) + e)) Ry.0) Z log p < (logv)QK(y "
log yv ’ = v ’

Therefore, we obtain

(5.13) Ks(y,v) < ~K(y,v)

|

for sufficiently large v > vy.
By combining (5.1), (5.2), (5.12) and (5.13), we obtain

K(y,v) < %f((y,v)

for sufficiently large v > vy. By taking the supremum over v,

K(y,w): sup K(y,v)max( sup K(y,v), sup K(y,v))

0<v<w 0<v<wg vo<v<w

3 .
SmaX( swp K(yw). S sup K(y,w)

0<v<vg vo<v<w
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. 3.
< max (K(ya UO)7 EK(:% ’U})> .
Since k(y,w) < %K(y,w) implies K'(y, w) = 0, we arrive at

. . 1
< < ,
K(y,w) < K(y,v) < N <1

This completes the proof. O
Remark 5.1. Although it is possible to extend the admissible range of Theorem 1.2 to y > logx

by weakening the error term estimate o(u) to O(u) (see Remark 3.1), it seems rather difficult to
achieve the admissible range

(5.14) y > (loglog z)'*e

as in [2]. In the paper [2], this range corresponds to Proposition 2.3 [2, p. 1374]. To obtain the range
(5.14), Banks-Friedlander-Pomerance-Shparlinski used a trick in the formula (2.7) on p. 1376 or
in the last paragraph of p. 1377 of [2]. However, their trick seems not available for ¥ (x,y) since
our problem include polynomials of higher degree.

6. EVEN-ODD AMICABLE PAIRS

In this section, we prove Theorem 1.1. We start with a simple observation:

Lemma 6.1. For any even-odd amicable pair (A, B) consisting of an even integer A and an odd
integer B, there are positive integers a, M, N such that

A=2°M? B=N? M, N:odd.
Proof. Since (A, B) is an amicable pair, we have
(6.1) o(A)=0(B)=A+ B.

By the assumption that A is even and B is odd, we find that A+ B is odd. By (6.1), we find that
both of 0(A) and o(B) are odd. Suppose that p is an odd prime and p°® || A. Then, o(p°®) | 0(A) so
o(p®) should be odd. Since p is odd, this implies

l=0(@®)=1+p+ ---+p°=e+1 (mod 2),

i.e. e is even. This shows that A = 22M? for some positive integer a and odd number M. We can
deal with B similarly. This completes the proof. O

Proof of Theorem 1.1. Let x be a large real number, a € N and consider
(6.2) B =%B(z,a) = {(M,N) | max(2*M? N?) <z, (2*°M?, N?): amicable, M, N: odd}.

We discard several parts of %8 to introduce useful restrictions to the variables M and N and estimate
the size of the discarded parts.
We first want to introduce the restriction

(C1) min(M,N) > 2 L™
with some real number L > 4 chosen later. To this end, we decompose % as

B =3V ueW,
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where )
BV = {(M,N) € B | min(M,N) > z3 L'},
&M = {(M,N) € B | min(M,N) < z7L~'}.

In the subsequent argument, we typically denote the part of % remaining after the i-th step of our
discarding process by %) and the part of % discarded at the i-th step by &). We refer to the
condition used to define % by the condition “Ci”. Also, we refer to each lemma corresponding
to the i-th step of discarding process by “Claim 6.7”.

Claim 6.1. We have
#6860 <« 27 L7
where the implicit constant is absolute.
Proof. Tt suffices to bound the size of sets
{((M,N)e® |M <a?L~'} and {(M,N)e®B|N<az?L '}

since these sets cover &V, When a is fixed, for (M,N) € %, the value of M is determined uniquely
by N and the value of N is determined uniquely by M since (2°M?2, N?) forms an amicable pair.
Thus, the last quantity is bounded by

2 #{MeN|M<a3L '} <223L7".
This completes the proof. O

For a positive integer m and a real number z > 1, we let

D,(m) = H pY,

p"|lm
p<z

which is “the z-smooth part” of m. We next introduce the restriction
(C2) max(Dra(M), Dpa(N)) <
with some a € (0, %) chosen later. We decompose %) as

BN =3 163

where

@ = {(M,N) e BY | max(Dys+(M),Dps(N)) > z°}.

In what follows, we let

B = {(M,N) e BV | max(Dys+(M),Dys(N)) < 2},

__logx
v log L’

Claim 6.2. We have

#8(2) < z2 log x exp(—%u log u)
provided
(L) L >logx

where the implicit constant is absolute.
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Proof. Similarly to the proof of Claim 6.1, it suffices to bound
#{M € N|M < 2% and Dy.(M) > z°}.
By writing d := Dp4(M) and M = dm, this is further bounded by

< ¥ 1= ¥ Yoase ¥ ogsed 3
< frd _x2 7_332 —
d d
1 o 1 1 o 1 d>z®
dm<z?2 z9<d<z2 m<z2/d Y <d<z?2 (d)<L4
Pmax (d)<L* Pmax(d)<L* Pmax (d)<L* Praaxi®)>
d>z®

We then apply Lemma 3.3 with the constant function f(n) = 1. The assumption (L) assures
L* > log 2 loglog . Thus, we can apply Lemma 3.3 to obtain the assertion since

logz® alogxr «

log Lt  4logL 4"
This completes the proof. O

In the subsequent argument, we always assume (L). For a positive integer m, let

D¥(m) = H Y,
p¥|lm
v>2
which is “the square-full part” of m. Our next restriction is
(C3) max(D*(M), D*(N)) < L?

and so let
B2 =G g6

where
BB = {(M,N) € B® | max(D*(M), D*(N)) < L?},

&G = {(M,N) e B® | max(D*(M), D*(N)) > L?}.
Claim 6.3. We have
#6B) « 27 L7
where the implicit constant is absolute.
Proof. As before, it suffices to bound
#{M eN|M <z7, DYM)> L?}.
By writing d := D*(M) and M = dm, this is bounded by

(6.3) < > 1< Y %.

1 1
dm<z?2 L?<d<z2
d: square-full d: square-full
d>L?

Since every square-full number d can be written as d = e f3 with some positive integers e and f,
we can obtain the bound

1 =1 1 1 &1 1
Yo 35dm Y S<ird m<r
d>U f:lf 1 € U= f2 Uz
d: square-full e>(U/f3)2

By using this bound in (6.3), we obtain the claim. O
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We now give an observation on the remaining part % ®).

Lemma 6.2. For any (M, N) € B, we have
L' < pmax(M) | M and L' < pax(N) | N
provided
(LA) e w3 > L2,
Proof. We have #® < 2L~ by (LA). Then, by (C1) and (C2), we find that
M/Dpa(M),N/Dy+(N) > (z2L™1) /2% > 1
50 that Pmax (M), pmax(N) > LA If prax(M)? | M or pmax(N)? | N, this implies
L¥ < puan(M)? < DHM) or  L* < prax(N)? < DH(N),

respectively, which contradicts (C3). This completes the proof. O

From now on, we further assume (LA). Then, by Lemma 6.2, we may write (M, N) € B®) as
(6.4) M =pm, N=gqn, p:=pma(M), ¢:=pmax(N),
with conditions max(pmax(m), L*) <p and max(pmax(n), L*) < q.

Note that this factorization is clearly unique and (p, m) = (¢,n) = 1.
We next introduce the restriction

where, hereafter, we use an abbreviation pyax(M, N) = pmax((M, N)). Let
BB =@ el

where
BD = {(M,N) € B | pmax (M, N) < L},

W = {((M,N) € B | prax(M,N) > L?}.
To bound #&@W, we need the next lemma.
Lemma 6.3. For x > 1 and any positive integer k and any prime number P, we have

1 1 2
Z - < (ngﬁ) .
we Px

w<zx
Plo(w"*)

where w and e runs through prime numbers and positive integers, respectively, and the implicit
constant depends only on k.

Proof. We first classify the summands according to the value of e as

1 O(log x) 1
(6.5) P Z; > =
w <z e= 1
ey ik

and then we estimate the inner sums. We first observe that

1
P|o(@") = P <o(w"™) <wke(1+—|—---) < 2whe.
w
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Thus, we can restrict the range of w as

1 1
Zl o 12 . e’
w<ze (P/2)Fe <w<zt

Plo(w"®) Plo(w"®)

By dissecting the sum dyadically,

Z $<< (logx%) sup Z %

I (P/2)Re <U<z¢ U<w<2U
bt Plo(=")
< (logz*) sup U= Z 1.

1
e

(P/2)Fe <U<z U<w<2U

wke4...+1=0 (mod P)
The congruence w*® + --- 4+ 1 = 0 (mod P) is an algebraic equation of degree ke in the finite field
of order P and so has only ke solutions at most. Therefore,

1 1 U
— << (1l 5 Ul =+1
Z we<<e(ogx) sup e <P+>

1 1
oot (P/2)Re U<zt

Plo(w"*)

1—e
= (log ) sup (UP + Ue).
(P/2)Fe <U<a¢

Since the exponents of U on the right-hand side are non-positive, the supremum is achieved at
U = (P/2)%. Therefore,

1 a1 1 1 log x
> — < (loga)((P7e/P)P% + P~H) < =2,
w<xe
Plo(w"®)
On inserting this estimate into (6.5), we obtain the lemma. O

Claim 6.4. We have
#&6W « xé(log z)2L7t,
where the implicit constant is absolute.
Proof. For (M, N) € %, since (2°M?, N?) form an amicable pair, we have
(N?,0(N?)) = (N?,5(N?)) = (N?,2°M?)

(these are equation between the greatest common divisors) so that

Pmax (M, N) > L* = ppax(N?,0(N?)) > L%
Thus, as before, it suffices to bound

#{N eN|N <22, prax(N?,0(N?)) > L2},
On writing pmax (N2, 0(N?)) = P, this quantity can be bounded as

-y Y =y %Yo

1 1 1 1
L2<P<z2 N<X2 L2<P<zx?2 N<X2
Pmax(N?,0(N?))=P P|(N?,0(N?))
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For a positive integer N, the condition P | o(N?) implies the existence of some prime power w®
such that @ || N and P | o(w?®). In this case, o(w?®) is coprime to w so (w®, P) = 1, which tells
us w®P | N. Therefore, the last quantity is further bounded by using Lemma 6.3 with k£ = 2 as

> S x2 g - g —
1 1 1 1 P 1 w*
L2<P<z? w°<z2 /P N<z2 L2<P<z2 w<er2

Plo(w?®) w°PIN Plo(w?°)

1
< 27 (log z)? Z 7 < 27 (logz)?L~".
2

L2<P<z?2
This completes the proof. O
We then introduce the restriction
(C5) mn > z3 L7

where we used the factorization given in (6.4). Let
B =36 g6

where

BO) = {(M,N) € BY | mn> 2L},

E0) = {(M,N) e BW | mn < 2z7L7'}.
The estimate for #&®) is based on the following lemma.
Lemma 6.4. For a € N and odd integers m and n, there are at most four odd prime pairs (p,q)
such that the pair (2°p*m?, ¢*n?) is amicable and (p,m) = (¢,n) = 1.
Proof. Assume that an odd prime pair (p,q) is given so that the pair (29p?m?, ¢?n?) is amicable
and (p,m) = (g,n) = 1. Since the pair (2p?>m?, ¢*n?) is amicable, we obtain

o(2°p*m?) = o(¢®n?) and o (2°9*m?) — 2°p*m? = ¢*n?.

By writing p :== 2*m? and v = n?

, we may rewrite these equations to
o(P*p) =a(¢’v) and o(p’n) —p*u=¢*v.
By using o(p?) = p? + p + 1, we can further rewrite them to
(6.6) p*o(u) +po(p) +o(n) = ¢°o(v) + qo(v) + o(v)
(6.7) p?s(u) +po(p) + o(p) = ¢°v.
By multiplying (6.6) and (6.7) by v and o(v), respectively, and taking the difference,
Py — s()o () - pr(n)s(v) - o(u)s(v) = qo W)y + a(v)v,
or, equivalently,
Py — s()o ) - pr(n)s(v) — (o(1)s(v) + (W) = go(v)v.
By taking the square,

P* (e (v = s(wo(v)) —po(u)s(v) — (a(p)sv) + o(v)v))* = ¢°v - o(v)*r.
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By substituting (6.7) again here,
(o (p)v = s(u)a(v)) — po(u)s(v) = (o(p)s(v) +o(v)r))>
— (P*s(u) +po(p) + o(p))o(v)*v = 0.

If we regard this equation as the quartic equation of the indeterminate p, then the linear term
coefficient on the left-hand side is

(6.9) 20()s(v)(o(p)s(v) +o(v)v) — o(n)o(v)?v.

This is odd since v = n? is odd and o(v),o(p) are odd since o(v) = o(n?) and o(u) = o(29m?).
In particular, the coefficient (6.9) is non-zero. Thus, the equation (6.8) is not trivial. This implies
that for a given (a, m, n), there are at most four possible values for p. For each of those p, the value
of ¢ is uniquely determined by (6.7). This completes the proof. O

Claim 6.5. We have

(6.8)

#80) < 27 (logz)L ™",
where the implicit constant is absolute.
Proof. By Lemma 6.4, we have
#80) < 4. #{(m,n) € N? | mn < x%L_l},
which is bounded by
< Z 1< Z Z 1<a?L7! Z %«x%(logx)rl.
mn<z2 /L m<a?/Ln<z2/mL m<z3 /L
This completes the proof. O
We further introduce the restriction
(C6) max(p,q) < 2777
with some 8 € (0, 1) chosen later, where we used the factorization given in (6.4). Let
B =6 86)

where .
%) = {(M,N) € B® | max(p,q) < 227},

60 = {(M,N) € B | max(p,q) >z~ °}.
We require the next bound for the number of the solutions of polynomial congruence.
Lemma 6.5. For a polynomial with integral coefficients
are® + -+ a1z + ap € Z[X],
a positive integer D, the congruence
agz® + -+ ax+ao=0 (mod D)

has at most
1 1
(ak,...,a1, D)s D" Fr(D)*1

solutions (mod D).

Proof. This is a result of Kamke [12, Satz 6, p. 260]. O
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Claim 6.6. For ¢ € (0, i), assume that
(LAB) 4<L<a®, 0<a<ji, 0<B<g5—35e 1+4+28-e>a

29¢1
We then have
#E6© « 28577¢,
where the implicit constant depends on €.
Proof. Since
#6© < #{(M,N) € B | p> 22 P} + #{(M,N) € B | > 2777},
by writing
1_
87 = {(M.N) € B | p > 2377},
g = {(M,N) e BO) | ¢ > 2377},
it suffices to show
(6.10) #60), #6(0) « 285372,
We first prove (6.10) for #8,()6). Take (M, N) € SF(,G) arbitrarily. By (6.2),
m=M/p< m%/(xéfﬁ) =P
so by (C5),
n=mn/m> (x>L"Y) /2P =27 PL,
which further implies by (6.2),
(6.11) q=N/n <7 /(x> PL~') =2°L.
We then write N as the product of primes
N=qqg- ¢ wth ¢g=q@>¢=>->q.
By (C1) and (LAB), we can take the smallest index ¢ € {1,...,7} such that

l,éﬁ

CI1 oo qz > 6 67,

Let d .= q1 - - - ¢; and write N = dv. By the definition of i,
(6.12) q1-- - Gi—1 < zo6h,

Then, by (6.11), we have
w5 <d=q g = (@1 q1) - q <28 TPLL
By (C1) and (6.12), we have
Gidiv1 @ = N/(@ - qi—1) > (@2 L7Y) /(287 8F) = o5 FRAL1,
Thus, by (C2), L < z¢ and (LAB), we find that

(6.13) q; > L*.
By (C3), this implies q1,...,q; || N so that
(6.14) (d,2v) =1 and d: square-free.

Since (M, N) € 94, by the definition of amicable pairs, we obtain
a(d*v?) = o(2°p*m?), o(d*v?) = 2°p*m? + d*12.
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By (6.14), these imply

(6.15) o(d?) | o(2°p*m?) = p*o(2°m?) + pa(2°m?) + o(27m?),
(6.16) d*v? = —2°p*m? (mod o (d?)).

By multiplying both sides of (6.16) by o(2¢m?),

(6.17) d?o(2°m*)v? = —p?c(2°m?)2°m? (mod o (d?)).

By (6.15), this implies

d?o(2°m?)v? = po(2°m?)2°m? + o(2°m?)2%m? (mod o(d?)),
or, equivalently,

d?o(2°m?)v? — 0(2°m?)2%m? = po(2°m?)2%m? (mod o (d?)).
By taking the square,

(d?0(2°m?)v? — 0(2°m?)2"m?)? = p?o(2°m?)2°m20(2°m?)2%m? (mod o (d?)).

By (6.17), this can be rewritten as
(6.18) (d®o(2°m*)v? — (2°m?)2°m?)? + d*0(2°m?)?2°m?*v? = 0 (mod o(d?)).

We may regard this as a quartic congruence of the indeterminate v. Note that this quartic con-
gruence depends only on d,m and a. Let N(d,m,a) be the set of the solutions (mod o(d?)) of
the congruence (6.18). Then, by Lemma 6.5 with ¥ = 4 and focusing on the leading coefficient
d*a(2%m?)?%, we have

(6.19)  #N(dm,a) < o(d?)iTE(d*0(29m?)?, 0(d?))T < o(d?)TTi0(29m?)% (d*, 0(d?))7.
Recall that d is a product of primes > L* as shown in (6.13). Also, we have
(d*,0(d?)) | (N?,0(N?)) = (N?,s(N?)) = (N?,2°M?) = (N?, M?).
By these two observation and by (C4), we find that (d*,o(d?)) = 1. Thus, by (6.19),
(6.20) #N(d,m,a) < o(d®)iT50(2°m?)? < 2523d>m
By the above argument, for any pair (M, N) € 85,6), we may write N = dv with restrictions
m <z’ Dy <d< D,y v (modao(d?))e.N(d,m,a),
where
(6.21) Dy :=25"%% and Dy:=a8Ts"L,
Therefore, since M is determined by N,
#8619 < #{(M,N) € B® | m < 2, D1 <d < Dy, v (mod o(d?)) € N(d,m,a)}

<2 X 2 )
m<zh D1<d<Dy ng%/d
v (mod o(d?))eN (d,m,a)
=2 X > > 1
m<xzf D1<d<D32 p (mod o(d?))eN(d,m,a) ng%/d
v=p (mod o (d?))
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<> > > <1+d:(22)).

m<zP D1<d<D3 p (mod o(d?))eN(d,m,a)
By (6.20) and (6.21), this is

1
<2tz Y d3m<1+d:(;2)> <2

m<xP D1<d<D>

[N
(S

(4

).

> m

m<zP  D1<d<D3
a £ 5 1 _
< 222°T5(D3 + 22D,

By recalling the assumption L < z°, (6.21) and (LAB), this is

[N

< Q%x%(xl‘%*%ﬁLg + x%+%5) <28p3C,
This completes the estimate for (6.10) for (‘SF(,G).
We next prove (6.10) for 8é6). Take (M, N) € &(,6) arbitrarily. By (6.2),

n=N/qg<az?/(x> ) =2’

so by (C5),
m=mn/n> (@3 L") /2P =27 PL,
which further implies by (6.2),
(6.22) p=M/m <x%/(x%_BL_1) =L
We then write M as the product of primes
M =pipa---pr with p=p; >ps2>---2pr.
By (C1) and (LAB), we can take the smallest index ¢ such that
Py p > b5,

Let d = py -+ - p; and write M = du. By the definition of 4,
(6.23) p1-Pi-1 < @580,
Then, by (6.22), we have

1_5

w680 <d=py-pi=(pr-pio1) pi < a5 FOL.
By (C1) and (6.23), this gives

Pibisr- pr = M/(p1--pi_1) > (@2 L7Y) /(257 8F) = g5 TRAL,

Thus, by (C2), L < 2° and (LAB), we find that

(6.24) p; > L*.
By (C3), this implies p1,...,p; || M so that
(6.25) (d,2u) =1 and d: square-free.

Since (M, N) € 94, by the definition of amicable pairs, we obtain
o(29021%) = 0 (¢?n?), o (2°d2p?) = 2°d2p? + ¢n?.

By (6.25), these imply

(6.26) o(d2) | o(g*n?) = o (n?) + qo(n?) + a(n?),

_|_

Nl

L
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(6.27) 20d?1* = —¢*n? (mod o(d?)).
By multiplying o(n?) to (6.27),
(6.28) 2¢d?o(n?)p? = —q*o(n*)n? (mod o(d?)).

By (6.26), this implies
20d?o(n?)p? = qo(n*)n? + o(n*)n? (mod o(d?)),
or, equivalently,
2¢d%o(n*)pu? — o(n?*)n? = qo(n?*)n? (mod o(d?))
By taking the square,
(2¢d?o(n*)p? — o(n*)n*)? = o (n®)n? - o(n?)n? (mod o(d?)).
By (6.28), this can be rewritten as
(6.29) (2°d*a(n®)u? — o(n®)n?)? + 2°d*o(n?)?n*p? = 0 (mod o(d?)).
We may regard this as a quartic congruence of the indeterminate u. Note that this quartic con-
gruence depends only on d,n and a. Let J(d,n,a) be the set of the solutions (mod o(d?)) of
the congruence (6.29). Then, by Lemma 6.5 with k¥ = 4 and focusing on the leading coefficient
4%d*o(n?)?, we have
(6.30) #M(dyn,a) < o(d?) 15 (4%d 0 (n?)?,0(d?))T < o(d?)i+3a(n?)E(d), 0(d?))%
since o(d?) is odd. Recall that d is a product of primes > L* as shown in (6.24). Also, we have
(@, 0(d2) | (M2,0(2°M?)) = (M2, 5(2°M2)) = (M2, N?).
By these two observation and by (C4), we find that (d*, o(d?)) = 1. Thus, by (6.30),
(6.31) #M(d,n,a) < o(d®)it5o(n®)? < x2d?n
By the above argument, for any pair (M, N) € &(]6), we may write m = du with restrictions
n<az’ Dy <d<Dy, p(modo(d?)e.#(d,n,a),
where Dy, Do are defined as in (6.21). Therefore, since N is determined by M,
#836) <H#{(M,N) e BO) |n< 2P, Dy <d< Dy, p(modo(d?))e(d,n,a)}

<2 ) 2 1

n<zh D1<d<Dsy ng%/d
p (mod o (d?))€M(d,n,a)

=2 2 D 2. !

n<xf D1<d<D3 p (mod o(d?))eM(d,n,a) lL<fL’%/d
u=p (mod o(d?))

1
xr2z
1+ —7F.
<Y ¥ > (rzm)
n<xf D1<d<D3 p (mod o(d?))eM(d,n,a)
By (6.31), this is

B 3 X3 B 3
<<XZZ Z d2n<1—|—dU(dQ)><<x2 Zn Z <d2—|—

n<XB D1 <d<D, n<zhP D1<d<D,

&
wlo|  wlm

)
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5 5 _1
< ?*3(D2 + ’JJ%Dl ).
By recalling the assumption 0 < 8 < % — 3—35, L <2f, (6.21) and (LAB), this is
<2 (at AL 4 til) < gae,
This completes the proof.

From now on, we always assume (LAB). For a positive integer m, let

D’ (m) =[] »,

pllm

which is “the square-free part” of m. Note that we have
m = D’(m)D*(m) and (D’(m), D¥(m)) =1

for any positive integer m and the first decomposition is unique.
As our final restriction, we introduce

(€7) Win (Pruax (0(D° (M)?)), Pmax (0 (D’ (n)?))) > K,
where K := L* + L? + 1 and we used the factorization given in (6.4). Let
BO) = e,

where

B
& .

{(M,N) € B | min(pax(0(D’(m)?)), pmax (0(D’ (n)?))) > K},
{(M,N) € B | min(pmax(0(D’(m)*)), Pmax (0(D’(n)?))) < K}
Claim 6.7. We have

#8( « g2 (log x)? exp(fgulog log u)

for large u, where the implicit constant is absolute.

Proof. As before, it suffices to bound the cardinalities of

(6.32) 87 == {(M,N) € B | pax(c(D"(m)?)) < K},
(6.33) & = {(M,N) € BO | prax(c(D"(n)?)) < K}.

We first bound & . For (M,N) € 87, by (C3) and (C6), we have
p < 2278 and Du(m) < L2
Thus, by recalling (6.2) and writing d := D*(m) and u = D"(m),

(6.34) #6D < YN > 1

p<zd—#d<L? NSI%/(Pd)
pisquare-free
pmaX(U(p‘Q))SK
We apply Theorem 1.2 to the last sum. By (L) we have

1 1

L4 4 L2 41> log 22 loglog 2o
pd pd
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so the assumption of Theorem 1.2 is satisfied. For p < 2278 and d < L?, we have

1

log %y log(e’L)  _ loge’L)  log(a?L?)log(1 + L)
log K = log(L*+ L%+ 1) log L* (log(L* + L? 4+ 1))(log L*)
g1 plogx B
>Py_2__P08T Py
=472 T2(ogL)2 ~ 4"

for large u since L > logx > u by (L). Thus, using Theorem 1.2 in (6.34) and noting

B B p g
<4u — 1) log 10g<4u -1+ e> + (4u — 1) log log <log Vi + e) + O(w)

> gulog log gu + %uloglog log gu +O0(u) > guloglogu

for large u, we have

1 1 1
(6.35) #6(1 < 23 exp(—guloglog u) E E ! < z2(log z)? exp(—%ulog log u)
p
1 pd<L?
p<zz P05

for large u. This completes the bound for (6.32).
We next bound &{". For (M,N) € B© by (C3) and (C6), we have

qg< 2277 and Dﬁ(n) < L2
Thus, by recalling (6.2) and writing d := D¥(n) and v := D(n),

LI SED SHED DI

q<ad IS <o/ (qa)
v:square-free
meX(U(”Q))SK
This sum can be estimated similarly to (6.35). This completes the bound for (6.33). O

Finally, we can estimate the remaining part without adding further restriction. For this estimate,
we prepare the following preliminary estimate.

Lemma 6.6. For x,L > 1, we have
1 1 log x
2 pr X <
P>L L2<Q<z3
Pla(Q?)

where P, Q) runs through prime numbers and the implicit constant is absolute.

Proof. We first decompose the sum as

(6.36) Z% > é=21+22,

P>L* P L2<Q§x%
Plo(Q?)
where
1 1 1 1
eyl Y lawyeyd oy oL
P>L4 L2<Q§min(P,x%) P>L1 P<Q§z%

Plo(Q?) Plo(Q?)
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The sum ), can be estimated by using w(n) < 1+ logn as

1 1 w(o(@Q?) logx
(6.37) Y.< > g > 1< > IR
L2<Q<z? ngf) L2<Q<z?

On the other hand, for the sum )_,, we dissect the inner sum as

1
Z — < (logz) sup U! Z 1
P<Q<z% @ PSUSx% U<Q<2U

Plo(Q?) Q*+Q+1=0 (mod P)

(U log x

1

< (logz) sup lU (P+1> < 2
P<U<Lz?2

Therefore, ), can be bounded by

log x log x
(6.38) > , < ) T <
P>L4

By combining (6.36), (6.37) and (6.38), we obtain the lemma.

Claim 6.8. We have
#3() « :z:%(log x)°L7t,
where the implicit constant is absolute.
Proof. By (6.4) and (C4), we find that p # ¢ for any (M, N) € %), Thus,
B0 =3 LB,
where
%57) ={(M,N)e B |p>q} and 98((]7) ={(M,N) e BT | p<q}.
It suffices to bound the cardinalities of these sets separately.
We begin with %,27). Take (M, N) € 98,27) arbitrarily. By (C7), there is a prime P satisfying

(6.39) P>IL*4L%4+1 and P|o(D"(m)?).
Then, since Db(m) is square-free, there is a prime number @ satisfying
(6.40) Q| D*(m) and P|o(Q?).
By (6.39) and (6.40), we find that

L*+L24+1<P<o(@®)=Q*+Q+1
so that by (6.40)
(6.41) [’<Q<z? and P|o(Q?).
By (6.40) and recalling that (22M?2, N2) is amicable, we also find that

P o(Q?) | 0(2°M?) = o(N?).

Thus, there should be a prime number R and a positive integer e such that

(6.42) R°||N, R°<uz* and P|o(R>).
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Note that by (6.41) and (C4), we have

(6.43) Q+R.
Since (2¢M?, N?) is an amicable pair, we have
(6.44) N? = g(2°p*m?) — 2°p*m? = p?s(2°m?) + po(2°m?) + o (2°m?).
Let
- 1 ife=1,
(6.45) €= { % ife>2.

By taking the reduction (mod R¢) of (6.44) and recalling (6.42),
(6.46) p?5(2°m?) + po(2°m?) + ¢(2°m?) = 0 (mod RF).

Define a non-negative integer f by

RT = (5(2°m?),0(2"m?), R®).

Obviously,

(6.47) f<e<logz

Since 2%m? = ¢(2%m?) — 5(2%m?) and R is odd, we have R/ | m? and so
RI% | m.

By (6.40) and (6.43), this implies

(6.48) QR | m.

43

Let 2 (a, m, R®) be the set of the solutions of the quadratic congruence (6.46) in the indeterminate

p. Then, (6.46) can be rephrased as
(6.49) p (mod R?) € % (a, m, R).
By Lemma 6.5 and (6.47), the number of solutions #% (a, m, R®) can be bounded by

étf
2

(6.50) #% (a,m, R%) < RER5r(R%) = (6 + )R < (logz)R %"

If e = 1, then (6.46) becomes a quadratic equation in the finite field Fg. Therefore, if f = 0, then

#9P (a,m, R?) <2 =2R[%] and if f = 1, then #% (a,m, R®) = R = RI%1. Thus,
(6.51) e=1 = #%(a,m,R%) < RI%1,
Furthermore, since we have p > ¢ for %F(,?), we find that
P> q=pmax(N) = R.
Thus, p > R® if e = 1. If e > 2, then by (6.4) and (C3), p > L* > R?¢. In any case,
(6.52) p> RE.
By the above argument, for any (M, N) € %y), we can find
P, @, R: prime numbers, e: a positive integer, f: a non-negative integer
satisfying (6.39), (6.41), (6.42), (6.47) for which the decomposition

M:pmgz%
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satisfies (6.48), (6.49), (6.52). Since for any (M,N) € %57), N is uniquely determined by M, the
above observations give

(6.53) S DD DD DD DI > L.

4 1 1 1 1 ~ = 1
P>LY 12 0<ad Re<as O0ST<€ .3 Re Ré<p<a? /m

Plo(Q*) Plo(R*) QR | p (mod RO)EP (a,m,RE)

We consider the two most inner sums

(6.54) > > 1.

1 - 1
m<xz2/R® R°<p<z2/m
QR’—é] |m P (mod R®)€% (a,m,R®)

By the condition m < x? /R?, we can bound the inner most sum by

1

3 1= ¥ 3 1<<#9’(a,m,Ré)Wf;é.

- é = 1
RE<~pS$%/m ) pEP (a,m,RE) R*<p<a? /m
p (mod R®)€? (a,m,R®) p=p (mod R°)

Therefore, if e > 2, then (6.54) is bounded by using (6.50) as

O e e
mR = QR3z QRe

3 é é 1 1 _
m<z2/R° Ré<p<z2 /m m<z? /R?
QR %1 |m P (mod R)EP (a,m,R7) QR m

On the other hand, if e = 1, then (6.54) is bounded by using (6.51) as

1 1 1
22 (log z2(logz)? zz(logz)?
) 3 1< ¥ (~gf)<< (logz)” _ a2 (logz)”
; L ~  mR¢ Izl QRe¢ QRe
mSzf/Ré Ré<p§;c§/m mgg;i/Ré
QR 51 |m p(mod RO)EP (2%m* R°) QR 5 m

By substituting these estimates into (6.53) and using (6.47), we have

Py Y Y y ey y oy sl

P>L4 12 gcpd Recgs 0S/<E P>L4 12 gcph pe<yd
Plo(Q*) Plo(R*) Plo(Q*) Plo(R*)

By using Lemma 6.3 to bound the most inner sum, we can continue the bound as

1 1 1
BN < 27 (logz)® T —.

4 1
P>L 12<Q<ax?
Plo(Q?)

By Lemma 6.6, we obtain
#%57) < x? (logz)SL~".
This completes the estimate for %57).
We next consider %57). To avoid introducing new letters, we refresh the above notation for %F(,?).

Take (M, N) € %((,7) arbitrarily. Then, by (C7), there is a prime number P satisfying
(6.55) P>L*+L*4+1 and P|o(D’(n)?).
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Then, since D°(n) is square-free, there is a prime number @ satisfying

(6.56) Q| D°(n) and P|o(Q?).
By (6.55) and (6.56), we find that
(6.57) [’<Q<z* and P|o(Q?).

By (6.56), we also find that
P|o(Q) | o(N?) = o(2°M?).

Thus, there should be a prime number R and a positive integer e such that

(6.58) R* || 2°M?, R°<z? and P|o(R%),

where R = 2 could be the case. Note that by (6.57) and (C4), we have

(6.59) Q#R.

Since (2¢M?, N?) is an amicable pair, we have

(6.60) 2°M? = o(¢*n?) — ¢°n? = ¢°s(n?) + qo(n?) + o(n?).

Define ¢ by (6.45) as before. By taking the reduction (mod R¢) of (6.60) and recalling (6.58),
(6.61) ¢?s(n?) + qo(n?) + o(n?) = 0 (mod RF).

Define a non-negative integer f by

R! = (5(n?),0(n?), R%).

Obviously,
(6.62) f<é<logn
Since n? = o(n?) — s(n?), we have R’ | n? so

Rl | n.
By (6.56) and (6.59), this implies
(6.63) QR'%1 | n.

Let 9 (n, R®) be the set of the solutions of the quadratic congruence (6.61) in the indeterminate g.
Then, (6.61) can be rephrased as

(6.64) q (mod R?) € 2(n, R°).
By Lemma 6.5 and (6.62), the number of solutions #2 (n, R®) can be bounded by
(6.65) #9(n,R®) < RERS7(R¥) = (6 + 1)R™* < (logz)R*".

If e = 1, then (6.61) becomes a quadratic equation in the finite field Fg. Therefore, if f = 0, then
#9(n, RE) < 2 =2R%1 and if f = 1, then #2(n, R¢) = R = RI%1. Thus,
(6.66) e=1 = #9(n,RY) < RI%].
Furthermore, since we have ¢ > p for 93@(,7), we find that
q>p=pmax(M) = R.
Thus, ¢ > R¢ if e = 1. If e > 2, then by (6.4) and (C3), ¢ > L* > R?¢. In any case,
(6.67) q> R°.
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By the above argument, for any (M, N) € %é7)’ we can find
P,Q, R: prime numbers, e: a positive integer, f: a non-negative integer
satisfying (6.55), (6.57), (6.58), (6.62) for which the decomposition
N=qn<a?

satisfies (6.63), (6.64), (6.67). Since for any (M, N) € %", M is uniquely determined by N, the
above observations give

(6.68) LD VRDDERD DD DD D > L

P>L4 L2<Q§x% Regz% nggéngm%/Ré Ré<q§x%/n
Plo(Q%) Plo(R*) QR 1|, a(mod RF)€2(n,R?)

We consider the two most inner sums

(6.69) > > 1.

nSI%/Ré Ré<q§m%/n
QR(%W In 4 (mod R®)€Q(n,R%)

By the condition n < IE%/Ré, we can bound the inner most sum by

1

~ 1'5

1: 1 €7~.

2 XX i<H2mR) L
Ricg<shjn  PERONRY) Rigcad/m

¢ (mod R%)€Q (n,R?) g=p (mod R®)

Therefore, if e > 2, then (6.69) is bounded by using (6.65) as

Z Z 1< Z x%(lqgfx) < m%(logft)z _ 22 (log )2

nR=3 QR% QRe

nST%/Ré Ré<q§r%/n TLS’I‘%/RQ
QR(%WM g (mod R®)€(n,R®) QR(%WM

On the other hand, if e = 1, then (6.69) is bounded by using (6.66) as

2% (log = 2% (log )2 23 (log )2
) 3 1< ¥ (hgf)<< (loga)* _ a2 (log)
T ) . ~  nR¢ Iz QRe QRe
n<z2 /R° R6<q.§r5/n ) n<z2 /R®
QRI 41|, 4(mod R)€(n,R?) QR0

By substituting these estimates into (6.68), we have

z? (log z)?
<<
P; L2<%:<w2 R‘E% 0;f<e R

Plo(Q?) Plo(R*)
Then, by the same argument as we used for %57), we obtain
#%(57) < x%(log x)°L~

This completes the estimate for 975((17) and the proof of the lemma. O
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We now start the completion of the proof. It suffices to prove
#{(A,B) € N? | (A, B): amicable, A # B (mod 2), A,B < x}
(6.70) <2 exp(—(ﬁ + o(1))(log z log log log x)%)
as x — oo since if (A4, B) is an amicable pair and min(A, B) < z, then
max(A, B) = s(min(4, B)) < o(min(A4, B)) < zlogx
and so by (6.70), we can conclude that
#{(A,B) € N* | (A, B): amicable, A # B (mod 2), min(A4, B) < z}
< #{(A,B) € N> | (A, B): amicable, A # B (mod 2), A, B < zlogx}
< (xlog x)% exp(—(ﬁ + 0(1))(log z log log log m)%)
< a2 exp(—(ﬁ + 0(1))(log z log log log ;v)%)

as T — 00.
By using Lemma 6.1 and recalling (6.2), we have

#{(A,B) € N? | (A, B): amicable, A # B (mod 2), A, B < x}
= #{(a, M,N) € N* | (2°M? N?): amicable, M, N :odd, 2°M? N? <z}

O(log )
= Z #%(x,a) = Z #%(1’,&) + Z #%(z,a)
a=1 1<a< 1o§’ﬁ;z T lolgolgoz 7 <alogx

Since for (M, N) € %B(z,a), N is uniquely determined by a and M, we have
#B(r,a) <H#H{M eN| M <2 527} <2 %23
so that

1 _a 1 log x
< < x? 2 < r2 —
E #B(z,a0) <z E 272 < g exp( C(loglogx))

loge - q<log X ogr i «logw

Toglog @ Toglog =
for some ¢ > 0. Thus, it suffices to show
Z HB(z,a) < z? exp(—(r}@ +0(1))(10g:v10g10g10gm)%)

log x
1<e< 5o

as £ — oo by using our preceding arguments.
Take € € (0, ﬁ) arbitrarily. Choose parameters L, «, 8 by

1
L::exp(ﬁ(logxloglogloga:)‘z)7 a=13, Bi=5— e

Then, for sufficiently large x, these choices satisfy (L), (LA) and (LAB) so these choices are available
in our preceding arguments. Also, we have

1
2
(6.71) w— oz _ 2,59(10%)

log L logloglog x

so that
(6.72) logu = (3 +o(1))loglogz and loglogu = logloglogz + o(1)



48

as

ON EVEN-ODD AMICABLE PAIRS

x — 0o. By the definitions of sets % (), we have

7
#B(v,0) = > #60 + #B .

i=1

By Claim 6.1, Claim 6.3, Claim 6.4, Claim 6.5, Claim 6.8, we have

as

as

as

as

as

#6W 4#6G) 4@ #e06) g (D)
< x%(log 2)0L7! < 27 exp(—(z—\}E + 0(1))(logaclogloglogx)%)
x — oo. By (6.71), (6.72) and Claim 6.2, we have
#8(2) < z? logajexp(—l—lﬁulogu)
29 1 2
< x%exp( — £ +0(1) 08T loglog z
8 logloglog x
< x? exp(—ﬁ(logwlog loglog z)?)

x — o0. By Claim 6.6 and a < 1o§izx’
. . log2 1
#8(6) L 227227 =g exp| —elogx + e 987
2 loglogz

< z? exp(—(ﬁ + 0-(1))(log z log log logx)%)
x — oo. Finally, by (6.71), (6.72) and Claim 6.7,
#6( < 23 (log )2 exp(— 135 (1 — 48¢)ulog log u)

< 7 exp(— (1 —48= + 0(1))(log = log log log x)%)

_1
2129
x — oo. Combining the above estimates, we have

Z #B(z,a) <K i exp(fﬁ(l — 48 + 0.(1))(log = log log log x)%)

log x
1S“S10glogm

x — o0o. Since € € (0, ﬁ) is chosen arbitrarily, we arrive at the theorem. O
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