
ON EVEN-ODD AMICABLE PAIRS

Abstract. A pair of positive integers (m,n) is called an amicable pair if the sum of proper
divisors of each is equal to the other member. Even though more than 1 billion amicable pairs

are known today, it is still unknown if there is any even-odd amicable pair. In this paper, we prove
that such even-odd amicable pairs are rare by showing an upper bound for the counting function

of even-odd amicable pairs. This improves a remark of Pollack (2011) based on the result of
Iannucci and Luca (2009). Our method is a higher-degree version of Pomerance’s method (2015),
which was used to bound the number of the usual amicable numbers. To extend Pomerance’s
method to the higher-degree case, for a given positive integer k, we prove an upper bound for
the number of smooth values of σ(nk), where σ(n) is the sum of divisors of n, and we also prove
an upper bound for the number of smooth values of a polynomial and an upper bound for the
number of smooth values of a polynomial over primes, which improve the previous results of
Hmyrova (1969), Timofeev (1977) and Mine (2024) for a certain range.

1. Introduction

For a positive integer n, let σ(n) be the sum of divisors of n and s(n) be the sum of proper divisors
of n so that s(n) = σ(n) − n. A pair of integers (m,n) is called an amicable pair if s(m) = n and
s(n) = m or, equivalently, if m and n satisfies the equation

σ(m) = σ(n) = m+ n.

A member of an amicable pair is called an amicable number. We say that (m,n) is an even-odd
amicable pair and m,n are even-odd amicable numbers if (m,n) is an amicable pair consisting of an
even number m and an odd number n. Even though more than 1 billion amicable pairs are known
today, it is still unknown if there is any even-odd amicable pair. In this paper, we prove that such
even-odd amicable pairs are, if any, rare.

In this paper, we measure the “rarity” by bounding the counting functions. The amicable
numbers, even if they are not restricted to be even-odd, are known to be rare. Let A(x) be
the number of amicable numbers up to x. The first non-trivial upper bound for A(x) is due to
Kanold [13], where the upper density of amicable numbers was shown to be less than 0.204. Soon
later, Erdős [4] proved the upper density of amicable numbers is 0 and several authors [5, 23, 24,
25, 26] improved the upper bound for A(x). The current best upper bound is

(1.1) A(x) ≤ x exp(−( 12 + o(1))(log x log log log x)
1
2 ) as x → ∞

which is due to Pomerance [25]. Note that the infinitude of amicable pairs is still unknown.
We now get back to the even-odd amicable pairs. Let B(x) be the number of even-odd amicable

numbers up to x, i.e. we let

B(x) := #{m ≤ x | there exists an amicable pair (m,n) with m ̸= n (mod 2)}.
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A simple elementary argument (see Lemma 6.1 at the beginning of Section 6) shows that an even-
odd amicable pair (m,n) should be the form

(m,n) = (2aM2, N2) with a ∈ N and M,N : odd.

At this point, we already know that the even-odd amicable pairs are rare among the whole amicable
pairs in the sense that the even-odd amicable pairs form a “quadratic” subsequence of the amicable
pairs. This immediately gives the bound

(1.2) B(x) ≪ x
1
2 ,

which we call the trivial bound comparable to A(x) ≤ x. Our next interest is then to obtain upper
bounds of B(x) better than the trivial bound (1.2). The only known such bound is a remark of
Pollack [22, p. 103], which shows

(1.3) B(x) ≤ x
1
2 (log x)−

3
2+o(1) as x → ∞

based on the method of Iannucci and Luca [11]. However, the bound (1.3) has smaller “non-
triviality” over (1.2) than (1.1) over A(x) ≤ x.

In this paper, we show the following bound for the even-odd amicable numbers, which has almost
the same strength as (1.1):

Theorem 1.1. We have

B(x) ≤ x
1
2 exp(−( 1

2
√
29

+ o(1))(log x log log log x)
1
2 )

as x → ∞.

Our method is based on Pomerance’s argument in [25] but it needs to be extended to the higher
degree sequences. As the input of the higher degree version of Pomerance’s argument (cf. Lemma 2.1
of [25]), for a given degree k, we need some bounds for the number of squarefree numbers n for
which σ(nk) is smooth. For a positive integer n, we let

pmax(n) := max{p : prime factor of n} with a convention pmax(1) = 1.

For k ∈ N, x, y ≥ 1, we let

Σ♭
k(x, y) := #{n ≤ x | n : square-free, pmax(σ(n

k)) ≤ y}.
We can then prove the following upper bound, which may have its own interest:

Theorem 1.2. Let k ∈ N, x, y ≥ 4 and u := log x
log y . Then, we have

Σ♭
k(x, y) ≤ x exp(−u log log(u+ e)− u log log(log(u+ 1) + e) + o(u))

as u → ∞ in the range
y ≥ log x log log x,

where the implicit constant depends only on k.

In [25], the result (Lemma 2.1 of [25]) corresponding to Theorem 1.2 was essentially obtained
in Banks–Friedlander–Pomerance–Shparlinski [1], whose gap has been corrected in [2]. To prove
Theorem 1.2, we use the argument in Section 3 of [2], which was used for large y in the paper [2].
This further demands us, corresponding to Lemma 2.2 on p. 1374 of [2], to bound the number of
primes p for which the value of a polynomial σ(pk) = pk + · · ·+ p+1 is smooth. More generally, let
F (T ) ∈ Z[T ] be a primitive irreducible non-constant polynomial, where a polynomial is primitive
if the greatest common divisor of its coefficients is 1, and

πF (x, y) := #{p ≤ x | pmax(F (p)) ≤ y}.
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We need to show some upper bound of πF (x, y).
Such upper bounds for πF (x, y) were claimed by Hmyrova [9] or by Timofeev [30]. However, the

author could not follow Hmyrova’s argument [9] as it is. In particular, Hmyrova’s argument for the

lower bound of q
(1)
ν at p. 117 of the English translation of [9] seems not working (note that the prime

numbers q2, . . . , qν in (16) can be much larger than q
(1)
2 , . . . , q

(1)
ν in (24)) and such an argument

imitating Brun’s pure sieve is probably insufficient for the purpose there. We can of course try to
use a more sophisticated treatment on the multiple sum over primes as in sieve methods, but we do
not pursue this direction in this paper. Also, the proof of Lemma 1 of [30, p. 88] seems including
a gap that the number ρ(d) of the solutions of a polynomial congruence (mod d) is treated as a
complete multiplicative function, which is not true in general. Recently, this issue of Timofeev’s
lemma has been overcome and the bound itself has been improved for some cases by Mine [15].
Because of such a confusing situation, we reprove the results on smooth values of polynomials in
this paper via an alternative method. We also give an upper bound for

ΨF (x, y) := #{n ≤ x | pmax(F (n)) ≤ y}

as well, which was treated in [9, 15, 30]. Our bounds for ΨF (x, y) and πF (x, y) are the following.
Note that these bounds indeed improve the results in [9, 15, 30] once we have u → ∞ and that the
following theorems lose their meaning for fixed u while the results in [9, 15, 30] do.

Theorem 1.3. Let F (T ) ∈ Z[T ] be a primitive irreducible non-constant polynomial, x, y ≥ 4 and

u := log x
log y . Then, we have

ΨF (x, y) ≪ x exp

(
−u log u− u log log(u+ e) + u− u log log(u+ e)

log(u+ e)
+O

(
u

log(u+ e)

))
provided

(1.4) y ≥ log x log log x,

where the implicit constant depends only on F .

Theorem 1.4. Let F (T ) ∈ Z[T ] be a primitive irreducible non-constant polynomial, x, y ≥ 4 and

u := log x
log y . Then, we have

πF (x, y) ≪
x

log x
exp

(
−u log u− u log log(u+ e) + u− u log log(u+ e)

log(u+ e)
+O

(
u

log(u+ e)

))
provided

y ≥ log x log log x,

where the implicit constant depends only on F .

The proofs of Theorem 1.3 and Theorem 1.4 are based on a standard application of Rankin’s trick
together with an application of an upper bound sieve. This treatment is inspired by Friedlander’s
argument [6]. The insides of the exponential functions in Theorem 1.3 and Theorem 1.4 coincide
with the asymptotic expansion of the Dickman function ρ(u) (see e.g. [3, (1.8), p. 26]) but what
we should have here is ρ(ku) with k = degF according to Martin [14, (1.4), p. 110]. By allowing a
slightly weaker asymptotic formula inside the exponential functions, we can extend the admissible
ranges of Theorem 1.2, Theorem 1.3 and Theorem 1.4 to y ≥ log x. See Remark 3.1.

This paper is organized as follows. In Section 3, we summarize the outcome of Rankin’s trick
under a general one-sided setting. In Section 4, we then combine the result of Section 3 with a sieve
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method to prove Theorem 1.3 and Theorem 1.4. In Section 5, we prove Theorem 1.2. Finally, we
prove Theorem 1.1 in Section 6.

2. Notations

In this section, we summarize notations used throughout the paper.
Unless otherwise specified, we use the letters in the following manner: The letters d, e, i, k, m,

n, D, M , N , µ, ν denote positive integers, the letters a, b, f denote integers, the letters x, y, z,
L denote real numbers usually assumed to be large, the letters u, v, w, z, A, B, U , α, β, ε, κ
denote positive real numbers, the letters ℓ, t, σ denote real numbers. The letter p always denotes
prime numbers unless otherwise specified. The letter q, P , Q are also used for prime numbers. The
letter u denotes a non-negative real number which is usually associated to the real numbers x, y by
u = log x

log y .

For a positive integer n, σ(n) denotes the sum of divisors of n, s(n) := σ(n)−n denotes the sum
of proper divisors of n, τ(n) denotes the number of divisors of n and ω(n) denotes the number of
distinct prime factors of n. As usual, the arithmetic function µ denotes the Möbius function and
φ denotes the Euler totient function. In Section 3, for κ,A > 0, we use the set F(κ,A) of general
multiplicative functions f satisfying the conditions (F1), (F2) and (F3).

For positive integers m1, . . . ,mk, we write (m1, . . . ,mk) for their greatest common divisor, which
should be distinguished from a tuple easily by context.

For an integer n > 1, we let

pmax(n) := max{p : prime factor of n},
pmin(n) := min{p : prime factor of n},

and, as a convention, we let pmax(1) := 1 and pmin(1) := ∞.
Let F (T ) ∈ Z[T ] be a primitive irreducible non-constant polynomial, for which we assume

without loss of generality that F (n) → ∞ as n → ∞.
For x, y ≥ 1, we let

ΨF (x, y) := #{n ≤ x | pmax(F (n)) ≤ y},
πF (x, y) := #{p ≤ x | pmax(F (p)) ≤ y},

Σ♭
k(x, y) := #{n ≤ x | pmax(σ(n

k)) ≤ y and n : square-free}.

For B, δ > 0, define functions g, h : [0,∞) → R>0 given by

g(u) = gB(u) := exp

(
−u log u− u log log(u+ e) + u− u log log(u+ e)

log(u+ e)
+

Bu

log(u+ e)

)
,(2.1)

h(u) = hδ(u) := exp(−u log log(u+ e)− u log log(log(u+ 1) + e) + δu)(2.2)

with g(0) = h(0) = 1.
If a theorem or a lemma is stated with the phrase “where the implicit constant depends on

a, b, c, . . .”, then every implicit constant in the corresponding proof may also depend on a, b, c, . . .
without being specifically mentioned.

3. Sums of non-negative arithmetic functions over smooth numbers

In this section, we first prepare some auxiliary estimates for sums of arithmetic functions over
smooth numbers. The method used here is just a standard application of Rankin’s trick (cf. Sec-
tion 7.1 of [17, p. 199–215]) but we include proofs for completeness. For possible future use, we
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prove estimates under a set of general “one-sided” conditions with a relatively wide admissible
range by focusing only on the upper bounds. For methods to obtain asymptotic formulas but with
narrower admissible ranges, see, e.g. [27, 28, 29].

Throughout this section, we consider a multiplicative function f and real numbers κ,A > 0. Our
conditions on f are the following:

(F1) The multiplicative function f is non-negative, i.e. we have f(n) ≥ 0 for all n ∈ N.
(F2) For real numbers z, w with 2 ≤ w ≤ z, we have∑

w<p≤z

f(p) log p

p
≤ κ log

z

w
+

A

logw
.

(F3) For any prime power pv with v ≥ 1, we have f(pv) ≤ A.

Let us write F(κ,A) for the set of the multiplicative functions f satisfying (F1), (F2) and (F3).

Remark 3.1. Our density condition (F2) is somehow stronger than the usual one, e.g. (Ω2(κ)) of
Halberstam–Richert [7]. This is necessary for getting the terms up to u in the exponential function
of Theorem 1.3 and Theorem 1.4 and for getting the error term estimate o(u) in Theorem 1.2. We
may simplify the arguments in Sections 3 to 5 by using the condition (Ω2(κ)) of Halberstam–Richert
and giving up such precise results and satisfied with the term or the error term estimate O(u). This
simplification also enables us to have a wider admissible range y ≥ log x as a positive side-effect.

Lemma 3.1. For κ,A > 0, f ∈ F(κ,A) and x ≥ 2, we have∑
p≤x

f(p)

p
≤ κ log log x+O(1),

where the implicit constant depends only on κ and A.

Proof. This immediately follows by applying partial summation to (F2). We have∑
p≤x

f(p)

p
=

∑
p≤x

f(p) log p

p

∫ x

p

dt

t(log t)2
+

1

log x

∑
p≤x

f(p) log p

p

=

∫ x

2

(∑
p≤t

f(p) log p

p

)
dt

t(log t)2
+

1

log x

∑
p≤x

f(p) log p

p
.

By (F2), we have ∑
p≤x

f(p)

p
≤ κ

∫ x

2

dt

t log t
+

A

log 2

∫ x

2

dt

t(log t)2
+ κ+

1

log x

A

log 2

≤ κ log log x+ (1− log log 2)κ+
A

(log 2)2
.

This completes the proof. □

Lemma 3.2. For κ,A > 0, f ∈ F(κ,A), y ≥ 2 and 0 ≤ σ < 1, we have∑
p≤y

f(p)

pσ
≤ κ log

1

1− σ
+

κy1−σ

(1− σ) log y
+O

(
y1−σ

((1− σ) log y)2

)
,

where the implicit constant depends only on κ and A.
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Proof. We first remark that the Taylor expansion of the exponential function implies

(3.1)
y1−σ

((1− σ) log y)2
=

exp((1− σ) log y)

((1− σ) log y)2
≥

1 + (1− σ) log y + 1
2 ((1− σ) log y)2 + · · ·

((1− σ) log y)2
≥ 1

2

so any error term of the size O(1) is negligible below.
Let

y1 := exp

(
1

1− σ

)
.

We first decompose the sum as

(3.2)
∑
p≤y

f(p)

pσ
≤

∑
p≤y1

f(p)

pσ
+

∑
y1<p≤y

f(p)

pσ
=:

∑
1
+
∑

2
, say.

(The first inequality cannot be equality when y < y1.)
We then consider the sum

∑
1. Since

d

dt

(
t1−σ

log t

)
=

t−σ

log t

(
(1− σ)− 1

log t

)
≤ 0 for t ≤ y1,

by using (F2), we have

(3.3)

∑
1
=

∑
p≤y1

f(p) log p

p

∫ y1

p

d

dt

(
− t1−σ

log t

)
dt+

y1−σ
1

log y1

∑
p≤y1

f(p) log p

p

=

∫ y1

2

(∑
p≤t

f(p) log p

p

)
d

dt

(
− t1−σ

log t

)
dt+

y1−σ
1

log y1

∑
p≤y1

f(p) log p

p

≤
∫ y1

2

(
κ log t+

A

log 2

)
d

dt

(
− t1−σ

log t

)
dt+

y1−σ
1

log y1

(
κ log y1 +

A

log 2

)
= κ

∫ y1

2

dt

tσ log t
+O(1),

where we used (F2) in the last inequality. For the last integral, since

2 ≤ t ≤ y1 =⇒ t1−σ = exp((1− σ) log t) = 1 +O((1− σ) log t)

we have

κ

∫ y1

2

dt

tσ log t
= κ

∫ y1

2

dt

t log t
+O

(
(1− σ)

∫ y1

2

dt

t

)
= log

1

1− σ
+O(1).

By substituting this formula into (3.3), we obtain

(3.4)
∑

1
≤ κ log

1

1− σ
+O(1).

We next consider the sum
∑

2. Since

d

dt

(
t1−σ

log t

)
=

t−σ

log t

(
(1− σ)− 1

log t

)
≥ 0 for t > y1,

by using (F2), we have∑
2
=

∑
y1<p≤y

f(p) log p

p

∫ p

y1

d

dt

(
t1−σ

log t

)
dt+

y1−σ
1

log y1

∑
y1<p≤y

f(p) log p

p
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=

∫ y

y1

( ∑
t<p≤y

f(p) log p

p

)
d

dt

(
t1−σ

log t

)
dt+

y1−σ
1

log y1

∑
y1<p≤y

f(p) log p

p

≤
∫ y

y1

(
κ log

y

t
+

A

log t

)
d

dt

(
t1−σ

log t

)
dt+

y1−σ
1

log y1

(
κ log

y

y1
+

A

log y1

)
= κ

∫ y

y1

dt

tσ log t
+O

(
y1−σ

(log y)2

)
where we used (F2) in the last inequality. For the last integral, since∫ y4

1

y1

dt

tσ log t
=

∫ y4
1

y1

t1−σdt

t log t
≤ e4

∫ y4
1

y1

dt

t log t
= log 4,

by using the integration by parts, we can further continue the above estimate to obtain

(3.5)

∑
2
≤ κ

∫ y

y4
1

dt

tσ log t
+O

(
y1−σ

((1− σ) log y)2

)
≤ κy1−σ

(1− σ) log y
+

κ

1− σ

∫ y

y4
1

dt

tσ(log t)2
+O

(
y1−σ

((1− σ) log y)2

)
=:

κy1−σ

(1− σ) log y
+ κI +O

(
y1−σ

((1− σ) log y)2

)
, say,

by using (3.1). By integration by parts, we have

I ≤ y1−σ

((1− σ) log y)2
+

2

(1− σ)2

∫ y

y4
1

dt

tσ(log t)3

≤ y1−σ

((1− σ) log y)2
+

1

2(1− σ)

∫ y

y4
1

dt

tσ(log t)2
=

y1−σ

((1− σ) log y)2
+

1

2
I

so that

I ≪ y1−σ

((1− σ) log y)2
.

By substituting this formula into (3.5), we obtain

(3.6)
∑

2
=

κy1−σ

(1− σ) log y
+O

(
y1−σ

((1− σ) log y)2

)
On inserting (3.4) and (3.6) into (3.2), we obtain the lemma. □

Recall the definition of the function g = gB given in (2.1).

Lemma 3.3. Let κ,A > 0, f ∈ F(κ,A), x ≥ 1, y ≥ 2 and u := log x
log y . Then, we have∑

n>x
pmax(n)≤y

f(n)

n
≪ (log y)κgB(u)κ

u

provided

(3.7) y ≥ log x log log x,

where the constant B > 0 and the implicit constant depend only on κ and A.
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Proof. By (F1), (F3) and Lemma 3.1, we have a trivial bound∑
n>x

pmax(n)≤y

f(n)

n
≤

∏
p≤y

(
1 +

∞∑
v=1

f(pv)

pv

)
≤ exp

(∑
p≤y

∞∑
v=1

f(pv)

pv

)

≤ exp

(∑
p≤y

f(p)

p
+

∑
p

A

p(p− 1)

)
≪ (log y)κ

Thus, by (3.7), we may assume x, y, u are sufficiently large.
Let

(3.8) σ = 1−
log u

κ

log y
− log log(u+ e)

log y
= 1− log(u log(u+ e))

log y
+

log κ

log y
.

By (3.7), we have u ≤ log x− e and so

u log(u+ e) ≤ log x

log y
log log x ≤ log x

for large y. Thus, by (3.8), we have

(3.9) 1− log log x

log y
+

log κ

log y
≤ σ ≤ 1− log u

log y
≤ 1− 1

log y

for large y, u. By using Rankin’s trick, (F1) and (F3),

(3.10)

∑
n>x

pmax(n)≤y

f(n)

n
≤ xσ−1

∑
pmax(n)≤y

f(n)

nσ

≤ xσ−1
∏
p≤y

(
1 +

∞∑
v=1

f(pv)

pvσ

)

≤ xσ−1 exp

(∑
p≤y

∞∑
v=1

f(pv)

pvσ

)

≤ xσ−1 exp

(∑
p≤y

f(p)

pσ
+O

(∑
p≤y

1

pσ(pσ − 1)

))
.

By (3.9), we have 0 ≤ σ < 1 for large y. Thus, by Lemma 3.2, (3.8) and (3.9), we have∑
p≤y

f(p)

pσ
≤ κ log

1

1− σ
+

κy1−σ

(1− σ) log y
+O

(
y1−σ

((1− σ) log y)2

)

≤ κ log log y +
u log(u+ e)

log u+ log log(u+ e) + log κ
+O

(
u log(u+ e)

(log(u log(u+ e)))2

)
= κ log log y + u− u log log(u+ e)

log u
+O

(
u

log u

)
for large u. By substituting this estimate into (3.10) and recalling (3.8), we have∑

n>x
pmax(n)≤y

f(n)

n
≤ (log y)κκu exp

(
−u log u− u log log(u+ e) + u
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− u log log(u+ e)

log u
+O

(
u

log u
+

∑
p≤y

1

pσ(pσ − 1)

))
.

Thus, it suffices to prove

(3.11)
∑
p≤y

1

pσ(pσ − 1)
≪ u

log u
.

We consider three cases separately.
We first consider the case y ≥ (log x)3. In this case, by (3.9), we have

σ ≥ 1− log log x

log y
+

log κ

log y
≥ 2

3
+

log κ

log y
.

Therefore, for large y, we have pσ − 1 ≫ pσ and so∑
p≤y

1

pσ(pσ − 1)
≪

∑
p≤y

1

p2σ
≪

∑
p

1

p
4
3

< +∞.

Thus, (3.11) holds for the case y ≥ (log x)3.

We next consider the case (log x)
8
5 ≤ y ≤ (log x)3. In this case, by (3.9), we have

σ ≥ 1− log log x

log y
+

log κ

log y
≥ 3

8
+

log κ

log y
.

Thus, for large y, we have pσ − 1 ≫ pσ and so∑
p≤y

1

pσ(pσ − 1)
≪

∑
p≤y

1

p2σ
≪

∑
p≤y

1

p
3
4

≪ y
1
4 ≤ (log x)

3
4 ≪ log x

(log log x)2
≪ u

log u
.

Thus, (3.11) holds for the case (log x)
5
8 ≤ y ≤ (log x)3.

We finally consider the case log x log log x ≤ y ≤ (log x)
5
8 . We decompose the sum as

(3.12)
∑
p≤y

1

pσ(pσ − 1)
=

∑
p≤e

1
σ

+
∑

e
1
σ <p≤y

=
∑

1
+

∑
2
.

We first estimate the sum
∑

1. By (3.9), we have

σ ≥ 1−
log log x

κ

log y
≥ 1−

log log x
κ

log(log x log log x)
=

log log log x+ log κ

log log x+ log log log x
≥ 2

log log x

for large x. Thus, by using pσ − 1 ≥ σ log p and Chebyshev’s bound, we get

(3.13)
∑

1
≤ 1

σ

∑
p≤e

1
σ

1

log p
≪ σe

1
σ ≪ (log x)

1
2 ≪ log x

(log log x)2
≪ u

log u
.

In the sum
∑

2, we can use pσ − 1 = pσ(1− p−σ) ≥ pσ(1− e−1) to get

(3.14)
∑

2
≪

∑
p≤y

1

p2σ
.

By (3.9), we have

σ ≤ 1− log log x

log y
+

log log y

log y
≤ 3

8
+

log log y

log y
≤ 4

9
so that 2σ ∈ [0, 1)
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for large y. Thus, by applying Lemma 3.2 to (3.14), we have∑
2
≪ log

1

1− 2σ
+

y1−2σ

(1− 2σ) log y
≪ y1−2σ

log y

where we used (1− 2σ) log y ≥ 1
9 log y ≥ 1 for large y. On inserting (3.8), this gives

(3.15)

∑
2
≪ y2(1−σ)

y log y
=

(u log(u+ e))2

y log y
=

u

log(u+ e)

u(log(u+ e))3

y log y

≪ u

log(u+ e)

log x(log log x)3

y(log y)2
≪ u

log(u+ e)
.

On inserting (3.13) and (3.15) into (3.12), we obtain (3.11) for the last case log x log log x ≤ y ≤
(log x)

5
8 . This completes the proof. □

Lemma 3.4. For B > 0, we have

g(u− t) ≤ g(u)(e3u log(u+ e))t for u > 0 and u ≥ t ≥ 0

and

g(u+ t) ≤ g(u)(e−
B

log(u+e)u log(u+ e))−t for u > 0 and t ≥ 0.

Proof. Let

ℓ(u) := −u log u− u log log(u+ e) + u− u log log(u+ e)

log(u+ e)
+

Bu

log(u+ e)

so that g(u) = exp(ℓ(u)). Since

ℓ′(u) = − log(u log(u+ e))− u

(u+ e) log(u+ e)

− log log(u+ e)

log(u+ e)
+

u log log(u+ e)

(u+ e)(log(u+ e))2
− u

(u+ e)(log(u+ e))2

+B

(
1

log(u+ e)
− u

(u+ e)(log(u+ e))2

)
,

we have

− log(e3u log(u+ e)) ≤ ℓ′(u) ≤ − log(e−
B

log(u+e)u log(u+ e)).

Therefore, by the mean value theorem, we have

ℓ(u− t) = ℓ(u) + ℓ′(ξ)(−t) ≤ ℓ(u) + (− log(e3ξ log(ξ + e)))(−t)

≤ ℓ(u) + (log(e3u log(u+ e)))t

where ξ ∈ [u− t, u], and

ℓ(u+ t) = ℓ(u) + ℓ′(ξ)t ≤ ℓ(u) + (− log(e−
B

log(ξ+e) ξ log(ξ + e)))t

≤ ℓ(u) + (− log(e−
B

log(u+e)u log(u+ e)))t

where ξ ∈ [u, u+ t]. By exponentiating these inequalities, we obtain the lemma. □
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Lemma 3.5. Let κ,A > 0, f ∈ F(κ,A), x ≥ 1, y ≥ 2, q be a prime and u := log x
log y . Then,∑

n>x
q|n

pmax(n)≤y

f(n)

n
≪ (log y)κ

q
gB(u)κ

u

provided

(3.16) y ≥ log x log log x and q ≤ y,

where the constant B > 0 and the implicit constant depend only on κ and A.

Proof. By (F1), (F3) and Lemma 3.3,∑
n>x
q|n

pmax(n)≤y

f(n)

n
=

∞∑
m=1

∑
n>x
qm∥n

pmax(n/q
m)≤y

f(n)

n
≤

( ∞∑
m=1

f(qm)

qm

) ∑
pmax(n)≤y

f(n)

n
≪ (log y)κ

q
.

Hence, we may assume that x, y, u are sufficiently large. In particular, we may assume y ≤ x. Let
g(u) = gB1

(u) as defined in (2.1) with sufficiently large constant B1 > 0 depending on κ and A.
We decompose the sum as

(3.17)

∑
n>x
q|n

pmax(n)≤y

f(n)

n
=

∞∑
m=1

∑
n>x
qm∥n

pmax(n/q
m)≤y

f(n)

n
=

∑
qm≤x

+
∑
qm>x

=
∑

1
+
∑

2
, say.

For the sum
∑

1, by (F1), (F3), we obtain∑
1
≪

∑
qm≤x

1

qm

∑
n>x/qm

pmax(n)≤y

f(n)

n
.

By noting that

y ≥ log x log log x ≥ log
x

qm
log log

x

qm
and

x

qm
≥ 1

and using Lemma 3.3 and Lemma 3.4, we have∑
1
≪

∑
qm≤x

(log y)κ

qm
g

(
u−m

log q

log y

)
κu−m log q

log y

≪ g(u)κu(log y)κ
∞∑

m=1

(
κe3u log(u+ e)

y

)m log q
log y

≪ g(u)κu(log y)κ
(
κe3u log(u+ e)

y

) log q
log y

(
1−

(
κe3u log(u+ e)

y

) log q
log y

)−1

since the assumption (3.16) implies

(3.18)
κe3u log(u+ e)

y
≤ κe3 log x log log x

y log y
≤ κe3

log y
≤ 1

e
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for large y. When y ≥ (log x)2, we have

u log(u+ e) ≤ y
1
2

log y
log

(
y

1
2

log y
+ e

)
≤ y

1
2 ≤ κ−1e−4y

2
3

for large y so that (
1−

(
κe3u log(u+ e)

y

) log q
log y

)−1

≤ (1− q−
1
3 )−1 ≪ 1.

When log x ≤ y ≤ (log x)2, we have

(3.19) u =
log x

log y
≥ y

1
2

log y
≥ log y

for large y so that by recalling (3.16) and (3.18), we have(
1−

(
κe3u log(u+ e)

y

) log q
log y

)−1

≤ (1− e−
log q
log y )−1 ≪ log y

log q
≪ u = exp(O(log u)).

Thus, in any case, by using (3.16), we have

(3.20)

∑
1
≤ g(u)κu(log y)κ

(
u log(u+ e)

ey

) log q
log y

exp(O(log u))

= g(u)κu (log y)
κ

q

(
u log(u+ e)

e

) log q
log y

exp(O(log u)) ≤ (log y)κ

q
g(u)κu exp(O(log u)).

We next consider the sum
∑

2. When y ≥ (log x)2, we have

1

g(u)κu
≤ exp(u log u+ u log log(u+ e)− u log κ)

≤ exp

(
3

2
u log log x

)
≤ exp

(
3

4

log x

log log x
log log x

)
≤ x

3
4

for large x so that by (F1), (F3), Lemma 3.3 and (3.16),∑
2
≪

∑
qm>x

1

qm

∑
pmax(n)≤y

f(n)

n
≪ (log y)κ

∑
qm>x

1

qm
≪ (log y)κ

x
=

(log y)κ

y
u
4 x

3
4

≤ (log y)κ

q
g(u)κu

provided u ≥ 4. On the other hand, when log x log log x ≤ y ≤ (log x)2, we have

1

g(u)κu
≤ exp(u log u+ u log log(u+ e)− u log κ) ≤ exp

(
log x · log log x− log κ

log log x+ log log log x

)
≤ x

and (3.19) for large x, u so that by (F3), Lemma 3.3 and (3.16),∑
2
≪ (log y)κ

∑
qm>x

1

qm
≪ (log y)κ

x
=

(log y)κ

y

1

x
exp(log y) ≤ (log y)κ

q
g(u)κu exp(O(log u))

for large u. Thus, in any case,

(3.21)
∑

2
≤ (log y)κ

q
g(u)κu exp(O(log u)).

On inserting (3.20) and (3.21) into (3.17), we obtain the lemma. □
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Lemma 3.6. Let κ,A > 0, f ∈ F(κ,A), x ≥ 1, q be a prime and u := log x
log q . Then,∑

n>x
pmax(n)=q

f(n)

n
≪ (log q)κ

q
gB(u)κ

u

provided

q ≥ log x log log x,

where the constant B > 0 and the implicit constant depend only on κ and A.

Proof. This follows just by taking y = q in Lemma 3.5. □

4. Smooth values of a polynomial over prime numbers

In this section, we shall prove Theorem 1.3 and Theorem 1.4.

4.1. Auxiliary lemmas on polynomial congruences. Throughout this section, we let

F (T ) ∈ Z[T ] be an irreducible non-constant polynomial with coprime coefficients.

Note that the primitivity, i.e. the assumption that the greatest common divisor of the coefficients
of F is 1 makes no loss of generality for the proof of neither of Theorem 1.3 nor Theorem 1.4. Also,
we may multiply F by −1 if necessary to assume that the leading coefficient of F is positive. Let

k := degF.

Also, for ℓ ∈ R≥0, we use arithmetic functions

rF (n) := #{x (mod n) | F (x) ≡ 0 (mod n)} and rF,ℓ := rF (n)

(
n

φ(n)

)ℓ

.

We first collect some basic properties of rF,ℓ.

Lemma 4.1. For the arithmetic function rF,ℓ, we have:

(i) The arithmetic function rF,ℓ is multiplicative.
(ii) We have 0 ≤ rF,ℓ(p

v) ≪F,ℓ 1 for prime powers pv.
(iii) There exists a real constant cF such that∑

p≤x

rF,ℓ(p) log p

p
= log x+ cF +O

(
1

log x

)
for x ≥ 2, where the implicit constant depends only on F, ℓ.

(iv) We have rF,ℓ ∈ F(1, A) with some A ≥ 0 depending only on F and ℓ.

Proof.

(i). The arithmetic function rF is multiplicative by the Chinese remainder theorem and the Euler
totient function φ is well-known to be multiplicative. Thus, the assertion is clear.

(ii). The lower bound is trivial. For the upper bound, we first prove rF (p
v) ≪F 1. Since Z/pZ is

a field and F is primitive, we have rF (p) ≤ k. Then, for general prime power pv, we can trace the
Hensel lifting with taking care of the effect of the discriminant of F , which is non-zero since F is
irreducible. For details, see e.g. Théorème II of Nagel [18, p. 349] or Theorem 54 of Nagell’s book [19,

p. 90]. See also [10] for a stronger estimate. Then, the assertion follows by pv

φ(pv) =
p

p−1 ≤ 2.
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(iii). Let θ be a root of the polynomial F . When F is monic, by the Dedekind–Kummer theorem
(see, e.g. Proposition 8.3 on p. 47–48 or Exercise 2 on p. 52 of Neukirch [21]) and the sparseness
of prime ideals of the inertia degree ≥ 2, the prime ideal theorem (see e.g. Corollary 1.(ii) of
Theorem 7.20 of [20, p. 358]) in the number field Q(θ) implies∑

p≤x

rF (p) log p

p
= log x+ cF +O

(
1

log x

)
(cf. Section 2 of [18, p. 349–352]). Even if F is not monic, we can use the same argument by
multiplying the (k − 1)-th power of the leading coefficient of F to F itself. For details, see the
second paragraph of p. 352 of Nagel [18]. Then, the assertion follows by p

φ(p) = 1 +O( 1p ).

(iv). This follows by (i), (ii) and (iii) proven above. □

Lemma 4.2. Let x ≥ 1, y ≥ 2 and u := log x
log y . Then, we have∑

n>x
pmax(n)≤y

rF,ℓ(n)

n
≪ (log y)gB(u)

provided
y ≥ log x log log x,

where the constant B > 0 and the implicit constant depend only on F and ℓ.

Proof. This follows by (iv) of Lemma 4.1 and Lemma 3.3 with κ = 1. □

Lemma 4.3. Let x ≥ 1, q be a prime number and u := log x
log q . Then, we have∑

n>x
pmax(n)=q

rF,ℓ(n)

n
≪ log q

q
gB(u)

provided
q ≥ log x log log x

where the constant B > 0 and the implicit depend only on F and ℓ.

Proof. This follows by (iv) of Lemma 4.1 and Lemma 3.6 with κ = 1. □

4.2. Auxiliary lemmas for the application of a sieve method. Our treatment of ΨF (x, y)
and πF (x, y) requires some sieve method. We thus prepare some auxiliary results from sieve theory.
For convenience in the error term estimate, we shall use the arithmetic large sieve.

Lemma 4.4 (Arithmetic large sieve). Let x0, x, y be real numbers with x, y ≥ 1. Suppose that a set
Ω(p) of residues (mod p) is given for each prime p ≤ y. Let ω(p) := #Ω(p). Then,

#{n ∈ (x0, x0 + x] ∩ Z | n (mod p) ̸∈ Ω(p) for all p ≤ y} ≪ x+ y2

G(y)
,

where

G(y) :=
∑
d≤y

µ(d)2
∏
p|d

ω(p)

p− ω(p)

and the implicit constant is absolute.

Proof. See Corollary 3.2 of [16, p. 25–26]. □
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Lemma 4.5. Let y, κ,A be a real number with y ≥ 2, κ > 0 and A ≥ 1. Suppose that a real
number ω(p) is given for each prime p ≤ y and satisfies

0 ≤ ω(p)

p
≤ 1− 1

A
for all p ≤ y(Ω1) ∑

w<p≤z

ω(p) log p

p
≤ κ log

z

w
+A for all 2 ≤ w ≤ z ≤ y.(Ω2(κ))

Then, for the sum G(y) defined as in Lemma 4.4, we have

1

G(y)
≪

∏
p≤y

(
1− ω(p)

p

)
,

where the implicit constant depends only on κ and A.

Proof. Take x := y and z := y in Lemma 4.1 of [7, p. 131]. □

Lemma 4.6. For x ≥ 2, we have ∏
p≤x

(
1− rF (p)

p

)
≪ 1

log x
,

where the implicit constant depends only on F .

Proof. This is just an analog of Mertens’ theorem. By (ii) of Lemma 4.1, we obtain

(4.1)

∏
p≤x

(
1− rF (p)

p

)
= exp

(∑
p≤x

log

(
1− rF (p)

p

))

= exp

(
−
∑
p≤x

rF (p)

p
+O

(∑
p≤x

rF (p)
2

p2

))
≪ exp

(
−
∑
p≤x

rF (p)

p

)
.

By (iii) of Lemma 4.1, we have∑
p≤x

rF (p)

p
=

∑
p≤x

rF (p) log p

p

∫ x

p

dt

t(log t)2
+

1

log x

∑
p≤x

rF (p) log p

p

=

∫ x

2

(∑
p≤t

rF (p) log p

p

)
dt

t(log t)2
+O(1)

=

∫ x

2

dt

t log t
+O(1) = log log x+O(1).

On inserting this formula into (4.1), we obtain the lemma. □

Lemma 4.7. For x > 0 and d ∈ N, we have∏
p≤x
p|d

(
1− rF (p)

p

)−1

≪
(

d

φ(d)

)k

,

where the implicit constant depends only on k = degF .
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Proof. Note that rF (p) ≤ k since the congruence

F (x) ≡ 0 (mod p)

can be regarded as an algebraic equation in the field Z/pZ. We thus have∏
p<q
p|d

(
1− rF (p)

p

)−1

≤
∏
p|d

(
1− rF (p)

p

)−1

= exp

(∑
p|d

rF (p)

p
+O

(∑
p|d

rF (p)
2

p2

))

≪ exp

(∑
p|d

k

p

)
≤

(
exp

(∑
p|d

log

(
1− 1

p

)−1))k

=

(
d

φ(d)

)k

.

This completes the proof. □
4.3. Smooth values of a polynomial. We now prove an upper bound for the number of smooth
values of a polynomial. We first prepare an auxiliary estimate:

Lemma 4.8. Let ℓ ∈ N, x, y ≥ 2, u := log x
log y and z := xy−3. We then have∑

q≤y

1

log q

∑
d>z

pmax(d)=q

rF,ℓ(d)

d
≪ gB(u)

provided u is sufficiently large in terms of F and ℓ and

(4.2) y ≥ exp((log x)
2
3 ),

where the constant B and the implicit constant depend only on F and ℓ.

Proof. Since u is large, x, y, z, u are all large and we may assume x ≥ y4 so that z ≥ x
1
4 . Let

g(u) = gB1(u) as defined in (2.1) with sufficiently large constant B1 > 0 depending on F and ℓ. We
first decompose the sum as

(4.3)
∑
q≤y

1

log q

∑
d>z

pmax(d)=q

rF,ℓ(d)

d
=

∑
q≤(log z)2

+
∑

(log z)2<q≤y

=
∑

1
+

∑
2
, say.

For the sum
∑

1, by noting q ≤ (log z)2 and using Lemma 4.2,∑
1
≤

∑
q≤(log z)2

∑
d>z

pmax(d)≤log z

rF,ℓ(d)

d

≪ π((log z)2)(log log z)g

(
log z

log log z

)
≪ (log z)2g

(
log z

log log z

)
≤ z−

1
2

for large z. Since z ≥ x
1
4 and (4.2) implies

z
1
2 ≥ x

1
8 ≥ exp((log x)

2
3 ) ≥ exp(u2) ≥ exp(u log u+ u log log(u+ e)) ≥ 1

g(u)

for large u, we have

(4.4)
∑

1
≪ g(u).
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For the sum
∑

2, by noting q > (log z)2 ≥ log z log log z and by using Lemma 4.3, we have

(4.5)
∑

2
≪

∑
(log z)2<q≤y

1

q
g

(
log z

log q

)
.

By Lemma 3.4, for q ≤ y, we have

g

(
log z

log q

)
= g

(
log z

log y
+

log z

log y

log y
q

log q

)

≤ g

(
log z

log y

)(
e−B log z

log y
log

(
log z

log y

))− log z
log y

log
y
q

log q

.

Since log z
log y ≥ u

4 by z ≥ x
1
4 , we have

g

(
log z

log q

)
≤ g

(
log z

log y

)
e−

log z
log y

log
y
q

log q ≤ g

(
log z

log y

)
e−

log
y
q

log q ≪ g

(
log z

log y

)
e−

log y
log q

for large u. By using this estimate in (4.5) and noting that

e−
log y
log q =

1

e
log y
log q

=
1

1 + ( log y
log q ) +

1
2 (

log y
log q )

2 + · · ·
≤ log y

log q
,

we have ∑
2
≪ g

(
log z

log y

)∑
q≤y

1

q
e−

log y
log q ≪ g

(
log z

log y

)
1

log y

∑
q≤y

log q

q
= g

(
log z

log y

)
= g(u− 3),

where we estimated the sum over q by Mertens’ theorem. By using Lemma 3.4 again,

(4.6)
∑

2
≪ g(u)u3(log(u+ e))3 = g(u) exp(O(log u)).

On inserting (4.4), (4.6) into (4.3), we obtain the assertion. □

Proof of Theorem 1.3. We may assume x, y, u are sufficiently large. In particular, we may assume
x ≥ y4. Let g(u) = gB1

(u) as defined in (2.1) with sufficiently large constant B1 > 0 depending on
F . By (1.4), we then have

(4.7) g(u) ≥ exp

(
−u log

log x

log log x
− u log log log x+

1

2
u

)
= exp

(
−u log log x+

1

2
u

)
for large u. We consider two cases according to the size of y.

We first consider the case

(4.8) y ≥ exp((log x)
2
3 ).

Let z := xy−3 ≥ x
1
4 ≥ y. Then, (4.8) implies

1

g(u)
≤ exp(u log u+ u log log(u+ e)) ≤ exp(u2) ≤ exp((log x)

2
3 ) ≤ y

so that z ≤ xg(u) for large x, u. Thus, it suffices to prove

(4.9)
∑

2z<n≤x
pmax(F (n))≤y

1 ≪ xg(u) exp(O(log u)).
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For a given integer n satisfying 2z < n ≤ x and pmax(F (n)) ≤ y, write

F (n) = p1 · · · pr with y ≥ p1 ≥ · · · ≥ pr.

Since 2z < n ≤ x implies

F (n) ≥
(
n

2

)k

> zk ≥ z ≥ y ≥ pr

for large x, we may find i ∈ {1, . . . , r − 1} such that

pi · · · pr > z ≥ pi+1 · · · pr.

Then, by writing q := pi and d := pi · · · pr, we have

q ≤ y, z < d ≤ zq, pmax(d) = q, d | F (n) and pmin(F (n)/d) ≥ q.

Therefore, our sum (4.9) is bounded as

(4.10)

∑
2z<n≤x

pmax(F (n))<y

1 ≤
∑
q≤y

∑
z<d≤zq

pmax(d)=q

∑
n≤x

d|F (n)
pmin(F (n)/d)≥q

1 =
∑
q≤y

∑
z<d≤zq

pmax(d)=q

∑
1≤a≤d

F (a)≡0 (mod d)

Φ(x, q; d, a),

where

Φ(x, q; d, a) :=
∑
n≤x

n≡a (mod d)
pmin(F (n)/d)≥q

1.

We estimate Φ(x, q; d, a). We first rewrite the sum slightly as

(4.11) Φ(x, q; d, a) ≤
∑

n≤x/d
pmin(F (dn+a)/d)≥q

1 =: S(x, q; d, a), say.

For a prime p with p < q, let Ω(p) be sets of residues (mod p) defined by

Ω(p) :=

{
{b (mod p) | F (db+ a) ≡ 0 (mod p)} if (d, p) = 1,

∅ if (d, p) > 1.

Let ω(p) := #Ω(p). Then, the quantity Φ(x, q; d, a) given in (4.11) can be bounded as

(4.12) S(x, q; d, a) ≤ #{n ≤ x/d | n (mod p) ̸∈ Ω(p) for all p < q}

We shall apply Lemma 4.4 to estimate the right-hand side and then use Lemma 4.5 to bound the
resulting sum G(y). To this end, we check assumptions of these lemmas. Note that since F (T ) is
a primitive polynomial, for any prime p ≤ y, we have

(4.13) ω(p) ≤ rF (p) ≤ k,

where k is the degree of F . If we have ω(p) = p for some prime p < q, then we obviously have
S(x, q; d, a) = 0 so we may assume ω(p) < p for all p < q to bound S(x, q; d, a). Then, by (4.13)
and Mertens’ estimate, we find that the current ω(p) satisfies the assumptions (Ω1) and (Ω2(κ)) of
Lemma 4.5 with κ = k and some constant A ≥ 1 depending on k. By recalling z = xy−3, we have(

x

d

) 1
2

≥
(

x

zq

) 1
2

≥
(

x

zy

) 1
2

= y.
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Thus, by applying Lemma 4.4 and Lemma 4.5 to (4.12), we obtain

S(x, q; d, a) ≪
∏
p<q
p∤d

(
1− ω(p)

p

)
x

d

Note that ω(p) = rF (p) if (d, p) = 1. Thus, by using (4.11), Lemma 4.6 and Lemma 4.7,

(4.14) Φ(x, q; d, a) ≪
∏
p<q
p∤d

(
1− rF (p)

p

)
x

d
≪ 1

d

(
d

φ(d)

)k ∏
p<q

(
1− rF (p)

p

)
x ≪ 1

d

(
d

φ(d)

)k
x

log q
.

On inserting (4.14) into (4.10) and using Lemma 4.8 with recalling (4.8), we arrive at∑
2z<p≤x

pmax(F (p))<y

1 ≪ x
∑
q≤y

1

log q

∑
z<d≤zq

pmax(d)=q

rF (d)

d

(
d

φ(d)

)k

≪ x
∑
q≤y

1

log q

∑
d>z

pmax(d)=q

rF,k(d)

d
≪ xg(u).

This completes the proof for the case (4.8).
We next consider the case

(4.15) log x log log x ≤ y ≤ exp((log x)
2
3 ).

We first dissect the sum dyadically to obtain∑
n≤x

pmax(F (n))≤y

1 ≪ (log x) sup
xg(u)≤U≤x

∑
U<n≤2U

pmax(F (n))≤y

1 + xg(u).

Then it suffices to prove

(4.16)
∑

U<n≤2U
pmax(F (n))≤y

1 ≤ (x log y)g(u) exp(O(log u))

for xg(u) ≤ U ≤ x since

(log x)(log y) ≤ exp(2 log log x) = exp(O(log u)).

by (4.15). For U < n ≤ 2U , write

F (n) = p1p2 · · · pr with y ≥ p1 ≥ p2 ≥ · · · ≥ pr

and take i ∈ {1, . . . , r} by

(4.17) pi · · · pr >
U

2
≥ pi+1 · · · pr =: d,

which exists since (4.7) implies

n > U =⇒ n > xg(u) ≥ x exp

(
−u log log x+

1

2
u

)
≥ exp

(
1

2
u

)
so that

F (n) ≥ nk

2
>

Uk

2
≥ U

2
for U < n ≤ 2U

provided u is large. If pmax(F (n)) ≤ y, then (4.17) implies

U

2
≥ d >

U

2y
.
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Also, note that pmax(D(n)) ≤ y. Therefore,

(4.18)
∑

U<n≤2U
pmax(F (n))≤y

1 ≤
∑

U
2y<d≤U

2

pmax(d)≤y

∑
U<n≤2U
d|F (n)

1 ≪ U
∑
d> U

2y

pmax(d)≤y

rF (d)

d
.

We apply Lemma 4.2 to the last sum. To this end, we check the assumptions

U

2y
≥ 1 and y ≥ log

U

2y
log log

U

2y

of Lemma 4.2. We start with U
2y ≥ 1. By (4.15), we have

u =
log x

log y
≤ log x

log log x+ log log log x

so that by (4.15) and (4.7), we obtain

U

2y
≥ xg(u)

2y
≥ x exp(−u log log x)

2y
≥ 1

2
exp

(
(log x)

log log log x

log log x+ log log log x
− (log x)

2
3

)
≥ 1

for large x, u. The assumption y ≥ log U
2y log log U

2y immediately follows by (4.15) since U
2y ≤ U ≤ x.

Thus, we may apply Lemma 4.2 to the sum in (4.18) to obtain

(4.19)
∑

U<n≤2U
pmax(F (n))≤y

1 ≪ U(log y)g

(
log U

2y

log y

)
.

By Lemma 3.4, we have

(4.20)

g

(
log U

2y

log y

)
= g

(
logU

log y
− log 2y

log y

)
≤ g

(
logU

log y

)(
e3

logU

log y
log

(
logU

log y
+ e

)) log 2y
log y

≤ g

(
logU

log y

)
(e3u log(u+ e))

log 2y
log y ≤ g

(
logU

log y

)
exp(O(log u))

for large x and B. Again by Lemma 3.4, we further have that

(4.21) g

(
logU

log y

)
= g

(
log x

log y
−

log x
U

log y

)
≤ g(u)(e3u log(u+ e))

log x
U

log y .

By (4.15), we have

u log(u+ e) ≤ log x

log y
log log x ≤ log x ≤ y

so that by (4.21), we have

(4.22) g

(
logU

log y

)
≤ x

U
g(u).

On inserting (4.20) and (4.22) into (4.19), we obtain (4.16). This completes the proof. □



ON EVEN-ODD AMICABLE PAIRS 21

4.4. Smooth values of a polynomial over primes. We now prove Theorem 1.4.

Proof of Theorem 1.4. By Theorem 1.3, we may assume that

(4.23) y ≥ exp((log x)
2
3 )

since otherwise we may use πF (x, y) ≤ ΨF (x, y) and

log x = exp(log log x) = exp(O(log u))

to reduce the assertion to Theorem 1.3. We may assume that x, y, u are sufficiently large. In
particular, we may assume x ≥ y4. Let g(u) = gB1

(u) as defined in (2.1) with sufficiently large
constant B1 > 0 depending on F . Note that by (4.23), we have

(4.24)
1

g(u)
= exp(u log u+ u log log(u+ e)) ≤ exp(u2) ≤ exp((log x)

2
3 ) ≤ y

for large x, u.
We then show that the lemma trivially holds for the case F (T ) = T . Indeed, for the case

F (T ) = T , we have πF (x, y) = π(y). By (4.24) and x ≥ y4, we have

πF (x, y) = π(y) ≪ y ≪ y2g(u) ≪ x

log x
g(u).

Hence, the lemma is trivial for the case F (T ) = T and we may assume F (T ) ̸= T .

Let z := xy−3 ≥ x
1
4 ≥ y. Then, since z ≤ x

log xg(u) for large x, u by (4.24), it suffices to prove

(4.25)
∑

2z<p≤x
pmax(F (p))≤y

1 ≪ x

log x
g(u) exp(O(log u)).

For a given prime p satisfying 2z < p ≤ x and pmax(F (p)) ≤ y, write

F (p) = p1 · · · pr with y ≥ p1 ≥ · · · ≥ pr.

Since 2z < p ≤ x implies

F (p) ≥
(
p

2

)k

> zk ≥ z ≥ y ≥ pr

for large x, we may find i ∈ {1, . . . , r − 1} such that

pi · · · pr > z ≥ pi+1 · · · pr.

Then, by writing q := pi and d := pi · · · pr, we have

q ≤ y, z < d ≤ zq, pmax(d) = q, d | F (p) and pmin(F (p)/d) ≥ q.

Therefore, our sum (4.25) is bounded as

(4.26)

∑
2z<p≤x

pmax(F (p))<y

1 ≤
∑
q≤y

∑
z<d≤zq

pmax(d)=q

∑
p≤x

d|F (p)
pmin(F (p)/d)≥q

1

=
∑
q≤y

∑
z<d≤zq

pmax(d)=q

∑
1≤a≤d

F (a)≡0 (mod d)

Φ(x, q; d, a),
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where

Φ(x, q; d, a) :=
∑
p≤x

p≡a (mod d)
pmin(F (p)/d)≥q

1.

We estimate Φ(x, q; d, a). For the case (a, d) > 1, we have

(4.27) Φ(x, q; d, a) ≤ 1.

For the case (a, d) = 1, we use a sieve method. We first rewrite the sum slightly as

(4.28)

Φ(x, q; d, a) ≤
∑

y<dn+a≤x
dn+a : prime

pmin(F (dn+a)/d)≥q

1 + y

≤
∑

n≤x/d
∀p∤d, p|dn+a ⇒ p>y

∀p∤d, p|F (dn+a) ⇒ p≥q

1 + y = S(x, q; d, a) + y, say.

For a prime p with p ≤ y, let Ω(p) be sets of residues (mod p) defined by

Ω(p) := {b (mod p) | db+ a ≡ 0 (mod p)} ∪ {b (mod p) | F (db+ a) ≡ 0 (mod p)}(4.29)

if 2 ≤ p < q and p ∤ d

Ω(p) := {b (mod p) | db+ a ≡ 0 (mod p)}.

if q ≤ p ≤ y and p ∤ d, and Ω(p) = ∅ if 2 ≤ p ≤ y with p | d. Let ω(p) := #Ω(p). Then, the
quantity S(x, q; d, a) given in (4.28) can be written as

(4.30) S(x, q; d, a) = #{n ≤ x/d | n (mod p) ̸∈ Ω(p) for all p ≤ y}.

We shall apply Lemma 4.4 to estimate the right-hand side and then use Lemma 4.5 to bound the
resulting sum G(y). To this end, we check assumptions of these lemmas. Note that since F (X) is
a primitive polynomial, for any prime p ≤ y, we have

(4.31) ω(p) ≤ 1 + rF (p) ≤ 1 + k,

where k is the degree of F . If we have ω(p) = p for some prime p ≤ y, then we obviously have
S(x, q; d, a) = 0 so we may assume ω(p) < p for all p ≤ y to bound S(x, q; d, a). Then, by (4.31)
and Mertens’ estimate, we find that the current ω(p) satisfies the assumptions (Ω1) and (Ω2(κ)) of
Lemma 4.5 with κ = k + 1 and some constant A ≥ 1 depending on k. By recalling z = xy−3, we
also have (

x

d

) 1
2

≥
(

x

zq

) 1
2

≥
(

x

zy

) 1
2

= y.

Thus, by applying Lemma 4.4 and Lemma 4.5 to (4.30), we obtain

(4.32) S(x, q; d, a) ≪
∏
p≤y
p∤d

(
1− ω(p)

p

)
x

d

Since we are assuming F (T ) ̸= T and F (T ) is irreducible and primitive, the constant term of F (T ),
say c0 is non-zero. Thus, except O(1) exceptional p’s consisting of prime factors of c0, F (T ) (mod p)
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is not divisible by T (mod p) so that F (0) ̸≡ 0 (mod p). This implies that except O(1) exceptional
p’s, the union in (4.29) is a disjoint union. Thus, by using Lemma 4.7, we can bound (4.32) as

S(x, q; d, a) ≪
∏
p≤y
p∤d

(
1− 1

p

)∏
p<q
p∤d

(
1− rF (p)

p

)
x

d
≪ 1

φ(d)

(
d

φ(d)

)k ∏
p<q

(
1− rF (p)

p

)
x

log y
.

By using Lemma 4.6 and substituting the resulting estimate into (4.28), we obtain

(4.33) Φ(x, q; d, a) ≪ 1

φ(d)

(
d

φ(d)

)k
1

log q

x

log y
+ y.

By (4.27), this estimate (4.33) is valid for all a. In the range q ≤ y, z < d ≤ zq as in (4.26),

d ≤ zq ≤ zy = xy−2 ≤ x

y(log y)2

so that

y ≤ d

φ(d)

log y

log q
· y ≤ 1

φ(d)

1

log q

x

log y
≤ 1

φ(d)

(
d

φ(d)

)k
1

log q

x

log y

for large y. Therefore, we can simplify (4.33) to

(4.34) Φ(x, q; d, a) ≪ 1

φ(d)

(
d

φ(d)

)k
1

log q

x

log y
.

On inserting (4.34) into (4.26), and using Lemma 4.8 with recalling (4.23), we arrive at∑
2z<p≤x

pmax(F (p))<y

1 ≪ x

log y

∑
q≤y

1

log q

∑
z<d≤zq

pmax(d)=q

rF (d)

d

(
d

φ(d)

)k+1

≪ x

log y

∑
q≤y

1

log q

∑
d>z

pmax(d)=q

rF,k+1(d)

d

≪ x

log y
g(u) =

xu

log x
g(u) =

x

log x
g(u) exp(O(log u)).

Thus, we obtain (4.25). This completes the proof. □

5. Smooth values of σ(nk)

In this section, we shall prove Theorem 1.2.
We first prepare an analog of Hildebrand’s formula [8, formula (2), p. 292]:

Lemma 5.1. For x, y > 1, we have

Σ♭
k(x, y) ≤

1

log x

∫ x

1

Σ♭
k(t, y)

dt

t
+

1

log x

∑
p≤x

pmax(Φk+1(p))≤y

Σ♭
k

(
x

p
, y

)
log p,

where Φk+1(X) is the (k + 1)-th cyclotomic polynomial.
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Proof. We have

Σ♭
k(x, y) =

1

log x

∑
n≤x

n : square-free

pmax(σ(n
k))≤y

(
log

x

n

)
+

1

log x

∑
n≤x

n : square-free

pmax(σ(n
k))≤y

log n.

Then, for the former sum, we have∑
n≤x

n : square-free

pmax(σ(n
k))≤y

(
log

x

n

)
=

∑
n≤x

n : square-free

pmax(σ(n
k))≤y

∫ x

n

dt

t
=

∫ x

1

Σ♭
k(t, y)

dt

t

and for the latter sum, by using

n : squarefree =⇒ log n =
∑
pd=n

log p,

we have ∑
n≤x

n : square-free

pmax(σ(n
k))≤y

log n =
∑
pd≤x

(p,d)=1
d : square-free

pmax(σ((pd)
k))≤y

log p

≤
∑
p≤x

pmax(σ(p
k))≤y

log p
∑

d≤x/p
d : square-free

pmax(σ(d
k))≤y

1 ≤
∑
p≤x

pmax(σ(p
k))≤y

Σ♭
k

(
x

p
, y

)
log p.

Since Φk+1(p) | pk + · · ·+ 1 = σ(pk), we have∑
n≤x

n : square-free

pmax(σ(n
k))≤y

log n ≤
∑
p≤x

pmax(Φk+1(p))≤y

Σ♭
k

(
x

p
, y

)
log p

By combining the above estimates, we obtain the lemma. □

Recall the definition of the function h(u) given in (2.2).

Lemma 5.2. For u ≥ t ≥ 0 with large u, we have

h(u− t) ≤ h(u)
(
e−δ+ 2

log(u+e)
(
log(u+ e)

)(
log(log(u+ 1) + e)

))t

.

Proof. Let

ℓ(u) := −u log log(u+ e)− u log log(log(u+ 1) + e) + δu

so that h(u) = exp(ℓ(u)). Since

ℓ′(u) = − log log(u+ e)− log log(log(u+ 1) + e) + δ

− u

(u+ e) log(u+ e)
− u

(u+ 1)(log(u+ 1) + e)(log(log(u+ 1) + e))
,

we have

ℓ′(u) ≥ − log
(
e−δ+ 2

log(u+e)
(
log(u+ e)

)(
log(log(u+ 1) + e)

))
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for large u. Therefore, by the mean value theorem, we have

ℓ(u− t) = ℓ(u) + ℓ′(ξ)(−t)

≤ ℓ(u) +
(
− log

(
e−δ+ 2

log(ξ+e)
(
log(ξ + e)

)(
log(log(ξ + 1) + e)

)))
(−t)

≤ ℓ(u) + t log
(
e−δ+ 2

log(u+e)
(
log(u+ e)

)(
log(log(u+ 1) + e)

))
,

where ξ ∈ [u− t, u] and we used the fact

e
2

log(ξ+e)
(
log(ξ + e)

)
≤ max

(
e2, e

2
log(u+e)

(
log(u+ e)

))
= e

2
log(u+e)

(
log(u+ e)

)
for large u since

d

dξ

(
log log(ξ + e)− 2

log(ξ + e)

)
=

1

(ξ + e) log(ξ + e)
− 2

(ξ + e)(log(ξ + e))2

for ξ ≥ 0. By exponentiating both sides, we obtain the lemma. □

Proof of Theorem 1.2. We may assume x ≥ y and that x, y, u are all large since otherwise the
assertion is trivial. Let F (X) := Φk+1(X) be the (k + 1)-th cyclotomic polynomial. Take a
sufficiently large constant B1 ≥ 3 so that Theorem 1.4 holds for F with the constant B := B1.
Then, let g(v) = gB1

(v) as defined in (2.1). Also, take δ ∈ (0, 1] arbitrarily and let h(v) = hδ(v) as
defined in (2.2). Any implicit constants in this proof may depend on δ. For y ≥ 2, v, w ≥ 0, let us
consider

K(y, v) :=
Σ♭

k(y
v, y)

yvh(v)
, K̂(y, w) := sup

0≤v≤w
K(y, v).

Then, it suffices to prove that

K̂(y, w) ≪ 1 as long as log yw log log yw ≤ y.

Note that yw log log yw ≤ y implies

2y

(log y)2
≥ 1

log y

2 log yw log log yw

log log yw + log log log yw
≥ w

for large y (for small w, this estimate is trivial).
Let v0 = v0(F, δ) be a large constant. For y ≥ 2 and v0 ≤ v ≤ w ≤ 2y

(log y)2 , by Lemma 5.1,

(5.1) K(y, v) ≤ K1(y, v) +K2(y, v) +K3(y, v),

where

K1(y, v) :=
1

h(v)yv log yv

∫ yv

1

Σ♭
k(t, y)

dt

t
,

K2(y, v) :=
1

h(v)yv log yv

∑
y<p≤yv

pmax(F (p))≤y

Σ♭
k

(
yv

p
, y

)
log p,

K3(y, v) :=
1

h(v)yv log yv

∑
p≤y

pmax(F (p))≤y

Σ♭
k

(
yv

p
, y

)
log p.

We estimate these three terms separately.



26 ON EVEN-ODD AMICABLE PAIRS

For K1(y, v), by the definition of K̂(y, w),

K1(y, v) ≤
1

h(v)yv log yv

∫ yv

1

K̂

(
y,

log t

log y

)
h

(
log t

log y

)
dt

≤ K̂(y, v)

h(v)yv log yv

∫ yv

1

h

(
log t

log y

)
dt =

K̂(y, v)

h(v)yvv

∫ v

0

h(t)ytdt =
K̂(y, v)

h(v)v

∫ v

0

h(v − t)y−tdt.

By Lemma 5.2 and v0 ≤ v ≤ 2y
(log y)2 ,

K1(y, v) ≤
K̂(y, v)

v

∫ v

0

((
log(v + e)

)(
log(log(v + 1) + e)

)
y

)t

dt ≤ K̂(y, v)

v

∫ v

0

y−
t
2 dt ≤ 2K̂(y, v)

v log y

for large y. Thus, we have

(5.2) K1(y, v) ≤
1

4
K̂(y, v)

provided y is large.
For K2(y, v), by the definition of K̂(y, w),

K2(y, v) =
1

h(v) log yv

∑
y<p≤yv

pmax(F (p))≤y

K̂

(
y, v − log p

log y

)
h

(
v − log p

log y

)
log p

p

≤ K̂(y, v)

h(v) log yv

∑
y<p≤yv

pmax(F (p))≤y

h

(
v − log p

log y

)
log p

p
.

By partial summation, we can continue the estimate as

(5.3)

K2(y, v) ≤
K̂(y, v)

h(v) log yv

∫ yv

y

h

(
v − log t

log y

)
log t

t
dπF (t, y)

≤ K̂(y, v)

h(v)yv
h(0)πF (y

v, y)

+
K̂(y, v)

h(v) log yv

∫ yv

y

h′
(
v − log t

log y

)
log t

t
πF (t, y)

dt

t log y

+
K̂(y, v)

h(v) log yv

∫ yv

y

h

(
v − log t

log y

)
log t− 1

t2
πF (t, y)dt.

For v ≥ 0, we have

(5.4)

h′(v) =

(
− log log(v + e)− log log(log(v + 1) + e) + δ − v

(v + e) log(v + e)

− v

(v + 1)(log(v + 1) + e) log(log(v + 1) + e)

)
h(v) ≤ h(v).

By substituting (5.4) into (5.3), we obtain

K2(y, v) ≪
K̂(y, v)

h(v)yv
πF (y

v, y) +
K̂(y, v)

h(v) log yv

∫ yv

y

h

(
v − log t

log y

)
log t

t2
πF (t, y)dt.

Since we have
log t log log t ≤ log yv log log yv ≤ log yw log log yw ≤ y
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in the above integral, we can use Theorem 1.4 to obtain

(5.5)

K2(y, v) ≪
K̂(y, v)

log yv
g(v)

h(v)
+

K̂(y, v)

h(v) log yv

∫ yv

y

h

(
v − log t

log y

)
g

(
log t

log y

)
dt

t

=
K̂(y, v)

log yv
g(v)

h(v)
+

K̂(y, v)

h(v)v

∫ v

1

h(v − t)g(t)dt.

For sufficiently large v ≥ v0, we have

(5.6)
g(v)

h(v)
≤

(
e1−δ

(
log(v + e)

)(
log(log(v + 1) + e)

)
v log(v + e)

)v

≤ 1.

Also, for sufficiently large v ≥ v0, by Lemma 5.2, we have

(5.7)

h(v − t)g(t) ≤ h(v)

(
e1−

δ
2

(
log(v + e)

)(
log(log(v + 1) + e)

)
t log(t+ e)

)t

≤ h(v)e−
δ
4 t

(
e1−

δ
5 log v log log v

t log(t+ e)

)t

.

We shall calculate

(5.8) sup
t≥0

(
e1−

δ
5 log v log log v

t log(t+ e)

)t

.

Let L := e1−
δ
5 log v log log v and

ϕ(t) := −t log t− t log log(t+ e) + t logL so

(
e1−

δ
5 log v log log v

t log(t+ e)

)t

= exp(ϕ(t)).

Then, the first and second derivatives of ϕ(t) are

ϕ′(t) = − log(et log(t+ e)) + logL − t

(t+ e) log(t+ e)
,(5.9)

ϕ′′(t) = −1

t
− 1

(t+ e) log(t+ e)
+

1

(t+ e)(log(t+ e))2

− e

(t+ e)2 log(t+ e)
− e

(t+ e)2(log(t+ e))2
≤ 0.

Thus, the supremum (5.8) is indeed the maximum attained at t = t0 determined by ϕ′(t0) = 0. By
using (5.9), we find that

(5.10) log(et0 log(t0 + e)) = logL +O

(
1

log(t0 + e)

)
= logL +O

(
1

logL

)
and

log t0 = logL +O(log log(t0 + e)) = logL +O(log logL)

so that

log log(t0 + e) = log logL +O

(
log logL
logL

)
.

By substituting this again into (5.10), we obtain

log t0 = logL − log logL − 1 +O

(
log logL
logL

)
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so that

t0 =
L

e logL

(
1 +O

(
log logL
logL

))
≤ e−

δ
6 log v

for large v ≥ v0. By using this estimate and noting that (5.10) and e
δ
7 > 1 implies

log(et0 log(t0 + e)) ≥ logL − e
δ
7 ,

for large v ≥ v0, we find that

sup
t≥0

(
e1−

δ
5 log v log log v

t log(t+ e)

)t

=

(
L

t0 log(t0 + e)

)t0

≤ exp(e
δ
7 t0) ≤ ve

− δ
42 .

Therefore, by (5.7), we have

(5.11) h(v − t)g(t) ≤ h(v)ve
− δ

42 e−
δ
4 t.

On inserting (5.6) and (5.11) into (5.5), we have

K2(y, v) ≪
K̂(y, v)

log yv
+

K̂(y, v)

v1−e−
δ
42

with 1− e−
δ
42 > 0. Thus, we have

(5.12) K2(y, v) ≤
1

4
K̂(y, v)

provided v ≥ v0.
For K3(y, v), by the definition of K̂(y, w), v ≥ v0, Lemma 5.2 and Mertens’ theorem,

K3(y, v) ≤
1

h(v) log yv

∑
p≤y

K̂

(
y, v − log p

log y

)
h

(
v − log p

log y

)
log p

p

≤ K̂(y, v)

h(v) log yv

∑
p≤y

h

(
v − log p

log y

)
log p

p

≪
(
log(v + e)

)(
log(log(v + 1) + e)

)
log yv

K̂(y, v)
∑
p≤y

log p

p
≪ (log v)2

v
K̂(y, v)

Therefore, we obtain

(5.13) K3(y, v) ≤
1

4
K̂(y, v)

for sufficiently large v ≥ v0.
By combining (5.1), (5.2), (5.12) and (5.13), we obtain

K(y, v) ≤ 3

4
K̂(y, v)

for sufficiently large v ≥ v0. By taking the supremum over v,

K̂(y, w) = sup
0≤v≤w

K(y, v) = max

(
sup

0≤v≤v0

K(y, v), sup
v0<v≤w

K(y, v)

)
≤ max

(
sup

0≤v≤v0

K(y, v),
3

4
sup

v0<v≤w
K̂(y, v)

)
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≤ max

(
K̂(y, v0),

3

4
K̂(y, w)

)
.

Since K̂(y, w) ≤ 3
4K̂(y, w) implies K̂(y, w) = 0, we arrive at

K̂(y, w) ≤ K̂(y, v0) ≤
1

h(v0)
≪ 1.

This completes the proof. □

Remark 5.1. Although it is possible to extend the admissible range of Theorem 1.2 to y ≥ log x
by weakening the error term estimate o(u) to O(u) (see Remark 3.1), it seems rather difficult to
achieve the admissible range

(5.14) y ≥ (log log x)1+ε

as in [2]. In the paper [2], this range corresponds to Proposition 2.3 [2, p. 1374]. To obtain the range
(5.14), Banks–Friedlander–Pomerance–Shparlinski used a trick in the formula (2.7) on p. 1376 or
in the last paragraph of p. 1377 of [2]. However, their trick seems not available for Σ♭

k(x, y) since
our problem include polynomials of higher degree.

6. Even-odd amicable pairs

In this section, we prove Theorem 1.1. We start with a simple observation:

Lemma 6.1. For any even-odd amicable pair (A,B) consisting of an even integer A and an odd
integer B, there are positive integers a,M,N such that

A = 2aM2, B = N2, M,N : odd.

Proof. Since (A,B) is an amicable pair, we have

(6.1) σ(A) = σ(B) = A+B.

By the assumption that A is even and B is odd, we find that A+B is odd. By (6.1), we find that
both of σ(A) and σ(B) are odd. Suppose that p is an odd prime and pe ∥ A. Then, σ(pe) | σ(A) so
σ(pe) should be odd. Since p is odd, this implies

1 ≡ σ(pe) ≡ 1 + p+ · · ·+ pe ≡ e+ 1 (mod 2),

i.e. e is even. This shows that A = 2aM2 for some positive integer a and odd number M . We can
deal with B similarly. This completes the proof. □

Proof of Theorem 1.1. Let x be a large real number, a ∈ N and consider

(6.2) B = B(x, a) := {(M,N) | max(2aM2, N2) ≤ x, (2aM2, N2) : amicable, M,N : odd}.

We discard several parts of B to introduce useful restrictions to the variables M and N and estimate
the size of the discarded parts.

We first want to introduce the restriction

(C1) min(M,N) > x
1
2L−1

with some real number L ≥ 4 chosen later. To this end, we decompose B as

B = B(1) ⊔ E(1),
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where
B(1) := {(M,N) ∈ B | min(M,N) > x

1
2L−1},

E(1) := {(M,N) ∈ B | min(M,N) ≤ x
1
2L−1}.

In the subsequent argument, we typically denote the part of B remaining after the i-th step of our
discarding process by B(i) and the part of B discarded at the i-th step by E(i). We refer to the
condition used to define B(i) by the condition “Ci”. Also, we refer to each lemma corresponding
to the i-th step of discarding process by “Claim 6.i”.

Claim 6.1. We have

#E(1) ≪ x
1
2L−1,

where the implicit constant is absolute.

Proof. It suffices to bound the size of sets

{(M,N) ∈ B | M ≤ x
1
2L−1} and {(M,N) ∈ B | N ≤ x

1
2L−1}

since these sets cover E(1). When a is fixed, for (M,N) ∈ B, the value of M is determined uniquely
by N and the value of N is determined uniquely by M since (2aM2, N2) forms an amicable pair.
Thus, the last quantity is bounded by

2 ·#{M ∈ N | M ≤ x
1
2L−1} ≤ 2x

1
2L−1.

This completes the proof. □

For a positive integer m and a real number z ≥ 1, we let

Dz(m) :=
∏
pv∥m
p≤z

pv,

which is “the z-smooth part” of m. We next introduce the restriction

(C2) max(DL4(M), DL4(N)) ≤ xα

with some α ∈ (0, 1
2 ) chosen later. We decompose B(1) as

B(1) = B(2) ⊔ E(2),

where
B(2) := {(M,N) ∈ B(1) | max(DL4(M), DL4(N)) ≤ xα},

E(2) := {(M,N) ∈ B(1) | max(DL4(M), DL4(N)) > xα}.
In what follows, we let

u :=
log x

logL
.

Claim 6.2. We have

#E(2) ≪ x
1
2 log x exp

(
−α

4 u log u
)

provided

(L) L ≥ log x

where the implicit constant is absolute.
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Proof. Similarly to the proof of Claim 6.1, it suffices to bound

#{M ∈ N | M ≤ x
1
2 and DL4(M) > xα}.

By writing d := DL4(M) and M = dm, this is further bounded by

≤
∑

dm≤x
1
2

pmax(d)≤L4

d>xα

1 =
∑

xα<d≤x
1
2

pmax(d)≤L4

∑
m≤x

1
2 /d

1 ≤ x
1
2

∑
xα<d≤x

1
2

pmax(d)≤L4

1

d
≤ x

1
2

∑
d>xα

pmax(d)≤L4

1

d

We then apply Lemma 3.3 with the constant function f(n) = 1. The assumption (L) assures
L4 ≥ log xα log log xα. Thus, we can apply Lemma 3.3 to obtain the assertion since

log xα

logL4
=

α

4

log x

logL
=

α

4
u.

This completes the proof. □

In the subsequent argument, we always assume (L). For a positive integer m, let

D♯(m) :=
∏
pv∥m
v≥2

pv,

which is “the square-full part” of m. Our next restriction is

(C3) max(D♯(M), D♯(N)) ≤ L2

and so let
B(2) = B(3) ⊔ E(3),

where
B(3) := {(M,N) ∈ B(2) | max(D♯(M), D♯(N)) ≤ L2},

E(3) := {(M,N) ∈ B(2) | max(D♯(M), D♯(N)) > L2}.
Claim 6.3. We have

#E(3) ≪ x
1
2L−1,

where the implicit constant is absolute.

Proof. As before, it suffices to bound

#{M ∈ N | M ≤ x
1
2 , D♯(M) > L2}.

By writing d := D♯(M) and M = dm, this is bounded by

(6.3) ≤
∑

dm≤x
1
2

d : square-full
d>L2

1 ≤ x
1
2

∑
L2<d≤x

1
2

d : square-full

1

d
.

Since every square-full number d can be written as d = e2f3 with some positive integers e and f ,
we can obtain the bound∑

d>U
d : square-full

1

d
≤

∞∑
f=1

1

f3

∑
e>(U/f3)

1
2

1

e2
≪ 1

U
1
2

∞∑
f=1

1

f
3
2

≪ 1

U
1
2

.

By using this bound in (6.3), we obtain the claim. □
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We now give an observation on the remaining part B(3).

Lemma 6.2. For any (M,N) ∈ B(3), we have

L4 < pmax(M) ∥ M and L4 < pmax(N) ∥ N

provided

(LA) xα, x
1
2−α > L2.

Proof. We have xα < x
1
2L−1 by (LA). Then, by (C1) and (C2), we find that

M/DL4(M), N/DL4(N) > (x
1
2L−1)/xα > 1

so that pmax(M), pmax(N) > L4. If pmax(M)2 | M or pmax(N)2 | N , this implies

L8 < pmax(M)2 ≤ D♯(M) or L8 < pmax(N)2 ≤ D♯(N),

respectively, which contradicts (C3). This completes the proof. □

From now on, we further assume (LA). Then, by Lemma 6.2, we may write (M,N) ∈ B(3) as

(6.4)
M = pm, N = qn, p := pmax(M), q := pmax(N),

with conditions max(pmax(m), L4) < p and max(pmax(n), L
4) < q.

Note that this factorization is clearly unique and (p,m) = (q, n) = 1.
We next introduce the restriction

(C4) pmax(M,N) ≤ L2,

where, hereafter, we use an abbreviation pmax(M,N) := pmax((M,N)). Let

B(3) = B(4) ⊔ E(4),

where
B(4) := {(M,N) ∈ B(3) | pmax(M,N) ≤ L2},

E(4) := {(M,N) ∈ B(3) | pmax(M,N) > L2}.
To bound #E(4), we need the next lemma.

Lemma 6.3. For x ≥ 1 and any positive integer k and any prime number P , we have∑
ϖe≤x

P |σ(ϖke)

1

ϖe
≪ (log x)2

P
1
k

.

where ϖ and e runs through prime numbers and positive integers, respectively, and the implicit
constant depends only on k.

Proof. We first classify the summands according to the value of e as

(6.5)
∑

ϖe≤x

P |σ(ϖke)

1

ϖe
=

O(log x)∑
e=1

∑
ϖ≤x

1
e

P |σ(ϖke)

1

ϖe

and then we estimate the inner sums. We first observe that

P | σ(ϖke) =⇒ P ≤ σ(ϖke) < ϖke

(
1 +

1

ϖ
+ · · ·

)
≤ 2ϖke.
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Thus, we can restrict the range of ϖ as∑
ϖ≤x

1
e

P |σ(ϖke)

1

ϖe
=

∑
(P/2)

1
ke <ϖ≤x

1
e

P |σ(ϖke)

1

ϖe
.

By dissecting the sum dyadically,∑
ϖ≤x

1
e

P |σ(ϖke)

1

ϖe
≪ (log x

1
e ) sup

(P/2)
1
ke ≤U≤x

1
e

∑
U<ϖ≤2U

P |σ(ϖke)

1

ϖe

≪ (log x
1
e ) sup

(P/2)
1
ke ≤U≤x

1
e

U−e
∑

U<ϖ≤2U

ωke+···+1≡0 (mod P )

1.

The congruence ωke + · · · + 1 ≡ 0 (mod P ) is an algebraic equation of degree ke in the finite field
of order P and so has only ke solutions at most. Therefore,∑

ϖ≤x
1
e

P |σ(ϖke)

1

ϖe
≪ 1

e
(log x) sup

(P/2)
1
ke ≤U≤x

1
e

eU−e

(
U

P
+ 1

)

= (log x) sup
(P/2)

1
ke ≤U≤x

1
e

(
U1−e

P
+ U−e

)
.

Since the exponents of U on the right-hand side are non-positive, the supremum is achieved at
U = (P/2)

1
ke . Therefore,∑

ϖ≤x
1
e

P |σ(ϖke)

1

ϖe
≪ (log x)((P

1
ke /P )P− 1

k + P− 1
k ) ≪ log x

P
1
k

.

On inserting this estimate into (6.5), we obtain the lemma. □
Claim 6.4. We have

#E(4) ≪ x
1
2 (log x)2L−1,

where the implicit constant is absolute.

Proof. For (M,N) ∈ B, since (2aM2, N2) form an amicable pair, we have

(N2, σ(N2)) = (N2, s(N2)) = (N2, 2aM2)

(these are equation between the greatest common divisors) so that

pmax(M,N) > L2 =⇒ pmax(N
2, σ(N2)) > L2.

Thus, as before, it suffices to bound

#{N ∈ N | N ≤ x
1
2 , pmax(N

2, σ(N2)) > L2}.
On writing pmax(N

2, σ(N2)) = P , this quantity can be bounded as

=
∑

L2<P≤x
1
2

∑
N≤X

1
2

pmax(N
2,σ(N2))=P

1 ≤
∑

L2<P≤x
1
2

∑
N≤X

1
2

P |(N2,σ(N2))

1.
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For a positive integer N , the condition P | σ(N2) implies the existence of some prime power ϖe

such that ϖe ∥ N and P | σ(ϖ2e). In this case, σ(ϖ2e) is coprime to ϖ so (ϖe, P ) = 1, which tells
us ϖeP | N . Therefore, the last quantity is further bounded by using Lemma 6.3 with k = 2 as

≤
∑

L2<P≤x
1
2

∑
ϖe≤x

1
2 /P

P |σ(ϖ2e)

∑
N≤x

1
2

ϖeP |N

1 ≤ x
1
2

∑
L2<P≤x

1
2

1

P

∑
ϖe≤x

1
2

P |σ(ϖ2e)

1

ϖe

≪ x
1
2 (log x)2

∑
L2<P≤x

1
2

1

P
3
2

≪ x
1
2 (log x)2L−1.

This completes the proof. □

We then introduce the restriction

(C5) mn > x
1
2L−1,

where we used the factorization given in (6.4). Let

B(4) = B(5) ⊔ E(5),

where

B(5) := {(M,N) ∈ B(4) | mn > x
1
2L−1},

E(5) := {(M,N) ∈ B(4) | mn ≤ x
1
2L−1}.

The estimate for #E(5) is based on the following lemma.

Lemma 6.4. For a ∈ N and odd integers m and n, there are at most four odd prime pairs (p, q)
such that the pair (2ap2m2, q2n2) is amicable and (p,m) = (q, n) = 1.

Proof. Assume that an odd prime pair (p, q) is given so that the pair (2ap2m2, q2n2) is amicable
and (p,m) = (q, n) = 1. Since the pair (2ap2m2, q2n2) is amicable, we obtain

σ(2ap2m2) = σ(q2n2) and σ(2ap2m2)− 2ap2m2 = q2n2.

By writing µ := 2am2 and ν := n2, we may rewrite these equations to

σ(p2µ) = σ(q2ν) and σ(p2µ)− p2µ = q2ν.

By using σ(p2) = p2 + p+ 1, we can further rewrite them to

p2σ(µ) + pσ(µ) + σ(µ) = q2σ(ν) + qσ(ν) + σ(ν)(6.6)

p2s(µ) + pσ(µ) + σ(µ) = q2ν.(6.7)

By multiplying (6.6) and (6.7) by ν and σ(ν), respectively, and taking the difference,

p2(σ(µ)ν − s(µ)σ(ν))− pσ(µ)s(ν)− σ(µ)s(ν) = qσ(ν)ν + σ(ν)ν,

or, equivalently,

p2(σ(µ)ν − s(µ)σ(ν))− pσ(µ)s(ν)− (σ(µ)s(ν) + σ(ν)ν) = qσ(ν)ν.

By taking the square,

(p2(σ(µ)ν − s(µ)σ(ν))− pσ(µ)s(ν)− (σ(µ)s(ν) + σ(ν)ν))2 = q2ν · σ(ν)2ν.
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By substituting (6.7) again here,

(6.8)
(p2(σ(µ)ν − s(µ)σ(ν))− pσ(µ)s(ν)− (σ(µ)s(ν) + σ(ν)ν))2

− (p2s(µ) + pσ(µ) + σ(µ))σ(ν)2ν = 0.

If we regard this equation as the quartic equation of the indeterminate p, then the linear term
coefficient on the left-hand side is

(6.9) 2σ(µ)s(ν)(σ(µ)s(ν) + σ(ν)ν)− σ(µ)σ(ν)2ν.

This is odd since ν = n2 is odd and σ(ν), σ(µ) are odd since σ(ν) = σ(n2) and σ(µ) = σ(2am2).
In particular, the coefficient (6.9) is non-zero. Thus, the equation (6.8) is not trivial. This implies
that for a given (a,m, n), there are at most four possible values for p. For each of those p, the value
of q is uniquely determined by (6.7). This completes the proof. □

Claim 6.5. We have

#E(5) ≪ x
1
2 (log x)L−1,

where the implicit constant is absolute.

Proof. By Lemma 6.4, we have

#E(5) ≤ 4 ·#{(m,n) ∈ N2 | mn ≤ x
1
2L−1},

which is bounded by

≪
∑

mn≤x
1
2 /L

1 ≤
∑

m≤x
1
2 /L

∑
n≤x

1
2 /mL

1 ≤ x
1
2L−1

∑
m≤x

1
2 /L

1

m
≪ x

1
2 (log x)L−1.

This completes the proof. □

We further introduce the restriction

(C6) max(p, q) ≤ x
1
2−β

with some β ∈ (0, 1
2 ) chosen later, where we used the factorization given in (6.4). Let

B(5) = B(6) ⊔ E(6),

where
B(6) := {(M,N) ∈ B(5) | max(p, q) ≤ x

1
2−β},

E(6) := {(M,N) ∈ B(5) | max(p, q) > x
1
2−β}.

We require the next bound for the number of the solutions of polynomial congruence.

Lemma 6.5. For a polynomial with integral coefficients

akx
k + · · ·+ a1x+ a0 ∈ Z[X],

a positive integer D, the congruence

akx
k + · · ·+ a1x+ a0 ≡ 0 (mod D)

has at most

(ak, . . . , a1, D)
1
kD1− 1

k τ(D)k−1

solutions (mod D).

Proof. This is a result of Kamke [12, Satz 6, p. 260]. □
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Claim 6.6. For ε ∈ (0, 1
48 ), assume that

(LAB) 4 ≤ L < xε, 0 < α < 1
2 , 0 < β ≤ 1

29 − 48
29ε,

1
3 + 5

6β − ε > α.

We then have
#E(6) ≪ 2

a
2 x

1
2−ε,

where the implicit constant depends on ε.

Proof. Since

#E(6) ≤ #{(M,N) ∈ B(5) | p > x
1
2−β}+#{(M,N) ∈ B(5) | q > x

1
2−β},

by writing

E(6)
p := {(M,N) ∈ B(5) | p > x

1
2−β},

E(6)
q := {(M,N) ∈ B(5) | q > x

1
2−β},

it suffices to show

(6.10) #E(6)
p , #E(6)

q ≪ 2
a
2 x

1
2−ε.

We first prove (6.10) for #E(6)
p . Take (M,N) ∈ E(6)

p arbitrarily. By (6.2),

m = M/p < x
1
2 /(x

1
2−β) = xβ

so by (C5),

n = mn/m > (x
1
2L−1)/xβ = x

1
2−βL−1,

which further implies by (6.2),

(6.11) q = N/n < x
1
2 /(x

1
2−βL−1) = xβL.

We then write N as the product of primes

N = q1q2 · · · qr with q = q1 ≥ q2 ≥ · · · ≥ qr.

By (C1) and (LAB), we can take the smallest index i ∈ {1, . . . , r} such that

q1 · · · qi > x
1
6−

5
6β .

Let d := q1 · · · qi and write N = dν. By the definition of i,

(6.12) q1 · · · qi−1 ≤ x
1
6−

5
6β .

Then, by (6.11), we have

x
1
6−

5
6β < d = q1 · · · qi = (q1 · · · qi−1) · qi < x

1
6+

1
6βL.

By (C1) and (6.12), we have

qiqi+1 · · · qr = N/(q1 · · · qi−1) > (x
1
2L−1)/(x

1
6−

5
6β) = x

1
3+

5
6βL−1.

Thus, by (C2), L < xε and (LAB), we find that

(6.13) qi > L4.

By (C3), this implies q1, . . . , qi ∥ N so that

(6.14) (d, 2ν) = 1 and d : square-free.

Since (M,N) ∈ B, by the definition of amicable pairs, we obtain

σ(d2ν2) = σ(2ap2m2), σ(d2ν2) = 2ap2m2 + d2ν2.
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By (6.14), these imply

σ(d2) | σ(2ap2m2) = p2σ(2am2) + pσ(2am2) + σ(2am2),(6.15)

d2ν2 ≡ −2ap2m2 (mod σ(d2)).(6.16)

By multiplying both sides of (6.16) by σ(2am2),

(6.17) d2σ(2am2)ν2 ≡ −p2σ(2am2)2am2 (mod σ(d2)).

By (6.15), this implies

d2σ(2am2)ν2 ≡ pσ(2am2)2am2 + σ(2am2)2am2 (mod σ(d2)),

or, equivalently,

d2σ(2am2)ν2 − σ(2am2)2am2 ≡ pσ(2am2)2am2 (mod σ(d2)).

By taking the square,

(d2σ(2am2)ν2 − σ(2am2)2am2)2 ≡ p2σ(2am2)2am2σ(2am2)2am2 (mod σ(d2)).

By (6.17), this can be rewritten as

(6.18) (d2σ(2am2)ν2 − σ(2am2)2am2)2 + d2σ(2am2)22am2ν2 ≡ 0 (mod σ(d2)).

We may regard this as a quartic congruence of the indeterminate ν. Note that this quartic con-
gruence depends only on d,m and a. Let N(d,m, a) be the set of the solutions (mod σ(d2)) of
the congruence (6.18). Then, by Lemma 6.5 with k = 4 and focusing on the leading coefficient
d4σ(2am2)2, we have

(6.19) #N(d,m, a) ≪ σ(d2)
3
4+

ε
3 (d4σ(2am2)2, σ(d2))

1
4 ≤ σ(d2)

3
4+

ε
3σ(2am2)

1
2 (d4, σ(d2))

1
4 .

Recall that d is a product of primes > L4 as shown in (6.13). Also, we have

(d2, σ(d2)) | (N2, σ(N2)) = (N2, s(N2)) = (N2, 2aM2) = (N2,M2).

By these two observation and by (C4), we find that (d4, σ(d2)) = 1. Thus, by (6.19),

(6.20) #N(d,m, a) ≪ σ(d2)
3
4+

ε
3σ(2am2)

1
2 ≪ 2

a
2 x

ε
2 d

3
2m

By the above argument, for any pair (M,N) ∈ E(6)
p , we may write N = dν with restrictions

m < xβ , D1 < d ≤ D2, ν (mod σ(d2)) ∈ N(d,m, a),

where

(6.21) D1 := x
1
6−

5
6β and D2 := x

1
6+

1
6βL.

Therefore, since M is determined by N ,

#E(6)
p ≤ #{(M,N) ∈ B(5) | m < xβ , D1 < d ≤ D2, ν (mod σ(d2)) ∈ N(d,m, a)}

≤
∑

m<xβ

∑
D1<d≤D2

∑
ν≤x

1
2 /d

ν (mod σ(d2))∈N(d,m,a)

1

=
∑

m<xβ

∑
D1<d≤D2

∑
ρ (mod σ(d2))∈N(d,m,a)

∑
ν≤x

1
2 /d

ν≡ρ (mod σ(d2))

1
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≪
∑

m<xβ

∑
D1<d≤D2

∑
ρ (mod σ(d2))∈N(d,m,a)

(
1 +

x
1
2

dσ(d2)

)
.

By (6.20) and (6.21), this is

≪ 2
a
2 x

ε
2

∑
m<xβ

∑
D1<d≤D2

d
3
2m

(
1 +

x
1
2

dσ(d2)

)
≪ 2

a
2 x

ε
2

∑
m<xβ

m
∑

D1<d≤D2

(
d

3
2 +

x
1
2

d
3
2

)
≪ 2

a
2 x2β+ ε

2 (D
5
2
2 + x

1
2D

− 1
2

1 ).

By recalling the assumption L ≤ xε, (6.21) and (LAB), this is

≪ 2
a
2 x

ε
2 (x

5
12+

29
12βL

5
2 + x

5
12+

29
12β) < 2

a
2 x

1
2−ε.

This completes the estimate for (6.10) for E(6)
p .

We next prove (6.10) for E(6)
q . Take (M,N) ∈ E(6)

q arbitrarily. By (6.2),

n = N/q < x
1
2 /(x

1
2−β) = xβ

so by (C5),

m = mn/n > (x
1
2L−1)/xβ = x

1
2−βL−1,

which further implies by (6.2),

(6.22) p = M/m < x
1
2 /(x

1
2−βL−1) = xβL.

We then write M as the product of primes

M = p1p2 · · · pr with p = p1 ≥ p2 ≥ · · · ≥ pr.

By (C1) and (LAB), we can take the smallest index i such that

p1 · · · pi > x
1
6−

5
6β .

Let d = p1 · · · pi and write M = dµ. By the definition of i,

(6.23) p1 · · · pi−1 ≤ x
1
6−

5
6β .

Then, by (6.22), we have

x
1
6−

5
6β < d = p1 · · · pi = (p1 · · · pi−1) · pi < x

1
6+

1
6βL.

By (C1) and (6.23), this gives

pipi+1 · · · pr = M/(p1 · · · pi−1) > (x
1
2L−1)/(x

1
6−

5
6β) = x

1
3+

5
6βL−1.

Thus, by (C2), L < xε and (LAB), we find that

(6.24) pi > L4.

By (C3), this implies p1, . . . , pi ∥ M so that

(6.25) (d, 2µ) = 1 and d : square-free.

Since (M,N) ∈ B, by the definition of amicable pairs, we obtain

σ(2ad2µ2) = σ(q2n2), σ(2ad2µ2) = 2ad2µ2 + q2n2.

By (6.25), these imply

σ(d2) | σ(q2n2) = q2σ(n2) + qσ(n2) + σ(n2),(6.26)
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2ad2µ2 ≡ −q2n2 (mod σ(d2)).(6.27)

By multiplying σ(n2) to (6.27),

(6.28) 2ad2σ(n2)µ2 ≡ −q2σ(n2)n2 (mod σ(d2)).

By (6.26), this implies

2ad2σ(n2)µ2 ≡ qσ(n2)n2 + σ(n2)n2 (mod σ(d2)),

or, equivalently,

2ad2σ(n2)µ2 − σ(n2)n2 ≡ qσ(n2)n2 (mod σ(d2))

By taking the square,

(2ad2σ(n2)µ2 − σ(n2)n2)2 ≡ q2σ(n2)n2 · σ(n2)n2 (mod σ(d2)).

By (6.28), this can be rewritten as

(6.29) (2ad2σ(n2)µ2 − σ(n2)n2)2 + 2ad2σ(n2)2n2µ2 ≡ 0 (mod σ(d2)).

We may regard this as a quartic congruence of the indeterminate µ. Note that this quartic con-
gruence depends only on d, n and a. Let M(d, n, a) be the set of the solutions (mod σ(d2)) of
the congruence (6.29). Then, by Lemma 6.5 with k = 4 and focusing on the leading coefficient
4ad4σ(n2)2, we have

(6.30) #M(d, n, a) ≪ σ(d2)
3
4+

ε
3 (4ad4σ(n2)2, σ(d2))

1
4 ≤ σ(d2)

3
4+

ε
3σ(n2)

1
2 (d4, σ(d2))

1
4

since σ(d2) is odd. Recall that d is a product of primes > L4 as shown in (6.24). Also, we have

(d2, σ(d2)) | (M2, σ(2aM2)) = (M2, s(2aM2)) = (M2, N2).

By these two observation and by (C4), we find that (d4, σ(d2)) = 1. Thus, by (6.30),

(6.31) #M(d, n, a) ≪ σ(d2)
3
4+

ε
3σ(n2)

1
2 ≪ x

ε
2 d

3
2n

By the above argument, for any pair (M,N) ∈ E(6)
q , we may write m = dµ with restrictions

n < xβ , D1 < d ≤ D2, µ (mod σ(d2)) ∈ M(d, n, a),

where D1, D2 are defined as in (6.21). Therefore, since N is determined by M ,

#E(6)
q ≤ #{(M,N) ∈ B(5) | n < xβ , D1 < d ≤ D2, µ (mod σ(d2)) ∈ M(d, n, a)}

≤
∑
n<xβ

∑
D1<d≤D2

∑
µ≤x

1
2 /d

µ (mod σ(d2))∈M(d,n,a)

1

=
∑
n<xβ

∑
D1<d≤D2

∑
ρ (mod σ(d2))∈M(d,n,a)

∑
µ≤x

1
2 /d

µ≡ρ (mod σ(d2))

1

≪
∑
n<xβ

∑
D1<d≤D2

∑
ρ (mod σ(d2))∈M(d,n,a)

(
1 +

x
1
2

dσ(d2)

)
.

By (6.31), this is

≪ X
ε
2

∑
n<Xβ

∑
D1<d≤D2

d
3
2n

(
1 +

X
1
2

dσ(d2)

)
≪ x

ε
2

∑
n<xβ

n
∑

D1<d≤D2

(
d

3
2 +

x
1
2

d
3
2

)
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≪ x2β+ ε
2 (D

5
2
2 + x

1
2D

− 1
2

1 ).

By recalling the assumption 0 < β < 1
29 − 48

29ε, L ≤ xε, (6.21) and (LAB), this is

≪ x
ε
2 (x

5
12+

29
12βL

5
2 + x

5
12+

29
12β) < x

1
2−ε.

This completes the proof. □

From now on, we always assume (LAB). For a positive integer m, let

D♭(m) :=
∏
p∥m

p,

which is “the square-free part” of m. Note that we have

m = D♭(m)D♯(m) and (D♭(m), D♯(m)) = 1

for any positive integer m and the first decomposition is unique.
As our final restriction, we introduce

(C7) min(pmax(σ(D
♭(m)2)), pmax(σ(D

♭(n)2))) > K,

where K := L4 + L2 + 1 and we used the factorization given in (6.4). Let

B(6) = B(7) ⊔ E(7),

where
B(7) := {(M,N) ∈ B(6) | min(pmax(σ(D

♭(m)2)), pmax(σ(D
♭(n)2))) > K},

E(7) := {(M,N) ∈ B(6) | min(pmax(σ(D
♭(m)2)), pmax(σ(D

♭(n)2))) ≤ K}.
Claim 6.7. We have

#E(7) ≪ x
1
2 (log x)2 exp

(
−β

4u log log u
)

for large u, where the implicit constant is absolute.

Proof. As before, it suffices to bound the cardinalities of

E(7)
m := {(M,N) ∈ B(6) | pmax(σ(D

♭(m)2)) ≤ K},(6.32)

E(7)
n := {(M,N) ∈ B(6) | pmax(σ(D

♭(n)2)) ≤ K}.(6.33)

We first bound E(7)
m . For (M,N) ∈ E(7)

m , by (C3) and (C6), we have

p ≤ x
1
2−β and D♯(m) ≤ L2.

Thus, by recalling (6.2) and writing d := D♯(m) and µ := D♭(m),

#E(7)
m ≤

∑
p≤x

1
2
−β

∑
d≤L2

∑
µ≤x

1
2 /(pd)

µ:square-free
pmax(σ(µ

2))≤K

1(6.34)

We apply Theorem 1.2 to the last sum. By (L) we have

L4 + L2 + 1 ≥ log
x

1
2

pd
log log

x
1
2

pd
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so the assumption of Theorem 1.2 is satisfied. For p ≤ x
1
2−β and d ≤ L2, we have

log x
1
2

pd

logK
≥ log(xβL−2)

log(L4 + L2 + 1)
=

log(xβL−2)

logL4
−

log(xβL−2) log(1 + L2+1
L4 )

(log(L4 + L2 + 1))(logL4)

≥ β

4
u− 1

2
− β log x

L2(logL)2
≥ β

4
u− 1

for large u since L ≥ log x ≥ u by (L). Thus, using Theorem 1.2 in (6.34) and noting(
β

4
u− 1

)
log log

(
β

4
u− 1 + e

)
+

(
β

4
u− 1

)
log log

(
log

β

4
u+ e

)
+O(u)

≥ β

4
u log log

β

4
u+

β

4
u log log log

β

4
u+O(u) ≥ β

4
u log log u

for large u, we have

(6.35) #E(7)
m ≤ x

1
2 exp

(
−β

4u log log u
) ∑
p≤x

1
2
−β

∑
d≤L2

1

pd
≪ x

1
2 (log x)2 exp

(
−β

4u log log u
)

for large u. This completes the bound for (6.32).

We next bound E(7)
n . For (M,N) ∈ B(6), by (C3) and (C6), we have

q ≤ x
1
2−β and D♯(n) ≤ L2.

Thus, by recalling (6.2) and writing d := D♯(n) and ν := D♭(n),

#E(7)
n ≤

∑
q≤x

1
2
−β

∑
d≤L2

∑
ν≤x

1
2 /(qd)

ν:square-free
pmax(σ(ν

2))≤K

1.

This sum can be estimated similarly to (6.35). This completes the bound for (6.33). □

Finally, we can estimate the remaining part without adding further restriction. For this estimate,
we prepare the following preliminary estimate.

Lemma 6.6. For x, L ≥ 1, we have∑
P>L4

1

P
1
2

∑
L2<Q≤x

1
2

P |σ(Q2)

1

Q
≪ log x

L
,

where P,Q runs through prime numbers and the implicit constant is absolute.

Proof. We first decompose the sum as

(6.36)
∑

P>L4

1

P
1
2

∑
L2<Q≤x

1
2

P |σ(Q2)

1

Q
=

∑
1
+
∑

2
,

where ∑
1
:=

∑
P>L4

1

P
1
2

∑
L2<Q≤min(P,x

1
2 )

P |σ(Q2)

1

Q
and

∑
2
:=

∑
P>L4

1

P
1
2

∑
P<Q≤x

1
2

P |σ(Q2)

1

Q
.
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The sum
∑

1 can be estimated by using ω(n) ≪ 1 + log n as

(6.37)
∑

1
≤

∑
L2<Q≤x

1
2

1

Q

∑
P |σ(Q2)
Q≤P

1

P
1
2

≪
∑

L2<Q≤x
1
2

ω(σ(Q2))

Q
3
2

≪ log x

L
.

On the other hand, for the sum
∑

2, we dissect the inner sum as∑
P<Q≤x

1
2

P |σ(Q2)

1

Q
≪ (log x) sup

P≤U≤x
1
2

U−1
∑

U<Q≤2U
Q2+Q+1≡0 (mod P )

1

≪ (log x) sup
P≤U≤x

1
2

U−1

(
U

P
+ 1

)
≪ log x

P
.

Therefore,
∑

2 can be bounded by

(6.38)
∑

2
≪

∑
P>L4

log x

P
3
2

≪ log x

L2
.

By combining (6.36), (6.37) and (6.38), we obtain the lemma. □

Claim 6.8. We have

#B(7) ≪ x
1
2 (log x)6L−1,

where the implicit constant is absolute.

Proof. By (6.4) and (C4), we find that p ̸= q for any (M,N) ∈ B(7). Thus,

B(7) = B(7)
p ⊔ B(7)

q ,

where

B(7)
p := {(M,N) ∈ B(7) | p > q} and B(7)

q := {(M,N) ∈ B(7) | p < q}.
It suffices to bound the cardinalities of these sets separately.

We begin with B(7)
p . Take (M,N) ∈ B(7)

p arbitrarily. By (C7), there is a prime P satisfying

(6.39) P > L4 + L2 + 1 and P | σ(D♭(m)2).

Then, since D♭(m) is square-free, there is a prime number Q satisfying

(6.40) Q ∥ D♭(m) and P | σ(Q2).

By (6.39) and (6.40), we find that

L4 + L2 + 1 < P ≤ σ(Q2) = Q2 +Q+ 1

so that by (6.40)

(6.41) L2 < Q ≤ x
1
2 and P | σ(Q2).

By (6.40) and recalling that (2aM2, N2) is amicable, we also find that

P | σ(Q2) | σ(2aM2) = σ(N2).

Thus, there should be a prime number R and a positive integer e such that

(6.42) Re ∥ N, Re ≤ x
1
2 and P | σ(R2e).
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Note that by (6.41) and (C4), we have

(6.43) Q ̸= R.

Since (2aM2, N2) is an amicable pair, we have

(6.44) N2 = σ(2ap2m2)− 2ap2m2 = p2s(2am2) + pσ(2am2) + σ(2am2).

Let

(6.45) ẽ :=

{
1 if e = 1,
2e if e ≥ 2.

By taking the reduction (mod Rẽ) of (6.44) and recalling (6.42),

(6.46) p2s(2am2) + pσ(2am2) + σ(2am2) ≡ 0 (mod Rẽ).

Define a non-negative integer f by

Rf := (s(2am2), σ(2am2), Rẽ).

Obviously,

(6.47) f ≤ ẽ ≤ log x

Since 2am2 = σ(2am2)− s(2am2) and R is odd, we have Rf | m2 and so

R⌈ f
2 ⌉ | m.

By (6.40) and (6.43), this implies

(6.48) QR⌈ f
2 ⌉ | m.

Let P(a,m,Rẽ) be the set of the solutions of the quadratic congruence (6.46) in the indeterminate
p. Then, (6.46) can be rephrased as

(6.49) p (mod Rẽ) ∈ P(a,m,Rẽ).

By Lemma 6.5 and (6.47), the number of solutions #P(a,m,Rẽ) can be bounded by

(6.50) #P(a,m,Rẽ) ≤ R
f
2 R

ẽ
2 τ(Rẽ) = (ẽ+ 1)R

ẽ+f
2 ≪ (log x)R

ẽ+f
2 .

If e = 1, then (6.46) becomes a quadratic equation in the finite field FR. Therefore, if f = 0, then

#P(a,m,Rẽ) ≤ 2 = 2R⌈ f
2 ⌉ and if f = 1, then #P(a,m,Rẽ) = R = R⌈ f

2 ⌉. Thus,

(6.51) e = 1 =⇒ #P(a,m,Rẽ) ≪ R⌈ f
2 ⌉.

Furthermore, since we have p > q for B(7)
p , we find that

p > q = pmax(N) ≥ R.

Thus, p > Re if e = 1. If e ≥ 2, then by (6.4) and (C3), p > L4 ≥ R2e. In any case,

(6.52) p > Rẽ.

By the above argument, for any (M,N) ∈ B(7)
p , we can find

P,Q,R : prime numbers, e : a positive integer, f : a non-negative integer

satisfying (6.39), (6.41), (6.42), (6.47) for which the decomposition

M = pm ≤ x
1
2
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satisfies (6.48), (6.49), (6.52). Since for any (M,N) ∈ B(7)
p , N is uniquely determined by M , the

above observations give

(6.53) #B(7)
p ≤

∑
P>L4

∑
L2<Q≤x

1
2

P |σ(Q2)

∑
Re≤x

1
2

P |σ(R2e)

∑
0≤f≤ẽ

∑
m≤x

1
2 /Rẽ

QR⌈ f
2
⌉|m

∑
Rẽ<p≤x

1
2 /m

p (mod Rẽ)∈P(a,m,Rẽ)

1.

We consider the two most inner sums

(6.54)
∑

m≤x
1
2 /Rẽ

QR⌈ f
2
⌉|m

∑
Rẽ<p≤x

1
2 /m

p (mod Rẽ)∈P(a,m,Rẽ)

1.

By the condition m ≤ x
1
2 /Rẽ, we can bound the inner most sum by∑

Rẽ<p≤x
1
2 /m

p (mod Rẽ)∈P(a,m,Rẽ)

1 =
∑

ρ∈P(a,m,Rẽ)

∑
Rẽ<p≤x

1
2 /m

p≡ρ (mod Rẽ)

1 ≪ #P(a,m,Rẽ)
x

1
2

mRẽ
.

Therefore, if e ≥ 2, then (6.54) is bounded by using (6.50) as∑
m≤x

1
2 /Rẽ

QR⌈ f
2
⌉|m

∑
Rẽ<p≤x

1
2 /m

p (mod Rẽ)∈P(a,m,Rẽ)

1 ≪
∑

m≤x
1
2 /Rẽ

QR⌈ f
2
⌉|m

x
1
2 (log x)

mR
ẽ−f
2

≪ x
1
2 (log x)2

QR
ẽ
2

=
x

1
2 (log x)2

QRe
.

On the other hand, if e = 1, then (6.54) is bounded by using (6.51) as∑
m≤x

1
2 /Rẽ

QR⌈ f
2
⌉|m

∑
Rẽ<p≤x

1
2 /m

p (mod Rẽ)∈P(2am2,Rẽ)

1 ≪
∑

m≤x
1
2 /Rẽ

QR⌈ f
2
⌉|m

x
1
2 (log x)

mRẽ−⌈ f
2 ⌉

≪ x
1
2 (log x)2

QRẽ
=

x
1
2 (log x)2

QRe
.

By substituting these estimates into (6.53) and using (6.47), we have

#B(7)
p ≪

∑
P>L4

∑
L2<Q≤x

1
2

P |σ(Q2)

∑
Re≤x

1
2

P |σ(R2e)

∑
0≤f≤ẽ

x
1
2 (log x)2

QRe
≪

∑
P>L4

∑
L2<Q≤x

1
2

P |σ(Q2)

∑
Re≤x

1
2

P |σ(R2e)

x
1
2 (log x)3

QRe
.

By using Lemma 6.3 to bound the most inner sum, we can continue the bound as

#B(7)
p ≪ x

1
2 (log x)5

∑
P>L4

1

P
1
2

∑
L2<Q≤x

1
2

P |σ(Q2)

1

Q
.

By Lemma 6.6, we obtain

#B(7)
p ≪ x

1
2 (log x)6L−1.

This completes the estimate for B(7)
p .

We next consider B(7)
q . To avoid introducing new letters, we refresh the above notation for B(7)

p .

Take (M,N) ∈ B(7)
q arbitrarily. Then, by (C7), there is a prime number P satisfying

(6.55) P > L4 + L2 + 1 and P | σ(D♭(n)2).
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Then, since D♭(n) is square-free, there is a prime number Q satisfying

(6.56) Q ∥ D♭(n) and P | σ(Q2).

By (6.55) and (6.56), we find that

(6.57) L2 < Q ≤ x
1
2 and P | σ(Q2).

By (6.56), we also find that
P | σ(Q2) | σ(N2) = σ(2aM2).

Thus, there should be a prime number R and a positive integer e such that

(6.58) R2e ∥ 2aM2, Re ≤ x
1
2 and P | σ(R2e),

where R = 2 could be the case. Note that by (6.57) and (C4), we have

(6.59) Q ̸= R.

Since (2aM2, N2) is an amicable pair, we have

(6.60) 2aM2 = σ(q2n2)− q2n2 = q2s(n2) + qσ(n2) + σ(n2).

Define ẽ by (6.45) as before. By taking the reduction (mod Rẽ) of (6.60) and recalling (6.58),

(6.61) q2s(n2) + qσ(n2) + σ(n2) ≡ 0 (mod Rẽ).

Define a non-negative integer f by

Rf := (s(n2), σ(n2), Rẽ).

Obviously,

(6.62) f ≤ ẽ ≪ log x

Since n2 = σ(n2)− s(n2), we have Rf | n2 so

R⌈ f
2 ⌉ | n.

By (6.56) and (6.59), this implies

(6.63) QR⌈ f
2 ⌉ | n.

Let Q(n,Rẽ) be the set of the solutions of the quadratic congruence (6.61) in the indeterminate q.
Then, (6.61) can be rephrased as

(6.64) q (mod Rẽ) ∈ Q(n,Rẽ).

By Lemma 6.5 and (6.62), the number of solutions #Q(n,Rẽ) can be bounded by

(6.65) #Q(n,Rẽ) ≤ R
f
2 R

ẽ
2 τ(Rẽ) = (ẽ+ 1)R

ẽ+f
2 ≪ (log x)R

ẽ+f
2 .

If e = 1, then (6.61) becomes a quadratic equation in the finite field FR. Therefore, if f = 0, then

#Q(n,Rẽ) ≤ 2 = 2R⌈ f
2 ⌉ and if f = 1, then #Q(n,Rẽ) = R = R⌈ f

2 ⌉. Thus,

(6.66) e = 1 =⇒ #Q(n,Rẽ) ≪ R⌈ f
2 ⌉.

Furthermore, since we have q > p for B(7)
q , we find that

q > p = pmax(M) ≥ R.

Thus, q > Re if e = 1. If e ≥ 2, then by (6.4) and (C3), q > L4 ≥ R2e. In any case,

(6.67) q > Rẽ.
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By the above argument, for any (M,N) ∈ B(7)
q , we can find

P,Q,R : prime numbers, e : a positive integer, f : a non-negative integer

satisfying (6.55), (6.57), (6.58), (6.62) for which the decomposition

N = qn ≤ x
1
2

satisfies (6.63), (6.64), (6.67). Since for any (M,N) ∈ B(7)
q , M is uniquely determined by N , the

above observations give

(6.68) #B(7)
q ≤

∑
P>L4

∑
L2<Q≤x

1
2

P |σ(Q2)

∑
Re≤x

1
2

P |σ(R2e)

∑
0≤f≤ẽ

∑
n≤x

1
2 /Rẽ

QR⌈ f
2
⌉|n

∑
Rẽ<q≤x

1
2 /n

q (mod Rẽ)∈Q(n,Rẽ)

1.

We consider the two most inner sums

(6.69)
∑

n≤x
1
2 /Rẽ

QR⌈ f
2
⌉|n

∑
Rẽ<q≤x

1
2 /n

q (mod Rẽ)∈Q(n,Rẽ)

1.

By the condition n ≤ x
1
2 /Rẽ, we can bound the inner most sum by∑

Rẽ<q≤x
1
2 /n

q (mod Rẽ)∈Q(n,Rẽ)

1 =
∑

ρ∈Q(n,Rẽ)

∑
Rẽ<q≤x

1
2 /n

q≡ρ (mod Rẽ)

1 ≪ #Q(n,Rẽ)
x

1
2

nRẽ
.

Therefore, if e ≥ 2, then (6.69) is bounded by using (6.65) as∑
n≤x

1
2 /Rẽ

QR⌈ f
2
⌉|n

∑
Rẽ<q≤x

1
2 /n

q (mod Rẽ)∈Q(n,Rẽ)

1 ≪
∑

n≤x
1
2 /Rẽ

QR⌈ f
2
⌉|n

x
1
2 (log x)

nR
ẽ−f
2

≪ x
1
2 (log x)2

QR
ẽ
2

=
x

1
2 (log x)2

QRe

On the other hand, if e = 1, then (6.69) is bounded by using (6.66) as∑
n≤x

1
2 /Rẽ

QR⌈ f
2
⌉|n

∑
Rẽ<q≤x

1
2 /n

q (mod Rẽ)∈Q(n,Rẽ)

1 ≪
∑

n≤x
1
2 /Rẽ

QR⌈ f
2
⌉|n

x
1
2 (log x)

nRẽ−⌈ f
2 ⌉

≪ x
1
2 (log x)2

QRẽ
=

x
1
2 (log x)2

QRe

By substituting these estimates into (6.68), we have

#B(7)
q ≪

∑
P>L4

∑
L2<Q≤x

1
2

P |σ(Q2)

∑
Re≤x

1
2

P |σ(R2e)

∑
0≤f≤ẽ

x
1
2 (log x)2

QRe
.

Then, by the same argument as we used for B(7)
p , we obtain

#B(7)
q ≪ x

1
2 (log x)6L−1.

This completes the estimate for B(7)
q and the proof of the lemma. □
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We now start the completion of the proof. It suffices to prove

(6.70)
#{(A,B) ∈ N2 | (A,B) : amicable, A ̸≡ B (mod 2), A,B ≤ x}

≤ x
1
2 exp

(
−( 1

2
√
29

+ o(1))(log x log log log x)
1
2

)
as x → ∞ since if (A,B) is an amicable pair and min(A,B) ≤ x, then

max(A,B) = s(min(A,B)) ≤ σ(min(A,B)) ≪ x log x

and so by (6.70), we can conclude that

#{(A,B) ∈ N2 | (A,B) : amicable, A ̸≡ B (mod 2), min(A,B) ≤ x}
≤ #{(A,B) ∈ N2 | (A,B) : amicable, A ̸≡ B (mod 2), A,B ≪ x log x}

≤ (x log x)
1
2 exp

(
−( 1

2
√
29

+ o(1))(log x log log log x)
1
2

)
≤ x

1
2 exp

(
−( 1

2
√
29

+ o(1))(log x log log log x)
1
2

)
as x → ∞.

By using Lemma 6.1 and recalling (6.2), we have

#{(A,B) ∈ N2 | (A,B) : amicable, A ̸≡ B (mod 2), A,B ≤ x}
= #{(a,M,N) ∈ N3 | (2aM2, N2) : amicable, M,N : odd, 2aM2, N2 ≤ x}

=

O(log x)∑
a=1

#B(x, a) =
∑

1≤a≤ log x
log log x

#B(x, a) +
∑

log x
log log x<a≪log x

#B(x, a).

Since for (M,N) ∈ B(x, a), N is uniquely determined by a and M , we have

#B(x, a) ≤ #{M ∈ N | M ≤ 2−
a
2 x

1
2 } ≤ 2−

a
2 x

1
2

so that ∑
log x

log log x<a≪logX

#B(x, a) ≤ x
1
2

∑
log x

log log x<a≪log x

2−
a
2 ≤ x

1
2 exp

(
−c

(
log x

log log x

))
for some c > 0. Thus, it suffices to show∑

1≤a≤ log x
log log x

#B(x, a) ≤ x
1
2 exp

(
−( 1

2
√
29

+ o(1))(log x log log log x)
1
2

)
as x → ∞ by using our preceding arguments.

Take ε ∈ (0, 1
48 ) arbitrarily. Choose parameters L,α, β by

L := exp
(

1
2
√
29
(log x log log log x)

1
2

)
, α := 1

4 , β := 1
29 − 48

29ε.

Then, for sufficiently large x, these choices satisfy (L), (LA) and (LAB) so these choices are available
in our preceding arguments. Also, we have

(6.71) u =
log x

logL
= 2

√
29

(
log x

log log log x

) 1
2

so that

(6.72) log u = ( 12 + o(1)) log log x and log log u = log log log x+ o(1)



48 ON EVEN-ODD AMICABLE PAIRS

as x → ∞. By the definitions of sets B(i), we have

#B(x, a) =

7∑
i=1

#E(i) +#B(7).

By Claim 6.1, Claim 6.3, Claim 6.4, Claim 6.5, Claim 6.8, we have

#E(1),#E(3),#E(4),#E(5),#B(7)

≪ x
1
2 (log x)6L−1 ≪ x

1
2 exp

(
−( 1

2
√
29

+ o(1))(log x log log log x)
1
2

)
as x → ∞. By (6.71), (6.72) and Claim 6.2, we have

#E(2) ≪ x
1
2 log x exp

(
− 1

16u log u
)

≪ x
1
2 exp

(
−
(√

29

8
+ o(1)

)(
log x

log log log x

) 1
2

log log x

)
≪ x

1
2 exp

(
− 1

2
√
29
(log x log log log x)

1
2

)
as x → ∞. By Claim 6.6 and a ≤ log x

log log x ,

#E(6) ≪ε 2
a
2 x

1
2−ε = x

1
2 exp

(
−ε log x+

log 2

2

log x

log log x

)
≪ x

1
2 exp

(
−( 1

2
√
29

+ oε(1))(log x log log log x)
1
2

)
as x → ∞. Finally, by (6.71), (6.72) and Claim 6.7,

#E(7) ≪ x
1
2 (log x)2 exp

(
− 1

4·29 (1− 48ε)u log log u
)

≪ x
1
2 exp

(
− 1

2
√
29
(1− 48ε+ o(1))(log x log log log x)

1
2

)
as x → ∞. Combining the above estimates, we have∑

1≤a≤ log x
log log x

#B(x, a) ≪ x
1
2 exp

(
− 1

2
√
29
(1− 48ε+ oε(1))(log x log log log x)

1
2

)
as x → ∞. Since ε ∈ (0, 1

48 ) is chosen arbitrarily, we arrive at the theorem. □
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