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Al —RERILERTE
All E&7—2%

F3, 5EXNEBHROARESOFT IS, NIVWEBTEHOUINTLESHEIRDERS 2%
BRI B WMOBRPNTIE S B OB ETHET 2] b Eo/c 2D 152608 HBOH

REGOF DS, NEWEHTEHDYUNTLE S BEMOERLS ) W RWZ, —fRVLHARTTIEZW
BT =% LWHAHTE LD 5.

Notation A.1.1.

o Bl ay,...,an DERREKEE (a1,...,a,) TRT.

o B ay,...,a, DERINRERE [a1,...,a,]) TRT.
INSERE, XREAWE Z 2T, BROMHEEGICKBITE 3.

Definition A.1.1 ($RAIREEK).
(1) BRBAERN ZEFRB L 3 2 HRBIEBECE BERIEE & .




(2) EGRHIBEEL f TENTH 2 213, f(1) =1 TH Y, (EEOBEARE m,n ITH LT
(m,n) =1 = f(mn) = f(m)f(n)

DRV TEILESS.
(3) BGRIBE f P REFENTH 22X, f(1)=1TdH, EROEHAE m,n IHLT

f(mn) = f(m)f(n)

DPRALT2ZERED.

Remark A.1.1. Definition A.1.1 THRIEAIBIR & e RRIEMBIRUCSRM f(1) =1 ZFRL TV D
A, TAUXEBEIE f(n) =0 ZHBRT 2720 TH 2. ZOEHKBEE f(n) =0 ZFRE, f(1) =1
WBREEOERDOEDD ((m,n) =1 = f(mn) = f(m)f(n)] 2WSEHEORETH 5.

Notation A.1.2. ZOBRTEXF p 3IRFHEODH LR LICrIOOLTERERTDOL T 5.

Definition A.1.2 (B§7—%2). UTDb D054 24 (4, P, w, X) ZBT—R L IFER !
o fliZMI T NEBDOARLEES o.
o fili SBICEH LILWHERDES P. (FEHETTRITH LWV
o RIENBHM w THoT

0<wp)<p »2 pg€P = w(p) =0

Ziti7zz3d 0. RAABE LR, (ZOEMKIE Remark A.1.3 22ROz k)
o BEOZEHED o DEFRBEZEMT 27-0DFH X > 0.

Remark A.1.2. ZEESY

il

S TWVW3 DX, ERICXEBROES [ THRFEMIT s
ad = (an)nel

EVWS IO RBEINDZ e THL. FIZIE, bLla,=18R22Ee0Bx5832Dnel T
BEIAX AT BERE3ITEIN TV LHRET 2. ZEHESOERAK L 3BT LTA
T Z2OEBDZ L, DFDEELALDERBTH L35, DIk, ZEESIINLTEEOH
RS RIS 5. BIZE, SO ZEES L IIBEGIOEIIOZ e -5,

Definition A.1.3. BHEOZEESG A L HA dITH LT

dg={ned|n=0(modd)} Cd




Notation A.1.3. 7 —& (A, P,w, X) N LT, AFOFELTHVS :
o HGAMBIEE 2R d 1T LT
w(d)

#olg = =X + E(d) (A.1.1)

TEDS. ZOEX (ALll) 2ZRAKHLMES. (B, ZOREHIZ R(d) ZehrErN
2703, [5] LB EADESDIT E(d) e FHWiz.)
o FEH > 01THLT
P(z) = H D

pEP
p<z

Remark A.1.3. FFigft (A.11) IZRMHEICE o T

w(d)

nedRdTHOYIND THER) & pi

Th3

rwS v g (EEEEd) MET) SoT03.

A12 RRFr&EDH

LI, 2TENTES N 2 BEY| DGE RSt Z OiRETHFHMEOF %2 RTA LS.
Notation A.1.4. DUR, B n,d 123t LT, L4

7 - 7./dZ

(0% D, dTH-ZZRVEWMBEHR) ICXE2nDBEDILE n (mod d) EL 2T 5.

Definition A.1.4. ZIERX F € Z[X] I LT, ¥GRIBEH wr %
wp(d) = #{z (mod d) € Z/dZ | F(z) =0 (mod d)}

TED%.

Proposition A.1.1. ZIEKX F € Z[X] I LT, wp IR/IEMTH 5.

Proof. HEDZ wp(1) =1 TH 2. £oT, EVCRELBRI (d,e) ZE D, wr(de) = wp(d)wr(e)
TH5 e entidR. FERAFEREH (Lemma C.3.1) & b I&RFR

Z)deZ — (Z]dZ) x (Z/eZ); x (mod de) — (x (mod d),z (mod e))




|

() =0 (mod de) <= F(z) =0 (mod d) 2 F(z) =0 (mod e)

TH2ZehoERMMES. O

Definition A.1.5. S x IZH L C,

[z =max{n €Z|n<z} BXY {z}:=x-[1]

EBE, ZNTNEY » OBBEND B X INEERS L IR

Proposition A.1.2. ZIHKX F € Z[X]| £ FE ¥ 2,y THoTy>07R22bDIIfL, REEZ5 .
o BHOARIN A = {F(n)|ne€lx—yx)NZ}.
e EH X =y>0.
o FIEMEM w =wp. (Z OB DFIEMICDWTIX Proposition A.1.1 Z2&/].)
T3, RSt L OFREIHFE

HRALT 5.

H#oly = @X +E(d) BXY |Ed)| <w(d)

Proof. 535 dq DEFE (Definition A.1.3) XD,

#Aaq = Z 1

rz—y<n<zx
F(n)=0 (mod d)

THd. HidDHEH% n (mod d) DETHET S L

v 72525, 4t F(n)

RIEED SIS VI

u (mod d) z—y<n<z
F(n)=0 (mod d)
n=u (mod d)

0 (mod d) & n (mod d) DEIC L HKELIZWDT

H#oly = > o1 (A.1.2)

u (mod d) r—y<n<z
F(u)=0 (mod d) n=u (mod d)

Thd. ZZTn=u(modd) R28HEZ n=u+dn & TH2FI

>oo1= Yooo1= > 1

r—y<n<zw r—y<ut+dm<zx ToUU g
n=u (mod d) ’ ’




TH5. MEm ~ —m CTEREHRLT

S - Zwyul_[_x‘Z‘“]_{_f”;“]—Z+E(u,d) (A.1.3)

rz—y<n<x — U<

n=u (mod d) d
T—u rT—y—u
E(u,d) = — _yj_roymu
i = {0 - )

2195, RS, EROFERH LT {2} €[0,1) Zh 5,

|E(u,d)‘{xdu}{WH§l (A.1.4)

TH5. 3T, (A13) % (A1.2) ITRAL, wp DEFREECHEI,

2L

_y _ wr(d)
#la=2 > 1+ Y Bud) = T2+ B (A.15)
u (mod d) w (mod d)
F(u)=0 (mod d) F(u)=0 (mod d)

77U
E(d) = > E(u,d)

u (mod d)
F(u)=0 (mod d)

%135, Hri3 B(d) RFHETAUS E02, AU (A14) &)

|E(d)] < > |E(u, d)| < > 1= wp(d)

u (mod d) u (mod d)
F(u)=0 (mod d) F(u)=0 (mod d)
TR IV BRI (ALS) KT, X =y BIP w=wpr ZROHBIZTREE 2. O

A.1.3 EFEEIEK

KiZ T5EZoNEBBOABRESOTH S, NEVWERTE DTN TLE S REWMDBL 2 %2#
R E WOBRPNTICE S BT OB ZFHMET 2] 2 Eo/ce 2D TIDERIANTITE -2
Bt o8 2 RTEHEBOERL 20T OFlERTALS.

Definition A.1.6 (BFBI%ER). 7 — & (o, P, w, X) L ER 2 > 2 1T U CTHEE S(4, P, 2) %

S(d,z) =8(A,P,z) ={ned|(n P(z) =1},
S(d,z) = S(d, P, z) = #8(sd, P, 2)

TERTD. T THIFER 2 DZ v %, the level of sieve (fi7k#) Y FERZ 01D 3.




Definition A.1.7. EHOEE P L BABnITHLT, dLln>1451F
pmin(n) = pmin,@(n) = mln{P cP P | n}a pmax(n) = Pmax,9 (TL) = maX{p eEP 'p ‘ TL}

LED, n =1L TiE
pmin(l) = —|—OO, pmax(l) =1

LEDD.

Remark A.1.4. [£ETH %723, Definition A.1.6 IZBWVWT, ROF WX BRI T S ¢

(n,P(2))=1 < FEDpe P N[l z) L Tptn
<> Pmin(n) > 2.

DED, (n,P(z)) =11, TnAVNEIWRETEDTNZ L] WS T 2EKT 3.

Al4 ERRSRROFRA

b SRR OFHIE 7 5% 5 2 S ik B S 203, £7, BRI FHET & 5 & BN
DB ZFMITE 2 Z e 2R LTEI . Zhh LM DS Selberg DHEHIZZDEFEFTE ELLHD
FHli L 225 2720 DT, WFRBOEZICOWTIE LA 5 DFHEiDAE X 5.

Definition A.1.8. BHINTOEAFZ P EL ZLIZT 5.

Definition A.1.9. Sz > 112X LT,
m(z) =#{p<z|p: TK}

55,

Proposition A.1.3. 2 > 4 1N LT, ROXSICEZXONBHT—2%2EZ 5 !
o ol :=[0,2)NZ.

o P =P
o w(d) =1 CERER0 .
o X :(=1.

ZOLE RHMBEDID
(i) EEOBEAE d 1L T,
#olg = #x +E(d) BXY |E@) <1
DRALT 5. (JRFdett & 2 OFa7ETHi)




(i) EREDFER 2 > 2 1ITH LT,
m(x) < S(A, P, z)+ 2

DRALT B
(i) (€2 F—TREARTT) EEOFEE 2 € [27,2) ITHLT

S, P, 2) —1<m(x) <S(A,P,2)+ 2

HALT 5.

Proof.
(i). 4 Proposition A.1.2 % F(X) =X, z =, y =z ¥ ¥ IZAIVIUIHES
(ii). XK Z20E 32 2T (x HEROELES KL T 1 2MZT)

m(x) <#{nelz,x)|n: B} +#{ne2,2) | n: FH}+1

195, 2R LI TEREBT 2 ETHZ e 2FE 2HETHVW:. T2, KM [2,2) OFDH
REOMEBUIEDZD <[2]-1<2-1ThH3h15,

m(z) <#{ne€lz,x)|n: FBH}+(z-1)+1
<#{nelzr)|n: B} +2

2185, Ko THIX, (d 0ERFIEEE 1 L2F20woT) Ak
{nelz,x)|n: B} CSHA,P,z2) (A.1.6)
ZREIERV. 24U, Remark A.1.4 2B 0WHEIE,
ne{nelzz)|n:FEH} = punn)=n>z = (n,P(z))=1 = neSd,P,z2)
YHEATES. £oC, (A1.6) DD 10,

(ili). &,z >4hDz€[22,2) RDOT2>2ThH%. £oT, Lrb0iHii (i) 25665, Hrix
T s OF iz RHIE XV, AU E %

S, P, 2) C{nel0,z)|n:FJE}U{1} (A.1.7)

2R
S(d, P, z) <m(x)+1

2EZ2HHEV. 2, 2 € [22,2) ¥ Remark A.1.4 2BV,

ne S(Qﬂ79~‘7z) = Pmin(n) > 2 = 252 < H pr=n<zx
p¥lln
log x <

2
logz —

= Q(n) <




= Q(n)=0orl
= n=1%Fk&n: EH

LHERTE S, Ko T, (AL7) DD LD,

Definition A.1.10. ¥z > 1 12N L T,
mo(z) =#{p <z |p,p+2: KK}

Bl

Proposition A.1.4. ¥z > 1IN LT, RDXIICEZONZHT —X2%2EZ 5 !
e d:={nn+2)|nel0,z)NZ}.

o P =P
o wi=wp. LELIITF(X)=X(X+2)e€Z[X]. (Definition A.1.4 ZZH.)
o X =u.

ZDEE, RHBEHILD !
(i) £ p LT

1 (p=20r %),
w(p) =
2 (p>20r %)
DAL T 5.
(i) FEOEAR d 1T LT,
sl = #X Y E(d) BT |B(d)| <w(d)

DALY 5. (RS E 2 DR

(ili) FEEOFE 2z > 21T LT,
772(1‘) < S('QLE)])az) +z

AL T 5.

Proof.
(i). Definition A.1.4 225
w(p) = wr(p) = #{x (mod p) | z(x +2) =0 (mod p)}
TH B, L/pL 3K 25
w(p) = #{0 (mod p), =2 (mod p)}

TH5. HriZ0=—-2 (modp) LRHZDH p=20DL FTH5 I LICAEOFNETREE 5.



(ii). Z4UZ Proposition A.1.2 % F(X) = X(X +2), v =2,y =12 £ & HITHVIUINES.
(iii). XKEZEDET 22T (z,2+ 2 PFRBOBEBMEKEL T 1 EMZT)
mo(x) <#{n € fz,z) [nn+2: TR +#{n € 2,2) [n,n+2: W} + 1

2195, RELIZTEBENT 2 ETHZ e 2F 2HEATHVE. T3, K [2,2) OHDH
PEOMBUIZEDZD <[2]-1<2-1TH2»5,

mo(z) <#{n€lz,x) [ nn+2: B+ (2 —-1)+1
<#lnelnm) | mnt2: BB 42

2185, Lo TR, (4 DERIIEHE 1 LoFkR2woT) daBfk
{nelz,z) | n,n+2: T8} CS(A,P,2) (A.1.8)
FREIERWV. 24U, Remark A.1.4 2B WHEIZ,

ne{nelz,z)|nn+2:FH} = pum(n(n+2)) =min(n,n+2)=n>=z
= (n(n+2),P(z)) =1
= nedd,P,z2)

YHERTE 5. £oT, (A.1.8) LD IO, O

A.2 Eratosthenes—Legendre MD&f
A21 FEERBRBICEY 3 %(R

Definition A.2.1. HARE d,n iIX LT

dlln €L d|ndo (dn/d) =1

LEDD.

Remark A.2.1. BH&E n, B p, FEEBE v I LT,
p’lln <= p’|n o p'THin

DED, P | n DY E n OREESRICHNS p ORNEDIMIZ v THZ. (w=0%ED3.)

Remark A.2.2. DI#%, ZZESICEZMEE (ML B kzhzh o 1 e ERET 3.

10



Lemma A.2.1. SEENBEE f & BRE n T LT,
S f(d) = H(Zf ) T+ 70) + -+ 7))
dn pviin Ne=0 poin

DPEALT 3. (ZZTHEDEEIENRE p" THoTveNRBZBDIIES, D% b n BZEEES
RL7- ZICHNBZERE pP TS Z 2 ICHERE.)

Proof. BBOEEE f OREMESS f(1) =1 THZOTHSD. BHDFELTRT.
FF on=10r EFREIEAPLRDOT, n > 1 LELT IV, BRY n OZFMS HE

n=pyt-pir, rE€Z>1, D1y pr HWVICERBRDZFL, v,..., 0, €N (A.2.9)
LELZXIZT S, TEE, n OREIE
pyteepyr 722l e €{0,1,...,u;}
EWVWOTBOERBINRTTHS. XoT,

Do)=Y Zf cepgr
d|n

81:0 ET—O
LEZEES. 5L, fORENEDLS

ST = 3 3 ) ) = (3 1) ) e x
d|n e1=0

61:0 GTZO

3 )

e,r,=0

285 HeEp, .. D1, v B (A2.9) THEZOHNTW2Z 22 EVHEBIZREW. O

A.2.2 Mobius F9%k

Definition A.2.2 (FAER).
HRE n DY DEHDOFHTHERLR WL X n 1ZFEHER (square-free) THB L E S

Note A.2.1. BARB n PR TH 2 i3, VBRI TANR, n ZRRB ML & 2128
NDIBERZDIEHDTRT1ITHE I ZEKT 5.

Definition A.2.3 (Mobius B8%). BGEmAIREEL 2, BB n 1ITX L T,

) (1) n2r HOBEWCERZFZBOMTH L% (r € Zso),
pn = 0 ZhbUt

11




TEDD.

Notation A.2.1. £ P icnt LT, 2044 1, %

1 (PPEDOYE %),
Tl o Papors)

LEDD. G PICHN S ZROBR e A5 .)

Remark A.2.3. FETH 205, BRI n LT
w(n) #£0 < n:square-free
TH5. &-oT, Mobius BB 0, £1 LaEICE RV 2ickiE2F U
11(n)? = Ln:square-free

THEIeDDn5.

Proposition A.2.1. Mobius B¥UIRENTH 5.

Proof. £3, 11X 0HOHEWICELRZEZBOERDT u(l) =1 TH3. XoT, HNCEZHAK
m,n BERIZE D, p(mn) = p(m)p(n) TR IV, BOVIRELRERE m,n 2EEICE 3. b L,
m,n D5 SPIETEFE TR ITIUL mn BFEFEFRTRVDT

p(mn) =0 = p(m)p(n)
%%, 5L mn 5 LB ELFWERTHIUL, m,n IZEVIZELEDLS
M=p1 Pry, MN=Dry1  Pras 12720 DiyereyDryPrdlye oy Pras i HWITER R 2 B
YT 20T, Mobius BIBDER LD
p(mn) = (=1)""" = (=1)" - (=1)° = p(m)u(n)

2135, ZIHT, EOHED pimn) = p(m)u(n) HnEi. O

Lemma A.2.2. BAE n 1L T,

Z /’L(d) =1p=1

d|n

PALT 5.

12



Proof. Proposition A.2.1 X H Mobius BIBUIRIENZ DT, Lemma A.2.1 ZHWVW3 Z ¥ I TE,

> ould) = T+ up) +-- +u®))

dn p¥lln

Y725, T 2T Mobius BIFOERE BV HHEIE

ZN Hl_l):]lnzl

pln

EFRPFEONS. (IR 1 RT3 LR L T\

A.2.3 Eratosthenes—Legendre D&

Wk, ZOERORIIDHETH % Eratosthenes—Legendre D OWTHTAS.

Theorem A.2.1 (Eratosthenes—Legendre D&f). fifi7—& (A, P,w, X) LE K 2 > 2 1T LT,
S(A, P, z) =XV (z)+ FE

V)
2=y % BIE E= Y p(d)E(d)

d|P(z) d|P(z)

LY HITMILT B.

Proof. ERBIBODEFR LD

S(d, P, z) = Z 1= Z Tn,P(z))=1

ned ned
(n,P(2))=1

TH3. 22T Lemma A.2.2 ZRHVIUT

Lopeny-1= Y, wld= > ud

d|(n,P(z)) d|P(2)
d|n
72025
.99 % 3 u
ned d|P(z)
d|n

TH3. ZZTHEANEZT (Remark A.2.5 2RO ¥)

S, P,2)= > p(d)Y 1= > p(d)#sla
d|P(z) ncsl d|P(z)
In
2135, mBRICRARA

#da = @X + E(d)

13



ZRATHIZ

S, Pz2)=X Y uld)w(d) + Y Wd)E@) =XV(z)+E
diP(2) diP(2)

z2155%. O

Remark A.2.4. Section A.2.4 TEH LK DNR3B (I F—TIIRXF) 53, Theorem A.2.1 13#i
BhrEATE5 25—/ CilEHE
E= Y wd)B@)
d|P(z)
CEENBZEBNZ T EC, IEFIT/NE WV 2 TSR VIR D | BRETHOHIHN T ATRETH D, EH
LixH g DT,

Remark A.2.5. Theorem A.2.1 DFFRRICH % X 5 D ANE X

oD ud =D pd)Y 1

ned d|P(z) d|P(z) ned
d|n d|n

ERD & 5 IRHERIRE -V & R0 L & d | n i 3SMUIOFI D2 e AR MO ZE R o
D EENDZFM720DT, 2O XD REAZRIEBEEICE 22 T

S wd)=>" > pd)yn

ned d|P(z) ned d|P(z)
d|n

9%, 25 LTLERIZAMOR & AMIDOFNIIRITICIL 5 7o DT, BIZ
S wdy = > > p(d)Lyn
ned d|P(z) d|P(z) ned
d|n
CRIEANBEZ D e TE L. I5IRFEBRREMOLKMFICR L THIFIE

oD ud= D> ud =Y wdd 1

ned d|P(z) d|P(z) ned d|P(z) ned
d|n dln dln

2155, EBIIRERBEEALLS TS, TAMOM & AMIDOFI DM T H T < % 53N
BN EEME2 ANEZ 5] LB TLEoRIZIDVEEDIIETDH 3.

Proposition A.2.2. Theorem A.2.1 DFKED N,

Vi(z) = H<1—”(p))

pPEP p
p<z

14



ARD RYAS N

Proof. #GatIBEEK
N R; dr AD@)

3L DT, Lemma A.2.1 MEX T
viz)= ] <Z “(pe)w(pe)> (A.2.10)
: - pe
pYl|P(2) “e=0
Z218%. Lo L, P(2) 3 FEHERLRDT, (A.2.10) OHEHCHNEZFZRZEZv=1DbDDATHD,

- I (-5 () - 11-)

p|P(2) plP(2)
p<z

A.2.4 Eratosthenes—Legendre DEEDFFM (&2 X F—TIFRILT)

Eratosthenes-Legendre Offi (Theorem A.2.1) %R 2 ¥, FBIE S(oA, P, 2) & XV (2) TELT
E7- K51 R TL %. 2T, Eratosthenes—Legendre OffizAWT, 52 672 o LTDHR
BOMEE m(z) ZFHE$T 2 Z e 2ilATAH LS.

& C, Eratosthenes—Legendre D% VT 7(z) DiiflZEAATA X 5. Proposition A.1.3 DIK
MEERD. WKE 2 % 2 € [v7,2) OFIFAIC L UL, Proposition A.1.3 @ (i) & b,

m(z) — S(el, P, 2)| < 2
TH5. X512 Theorem A.2.1 FHWIUL
m@) — (XV(:)+ B)| <2 £EL E= Y u(d)E(d) (A.2.11)
d|P(z)

#18%. ZZTE ¥ 2 2#E77 e A7 LTLE AR, Proposition A.2.2 £k b
m(z) = XV(z) ==z ] (1 - > (A.2.12)

WM ERLZICRS. (ZZTr2WVWIREEE, TehHATZORMUPEKILT 2 BB ]
BEOEKRTHWTWS.) RICED S Mertens DEMDFEAER FHWiuX
—
H<1—1>~1€ (z = o0)
ot D ogz

Wahd (FEOE I F—TFAEHALRWY) . 27210 2 2T v &5 Euler-Mascheroni B

, 1
= ngnoo<;V ~ —log N) = 0.57721566 - - -

15



rELWV. XoT, (A212) kD, 2 =2 2 THEIUS

R D e
m(x) ~ e log 2z € log

PEONLIIICRZIS. ZRIEROBEAFMDORLBEHIZTNWS .

(A.2.13)

Theorem A.2.2 (RBUEE (Hadamard (1896), de la Vallée Poussin (1896))).

7(z)

~ gz (x — o0).

Lo, BODDWEEITTREE5H - Hid
277 =1.12291896 - - -

BODT, BiZfE72 (A2.13) BHEBEHE (EREZT) BLESTWSIDTHS ! (212D, FiK
W 2= a2 LIBARDIED, 2z €[22, 2(logx)2) OHEFINKL S E A 2 T LOFERIMTI L
TLEW, 2z DEEMEODFIEL (A.2.13) DEZT ST ZENTELDOBMAPLELV.) —hy Z
THEZZDTH A S D
FiX, (A.2.11) BN 3%
E= Y u(d)E(d)

d|P(z)

PDRETELZDTHS | EBE, Proposition A.1.3 D (i) ZHWTH, Lemma A.2.1 55

Bl< 3 p@?= [ 2=2

d|P(2) p|P(z)

Y722, O 2 > 22 EROHBIE, BEEEL S THAD 2 T, PR D
27‘((2) Z 23’,‘%

LY, x/logr MEOREZZDOFEHIIEELTLES | IRDIENE, RSGMHTH 2% Proposi-
tion A.1.3 @ (i) T E(d) 3 FEEHHICHANThE K, B4 TRRFAEHE] L A5, Eratosthenes—
Legendre Ofifilc & F M 2 HEHMRIINIED 5K BOMGEE E(d) 2 $ 5 —75C, TEIHIZIIM
BRATBHLAWHRZ o770, 3RAEED EHHEBIILE RS LWV o kB UICEEIHEZ ER
L7z, W bIITH 3. 20 HiLLIEDHITED 7 —< 1, N2 LT Z ® Eratosthenes—Legendre
DEDORRERDBZ 20 , 0% D, FHRREE OHIEZAMNIC U TAREICT 250 WS Z i
bH5.

A.3 Selberg D&

Eratosthenes-Legendre Dffi D RHZ T DR Z 27D DEARNZ 7 4 7713 T (EEKOMWHAX %
FHOTER T2 6 OFEICHA T TS KW LT) Mobius B#E & b #iE 0 RWEIEL T2 Mobius
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B WEEMATLED ) WO bDTHS. Fiic, TH Mobius Bi%y 0B (HAS 0 TRWEHEH)

ZHIRS % Z & T, AEHE
E= Y w(d)E(d)

[P (=)
D d OFIPHZ L D /NS WHIPICHIR L, BEHOBE R ZMA 2w Zeilksd. Zhld—77
T Eratosthenes—Legendre OFiDOETIHTH 2 XV (2) L TLES O T, FTHRHEDHIHD E 27
AU S0,
A3.1 Selberg DEEDT AT T

Selberg OEITD T Mobius BI%1 O1ED FIEROIFFE ICHMRBEICE S

Lemma A.3.1. RO DEEZ 3 .
o EHDHIHESR P.
o FE 2> 2.

ZorE, KEIN (Ma)ajpz) TH-T,
M=1 (A.3.14)

BE5bDEEZD. ZOLE, HREN | P(z) LT,

> p(d) < (Z /\d) i (A.3.15)

d|N d|N

TH5.

Proof. N =1 ThahBEmrTHENIETS. N=1 0¥ 2iF (A.3.14) X
2
Zu(d) =1 »> <Z)\d> =\=1
AN d|N
BROTERIIZBTITS. N>1DE %X Lemma A2.2 ¥ \g BEBETHLZ2Zh 5
2
Su=0< ()
d|N d|N
2155, O
Z® Lemma A.3.1 & D, #iIEBD L& D2 E 2 5721372 5, Mobius BIEBORIEITIE 2 F1

2ARERX (A3.15) ofl



D% D T Mobius BI% OMEBICEAZMICEZMMR 2 2 M TE 3.

L2 L, Lemma A.3.1 ZIEFHICHMTH 2. Lo TWIDREERDEHDBLTIEATHZ LW
ST DIETHS. TN TEKD S upper bound sieve BMENDZ DIZEXTHE, bBHAA
D BATHORTI IR SR VDIREY L (A\) OB TH 2. £330 £3 Lemma A.3.1 THS

NAER 2 GBI HW TR o N 57 Hiiz R TA S -

Proposition A.3.1. XDBDEEZ 3 :
o HiF—X (d,%,w,X).
o R, z>2.
o FEHBH| (Na)gp(z) TH-T

M =1 (A.3.16)
D
B5H0D.
ZDLE,
S(d,%,2) < XV +E
> w(] )
d17d2 N
= ) FE = d d
1% ) dZ: Ay Ay — 17—+ . da] BLU Z Ady Ady E([d, do])
1,d2|P(2) di,d2|P(2)
di,da<R di,da<R
e b hIo.

Proof. Lemma A.2.2 ¥ Lemma A.3.1 &b,

S, P,2) =Y Lppep-1=Y. Y. K Z( 2 /\d>2

nes ned d|(n,P(z)) nest Nd|(n,P(z))

Z21§%. ZIT2REZMIFE FIDOHRDHTTITOWTIE Remark A.2.5 25

SE,P2) <Y Y > XA = > Agda, Y1 (A.3.18)

ned dy|P(z) da| P(z) d1,ds|P() nes
dl\n dQ"I’L d17d2|n

&%, 22T dl,dg | n <— [dl,dg} |7’L 7::737)6, %ﬁﬁ%ﬁb’a’:ﬂﬂh\hbi, (A318) ARY5)

S(Sﬂ, P, Z) < Z /\d1 /\dz #‘gﬂ[dl,dﬂ

dl,d2|P(z)
dy,d
=X Z Ady Ady ﬁl 1d7D + Z Ad; Ay E([d1, do])
d1,da|P(2) 2 d1,da|P(2)

2185, WRIC (A3.17) IR DL FIRES 5.
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A32 EFEEOXMAI

T, 54X upper bound sieve 2R L T\ % 728, Proposition A.3.1 T® upper bound D FE
JH XV 272 5_XL/NEL Lwvw,. 22T, Proposition A3.11ZH5 K51

d13d2])
= E Ady A A3.1
Y di,d R A [d1, do] (4.3.19)
1,d2|P(2)
dy,d2<R

THBN, CHE AN EBEERY T2 “RBRTHS. EoT, RAVDTANEC LI, FIHEHE
(A.3.16) DFT KIER (A.3.19) ZR/MET 5 2 THS. ZORMED7=DIZ, 913 (A.3.19) %
et LThA LS.

Lemma A.3.2. SEENEE f & B m,n TR LT
f(m)f(n) = f([m,n])f((m,n))

AL T 5.

Proof. ¥ p £ BAE N TR LT, AT v,(N) &
™) | N
TEDD. Tdt, BREDWHE2EZHZ LT
n) = [1re ") T =)
— ﬁf(pmax(vp(r:),vp(n))) Hf(pmin(vp(mxvp(n))))
P P
= f([m,n]) f((m,n))
z215%. O
EF (A3.19) OHF T dy,dy DEBESLD w(p) =0 L RZRRB p 2FO X5 R 0 2DT,
P ={peP|wp) >0} BXE® P(2)=[]»

pEP™
p<z

rELZRITR

w([dy, da])
V= E Ay )\, A1, 92])
BN ]

dl,dglp (Z)

dy,d2<R

YIRBIEICIHEETS.
—HRA TRV, ROFGEEHAELTEL .
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Definition A.3.1. ¥GHIEIE ¢ N FEABBHEER LTS LT,
n € N2 EAEH TRV — g(n) =0

YhBZeRES. (F NG HETIERV.)

Remark A.3.1. ‘FAEREE AL T2 RIENEM g 2 EFRT 2 IR TOME
g(p) (p: FE)

DAHEIRETIUT IV, GREB D FE & —BIED RS,

Proposition A.3.2. Proposition A.3.1 ¥ [@ LR DR,

V= Z )‘d1 >\d2 7w([d1’ dQ])

d1,ds| P* () [d1, d2]
di,da<R
LT
V= > gy
r|P*(2)
r<R

DRI HERREIC B 2 RO RIEHIRER. (BREE L TN 5)

__w(p)
p—w(p)

& (0 <w(p) <p 2WS5MHD Definition A.1.2 TIREZINTW:) BHEH

g(p) :

uir) 3 Aawld) - pey o s,
9(r) yot,, @
Yp = d<|é?, (A.3.20)

0 ZhLSt

THZ BN (yr)ren £ BICHTTS.

Proof. Lemma A.3.2 ¥ P* DEFR LD

)\d UJ(dl) )\d u)(dg) (dl,dg)
V= E ! 2 A.3.21
wdgpr B de w((dr,d2)) ( )
d17d2<R

Z1$%. 22T Lemma A.2.1 XD, FEEE d | P*(z) I LT

ﬁ: wz(;):H(Hp—w(p)):g(Hﬁ(p)):Zu(r)

w(p) 9(p)

20




2185, ik (A3.21) ITRALT

Aa, w(dy) Ag,w(dz) u(r)?
VoY w5
d1,dz| P* () ! d r|d 9(r)
dy,das<R

_ pu(r)? > Ay w(dp) Agyw(da)
g

P (2) () d1,ds| P*(2) dy d
r<R di,da<R
r|dy,da
2
w(r Aqw(d
= an (B X D) = S g
- g(r) 4 d -

r|P*(2) d|P*(z) r|P*(2)
r<R d<R r<R

r|d

Y ERERD. I TREDANIEM r | P*(2) 25 FEHEGBOAIES Z & AV, O

Remark A.3.2. Halberstam-Richert [4, 3 (1.5), p. 99] & tkX % ¥ | Proposition A.3.2 Tl
yr DEBDLEST DD ANV T TH 5. Z4HE Maynard [5] D notation & &bE7Z LITH
k3 5. £z, Proposition A.3.2 TOEGHMIBIEL g 1 Maynard [5] @ Lemma 5.2 @ g & 135
%% (FRBOBRICIZoTWS) ZEIKHEET 5. & LA, Maynard [5] @ Lemma 6.1 @ g 23
Proposition A.3.2 @D g IZXIET 5.

A33 FEHBOFHRE
X T, Proposition A.3.2 THzx & 7-%K

V= > gy

r|P*(z)
r<R

MILAZ DV DXL TH 3729121, Proposition A.3.2 THWI-ZE A

w(r) Z Aqw(d)

DIRHRNEED D B 03, ZAUIRDIED Mobius REEATUICE D 5 R 2 Z e BT E 3 (H LT Maynard
DX [5] TS 7= DB EHIRE RLET) ¢

Lemma A.3.3 (Mobius REERTN). BRE k & 2L OEGRIIBIEL
AY:NF 5 C

THoT, ROFZKMNZMITHDEEZS !
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(1) BERIVBEE A Y BRERZ L IR T BRI G 28>, 2% D
Ny,...,Nk DENDPIEFEZ TR — A(dl,...,dk),Y(Tl,...,Tk) =0

RS WRYASH
(2) BGRETBIEC A, Y OBRERTH S, D% D
#{(dla"'adk) € Nk |A(d17~~-adk) %0} < +00,
#{(rla"'ark) € Nk | Y(rlw"a?ﬂk) 7&0} < 400

NS AIRYASN
TDLE XD 2OIFE :
(i) EEDF G T1yeeoy Tk LT

AN RYACRES
(i) ROV dy, ..., dp LT

A(dy,...,dg) = (f[lu(di)> 2 Y(ry,...,rk)

RO RYAS N

Proof. XFEL D (1) = (ii) 2RBETHRDT, ZhDAERT. EBIC (1) 295K L7z 2 KE
T3, Fdr, FHEGED di,. .., dp 3L, (i) B2

Z Y(ry,...,r) = Z Y(dima,...,dpmg)

dilTi (Vl) mi,...,Mg

Il
N
Py
1=~
=
=
3
N
N
=
2
o

mi,...,mg Si=1 d;m;le; (Vi)

Il
]
/_\
==
7;
Q.
)
v
M
>
E“
S
E
=
3
s

MYyeny mr =1 7 ni,..,

CEZEES. ZITARBEREHI LGB E BRI ODOT, MIOZEBIZ (d;,m;) =1 LS55
HERLTHRV. $2L,d1,...,d, & FHERZD 6, Mobius BIBOFEM LD

(f[lmd») > Yeweom= ¥ % (ﬁumi))mdlmlnl,...,dkmw

di\n‘ (Vi) ..... ME ML yeeey ne =1
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k

- ¥ A(dlul,...,dkuk)<H > u(mi))

UL yenny Uk i=1m;n;=u;

Y%, AT (i) AURE N, O

Proposition A.3.3. Proposition A.3.2 ¥ A UKD T, (A.3.20) D%

Hd| P (z) o d<RDOYEFLT 5.

Proof. ¥ (A.3.20) 1%, r | P*(2) D& &

g(r)ye = u(r) > /\‘MT@ILdm*(Z)

T‘d d<R
¢ Lemma A.3.3 D (i) DFICE T 5. £ZT, Lemma A.3.3D k=1 DHE

Agw(d .
A(d) = 222 d( )]ld|j*1(%z) B Y(r) = g(r)y.
<

LEBITHVWAW. ZRICIE, Lemma A.3.3 D&M (1) & (2) 2MIrDZ2BEXDH L. $F, AITD
WTEZ 2, & (1) RMEREBOEME d | PH(2) 2 5SROI L, 2608 (2) 13RI D504
d< R 7o omcHars 5. £, Y o L TIE g OER (A.3.20) 76

r{P(z) %¥%i& r>R = y.=0 (A.3.22)

oM (1), (2) EHIT 5. £oT,d| P*(2)2»2d< ROt % Lemma A.3.3 D (ii) »5

d Agw(d) u(d)d
= D gy = O .
L M w20
2155, BRI, GO Z (A.3.22) Z AW TR ST FRZ1G 5. O
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A3.4 BIVLRIE

PULET, FAc OR/MUBBEIZRD & 5 IR TE S !

Proposition A.3.4. Proposition A.3.2 ¥ R UKD R,

Ga(w,2)= Y g(r) (d|P(z) BXE G=Gi(R,2)
r|P"(2)
r<z
(r,d)=1

EBL.TrE, “XERX

V= Z Ady Ady w(ldh, d]) = Z Ady Ady M

dy,da|P(2) [, o] dy,ds|P*(2) [d1, do)]
dy,d2<R d1,ds<R
% il St
A =1
DRTHRMET B (Aa)ape(2) 3
d<R

)

pld b

THEZBh, 20 (A323) DFTV IiE

Qlr

EWHEEES.

Proof. Lagrange DARERBIE DX 25, Z ZTl& Cauchy-Schwarz DRER & Z DES BN
BRWIAIEZES . 2R (A.3.20) OHZEHUL Proposition A.3.3 THZ bhiz. K

Al_% S gy = > gy,

r|P"(z) r|P*(2)
r<R r<R

TH3. XoT, ¥tz 5% % Proposition A.3.2 ZEHWHHIZ,

% RISt
> gy =1 (A.3.24)
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DRTR/MET R EBEZNEIRVL. 2Ok &

r|P(z) = g(r) =[] “)
R TR, Cauchy—Schwarz DAEXD 5

=X Jmm)s <T|PZ*<Z>9(T)%%>< > o) (A.3.25)

r|P*(z) | P (2)
r<R r<R r<R
185, £oT,
1
V= 2> — 3.
D 9w = 5 (A.3.26)

r|P*(z)
r<R

218%. ZOFFIX (A.3.25) THW Cauchy-Schwarz FERDEFEE WIS D LD L ZITHE
X3, Cauchy-Schwarz FERDEFESIIEZ TV EEE (RNT Fv) PFEATRE BIEREINS.

OFD, HEZER Lo T
Va(r)yr =c/g(r) <= y.=c

DIRTDr | P(2) 22 r < RZZEARE r WL THRDIIDL &, (A.3.26) DFESHRILT 5.
ZNEHIFIGME (A.3.24) OHFIZ AU

1
L= > glye=c Y g(r)=c G~ c=7
r|P*(z) r|P*(2)
r<R r<R
5. DFD, (A3.26) 1
1
yr_a (T|P*(Z)’ 7‘<R)

D FFEREND. Z ZIT Proposition A.3.3 ZHWVWIUX, d | P*(2) D d< R7%% dIiZHLT,

w(d) £ o=
r|P*(2) r|P*(2)

r<R r<R

d|r d|r

2185, ZOREBEOMICT r & dr I2B 2R

A= LHDL S

G w(d> dr|P*(z)
r<R/d
2h g FFT R A Ro DT
_ 1 pld)dg(d) _ p(d) Ga(R/d, z)
MTE W T;(Z)g(r) ) H<1 - W(p)) ’
r<R/d p
(r,d)=1 pld
2185, U ETFRIME SN, O
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A35 RE )\, OFHE

& 512 Proposition A.3.1 TOFREFL Z1T 5 7212, Proposition A.3.4 TH LN E#IR Ny D
x5 2 THL

Proposition A.3.5. Proposition A.3.4 DIRHDTF, (A.3.23) THZ BN A\ I LT,
‘)\d| <1

Hd| P (z) o d<RDYEFILT 5.

Proof. Proposition A.3.4 TH x &47=H/1

G= > gn)

n|P*(z)
n<R

ZOWTER 5. ZOROHEE ¢ = (n,d) DETHET 5 &

G=3"3 g =3 3 glen)

eld n|P*(z) eld en|P*(z)
n<R n<R/e
(n,d)=e (n,d/e)=1

L2, TOMTIX g BWEFEGREE BRSO T, g DFEREED BVWHLT

G=>"gle) Y. gm)=>gle) > gn)=> gle) > g

eld en|P*(z) eld en|P*(z) eld n|P*(z)
n<R/e n<R/e n<R/e
(n,d/e)=1 (n,d)=1 (n,d)=1

(n,e)=1

219%. 4, FHIIELOT

=Y 00 Y an) = (Zg<e))cd<R/d,z>.

eld n|P*(z) eld
n<R/d
(n,d)=1

BRI d| P*(2) 5 d PFHEFTH 2 Z 2 IERLT Lemma A.2.1 2213

1
G>|1(1+g9(p)Gi(R/d, z) = Gq(R/d, z) = G4(R/d, z).
5 ’ E(p—w@)) ‘ H(l—“g’)) ’
pld
£oT, (A3.23) &b e .
(r-=7)
2155. O
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A36 BROFLD
Moz £ DT, ROFMREES ©

Theorem A.3.1 (BEARZ Selberg DFF). XObDEHEZ 5 !
o HEF—& (A, P,w, X). £
P ={peP|w(p) >0} BLL P (z):= H P

pPEP
p<z

rEIZLICTS.
o EHM R, 2> 2.
o FHEEREICH & OFIEIIBIRL

0 (2L

TERSINDDD. LT
G(z,z) = Z g(r) (d] P(z)) BLY G=Gi(R,2).

T|P"(2)

r<x
(r,d)=1

DL E, RHWHILD !
(i) R L & O
S(sd, P, 2) < g+E

WIRARIE
Ei= > AAs,E([d,ds])

dl,dz‘P(Z)
di,da<R

Y HITH D ILo.
(i) fEED d | P(2) LT, M| <1 TH 3.

w(d) Ga(R/d, 2) (d| P*(2) 2 d< RDY ¥),

Proof.
sition A.3.5 TRENT.

27

FHifli (1) 122V T, Proposition A.3.1 12 Proposition A.3.4 #FAWiUIREW. (ii) 1& Propo-
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A4 EBEAFBZL Selberg DERDIGHA | — R DAL

Selberg DEIDIGH E LT, £31& « UTORMDMEE 7(x) DFHliZH{TAH LS.
ROAHE % UEf T 5

Lemma A.4.1. 8z > 11T L T

DRI 5.

Proof. B3t u— L3 u > 0 THIHIHEAT 20T,

n<x n<x n<r

ThH?b. T, n<cRB2ARKIL, ..., [2] -1 TIRTERDT, I RMEDRIFT

1 1 d
Sz [ = togle] 2 loga
n 1 U

n<x
185, (Z2ZLZZT, [z]E [z] =min{n € Z | n >z} TERINZ KHEBTH3.)
TRERC m(z) ZFHE L TAH LS. ROKRI, EBAE2PRE, REBCEM

xT

()

~ —
log x (z = 0)

CAFEOFHEiZ 2572 TED LD, T I LWL TVS !

O

Theorem A.4.1 (Chebyshev). E# C > 1 BFAEL T, FEH x> 2 1TH LT,

T

<
mw) < Clogw

RO RYAS N

Proof. Proposition A.1.3 Dfii7—% (4, P, w,X) ZHW3. §5% &, Proposition A.1.3 ® (ii) &b

m(x) < S(A, P, 2) + 2

Ths. ko T, GBI S(d, P, 2) % L &FHE L7

Selberg Dffii (Theorem A.3.1) ZHAW3. T XX — R > 2 2L, Theorem A.3.1 &b

S(d, P, z) < X

X
A p-".p
ctt=aT

(A.4.28)

(A.4.29)




WL T 3. 7272L2 2T, MG

; w(p)

G = r) 7L = A.4.30
ru;z)g() 9(p) p— ( )
r<R

rEREH, BAEE 3
E= Y XAaB(di,ds]) %EL A <1 (A.4.31)
dy,d2|P(z)
di,d2<R

TERENS. KT, (A4.29) OEDEFIT L, G & E OFFHliEIT>.
7, GOV TER 3. fl (A.4.30) D&M | P*(2) BIRD NS HVDT

R:==z (A.4.32)
b, g(p) =0 < w(p) =0KEFEELT,
G= > glr=> g (A.4.33)
e "

CHMLLTBL. 5, AFEEIXw)p) =1 TERINTVWEODT, (A.4.30) &b

MEALT 5. 22T, BB ITH LT, ZOERBSROIERZIRT1LICLEZd0R
k(n) = Hp
pln

EHIR, FHREORER ¢ ERBOMRO—EELD,

1 1 1 1 1
=I5 "I+ )= X - X4
plr plr pln < p|r k(nﬁ:r

2185, kL hiFtud, (A.4.33) i& Lemma A.4.1 ZHWT

1 1
G=) ur)?gr)= Y ~>3 -~ >logz (A.4.34)
r<z k(ng<z n<z

E TR HFHETE .
R, BATH E Td %75, Proposition A.1.3 D (i) & [N\ <1 % (A.4.31) KAWL,

El< ) 1< ) 1<R’

dl,dzlP(Z) d17d2<R
di,d2<R
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YAMETE 3. 4 (A4.32) TIRDZEIC R =2 LEBATVENS
|E| < 2°

2155,
LLED (A.4.34) ¥ (A4.35) % (A.4.20) 1TV

+ 22

A, <
(%, 2) < log 2

2185, Ik X 51T (A4.28) ICHWIUE

x
< 2
m(z) < Tog 2 +2° 4z

219%. —H, o 3 +oK Ficz>8 &L T

Wl

z=x3 >2

(A.4.35)

(A.4.36)

YHoTHS. FHX > 01EHL, log X < X 2L Llog X =log X5 < X5 B0 2H5

2x 6x
=<

205 = 22 <
r3s ~ logx

2242 <222

2155, koT,z>8Dk % (A4.36) 25
3z 6x 9z

< < >
m(@) < log x + logz ~ logx (z28)
HEoNs. —7, HEEZH TG 5N 5 FHl
. x
min —— = =e
z>2 logx logz /|,_.
v, . 0
x i
<8< — < <zr<
mw) <8< elogx ~ logx 2sz<8)

TH3. koT, (A437) ¥ (A438) D, C =9 LHAUETEDHIT 5 2 LA 5.

(A.4.37)

(A.4.38)

O

EF D Theorem A.4.1 DFERATIX, Eratosthenes-Legendre O fifi A3 2 B U 7= 52 43 T8 o il £l %2

Selberg D7 A4 T 7 BRFICH LZRIFTW2 Z e A THIN 5.

A5 Mertens DFEIE

A.5.1 von Mangoldt B8%&

i T, FiEZ VT n(z) D LS OFHIEC I Lz, L L, 2O F FCTERFEHBICE T 20k
RRETRTOIREHELZOT, OFEEZEZTA LS. FHE WS DIFERBUCERE T AR 5L

DEIWERLLDDTHS. ZZTHAMn ITHL T, ZOXRERBIHEEZENTHS !

n= Hp”.

pv|In
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I HR D VDIRRBICE LI MOMDFNTH 2. LirL, LORRE BRI HEIEEZ S
WCHRZ%. 22T, Bz2MICETARL log 2o ThAD L

logn = Z vlogp

p¥lIn
LWHEAEES. ZZTlogp OHIORETF vid p ¥ n ZEI2EELEH, S, Z0HEXE
logn = Z logp (A.5.39)
p¥In

LHEITE. ZOFEREIRD XS ITEFE XN S von Mangoldt BIEUE S © & b f#iRIcE T 5.

Definition A.5.1 (von Mangoldt B8%k). von Mangoldt BA% ¥ M. 2 FGaRfBIE A %

A) { logp nPHEEp D 1RXUEDREFD L =,
n) =

0 Z=hbt
TEDD.

Proposition A.5.1. HAE n I LT

logn =Y A(d)= > Ad).
d|n

dm=n

Proof. Z4UZ (A.5.39) ZEXMR 72T DEXTH 2. O

A5.2 Mertens DFEIE

Proposition A.5.1 OFRIT X T, T4 D & Hlo TV A MBI e FEDFE SO0z, ZDFK
% Mobius KEx% FWT A(n) ICBILT M#EL ) 22 BAMRETH 328, SlHE X 720 OXELRICTE 21
DT, 4L Proposition A.5.1 THZEFXEEL LT XS, RE®EHELTHL.

Lemma A.5.1. Sz > 21 LT

Zlogn:mlogx—:c—i—O(logx)

n<zx

DILT 5.

Proof. MR OEAREH K D
T du
logn =logx — —

TH5. AT, DDz Remark A.2.5 25E&I12 LT

Zlogn—logx21Z/:i?—[x}long/lm]lngu?

n<z n<x n<z n<lz
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= [a] logx—/ (Znn@)du

n<x

— [Jc]logx—/lx(z 1)‘3‘

n<u

z[x]logx—/lz[z}du
:a:loga:—/lxdu—{x}logx—i-/lz{Z}du

:xlog:ﬂ—x—{x}logw—i—/ @du—l—l
1 u

7203
xr Id
f{x}logx+/ @du+1<<logx+/ £+1<<logx
1 u 1 U

oo FEREHE5. O
T3 &, xR -5 72421 Proposition A.5.1 DFERX%E L] 2 XBELNS .

Theorem A.5.1 (Mertens MEIE). F z > 1 1TRL T,

A(n) e logp
> - =logz+0(1) BXU > =logz + O(1)

n<zx p<z

DMILT 5.

Proof. & x > 2 T TAUIE .
¥ 31 von Mangoldt BIEUICEE S 212> 5% X 5. Proposition A.5.1 &b

dlogn=> Y Ad)= D Ad)=) Ad) Y 122A(d)[ﬂ

n<x n<x dm=n dm<z d<z m<z/d d<z

TEh, R DEERR T 2L,

D logn=a)" @ +0 <Z A(d)) (A.5.40)

n<z d<z d<z

185, K2, ZOMEEEZIZ 72\, von Mangoldt IO EFRE B VWH T &

S A=Y Y logp

d<z v>1pv<z

u

TH 2D, ERIFIC2UEROT, pP <z hdov< logl DB D8

ZA(d): Z Zlogp< (log x) Z 77(3:%)

d<z 1<v<1°“ v<w 1<y los2
= — log 2
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ETEZ. ZZTo=10ERURAIHELCv>20 23 (X)) < X ZHVWSZLT

Z A(d) < 7(x)logz + (log x) Z Ty < m(x)logx + 22 logx

dsw S 5
£i2%. 2512, w(x) D kS DFHE Theorem A.4.1 ZHwiud

ZA(d) <z4alogr <
d<z

Moahd. Tk (A5.40) iIRAFTHUE

A(d)

Z logn =z Z — T O(x) (A.5.41)
n<x d<z
#18%. —7, Lemma A.5.1 &b
Z logn = zlogz + O(z) (A.5.42)

n<z

DEALT 5. DLED (A5.41) & (A542) ZEbEZ L

xz # =zlogx + O(x)
d<zx
%218%. 2k von Mangoldt BIOFNZOWT T I
> # =logz + O(1)

d<z

¢ von Mangoldt BIII X3 2 Eik%E155.
TICEBUTTE B FNCEIT 2 EIRTH %27,

A(n) _ §~ logp
3 Ay o
n<lx pv<z
Khro v =107 IR U

1 A(n 1
P R ID I

p<z p n<zx v>2pv<zx

®18%. Z 21T IR L7 von Mangoldt BAEUZBE§ 2 FiE% FWT

> a3 3 B2 o

U
p<z vs2pr<e P

2185, XoT, RINEIX

>3 logvp <1 (A.5.43)

v>2pv<z p
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TH5. ZhiZ

S Y ey =X 0

v>2pv<z v>2

Ehp>20&p-1>5THD, %72 logp = 2log p? < 2p DT

2155, REROMIMED & kT 20

Y TSR 57 % DT, (A.5.43) DR 7. O

A6 FENEREDFIE

Selberg MLk

S(sd, P, z) < %+E EEL Gi= > g(r)
r|P*(2)
r<R

EWVWHTBDOFMIEE X 5. XoT, ZNEHEBEIMHES & 2 IIIHNEE g DR G O R 5 OFHflid 2%
B2/ %. Theorem A.4.1 T ad hoc RAIET G O™ 5 DFHii 2157243, 2 ZTid & D systematic
R G 2RO HiEEEZ L. HEDLTEHEDI-DIC R =2 LIBT3, r<2%%H
ﬁ%{ r DFERFIE 2 £ H/NX VDT, Definition A.12 Tpg P DL X w(p) =0 RELTWVWEZ

bRV 5
G=) g(r)

r<z
YA, FIT, Flle > 1L THNEE g 0 FEEES
M(z) = My(x) ==Y g(n)

n<x

LEX, COFHHEOWEARE S Z 5 RN EBEZERL XS5, T DEHIZ Maynard [5] @
Lemma 6.1 {ZX /53 %. Maynard [5] 13 Halberstam—Richert [4] Z5IH L TW 35, ZZ Tl
Iwaniec-Friedlander ® Opera de Cribro [1] ® Appendix A.2 #5E&1C LizikmeH05. (Z 0%
X B [6) IEDL VWS e THB.)

A6.1 FERNBEHOFISEDREE AT

£, AREANTHEEE O FIEICOWTE X SRS, JEEME D FIEABEL— R0 U T Hi B 72 5
P LTE L (ZOFHiiE Maynard OFasZ [5] TbHH I HTHEMTH Z) :
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Lemma A.6.1. JFEMEDFENE ¢ T, F >0 A> 1L T

log 2z A

> 9(p) <rlog

wp<z

2 < < A.6.44
logw  logw (25 Vo < vz) (A-6.44)

DBEINLT2dDEEZS. (BRI Lemma A.64 22Oz k) 2oL %,

> 9(n) < (loga)"

n<x

ML 5. 7272 L Z 2T implicit constant & r, A IZHKIFT 3.

Proof. BERMIBIEL ¢ 12 BB Z B ICFF>D T, Lemma A.2.1 ¥ FEE X 12 LT D L >AFER
1+ X <e¥

£,

> ot < T+ a0) < exn( )

n<x p<zx p<x

2185, 2218 (A644) B w =2 z:=x & &DITHVL,

A
Z g(n) <exp (/9 loglog x — kloglog 2 + 1gQ> = eé(log 2) " "(log z)"
o

n<x

2185, T THRIRENT. O

A6.2 RFIEEICETY 3RE

LI#%, Z D Section A.6 Tl&, U FOE « &2 N3 :

o JEEMHDTIEMNIBIRYL ~. AT E TORATEE w IZHIGT 5 DT, [T RATEE LFHZS .
(—H, Definition A.1.2 & b —&IZRNTEZ 3.)

o T k> 0. EEXKICLMER. LIt%, implicit constant & x ITHKFEL TREWH DL T 3.

o XL AL, Ay > 1. DU%, implicit constant 1 A1, As, s KKIFL TRWHDE T 3.

o B L > 1. DI#%, implicit constant 1% L IZFEL TIEWTHREWE T 3.

o RDJFFEHE DRI TOMIZEE T 250 ¢

v(p) 1
< — <] — —. T
- p = A ()
o XD FFATBEEDERITICE T 2 %M -
I
1< Y M_mogggAQ (2 < v < V2). (T»)

wp<z

OGN T D%, Ty IXHRIC k BFD1 WS,
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o I MEREUE BRI ORIENEI K g 2

1) (p) n v(p)g(p)

p—) p p (4.6.45)

9(p) =

TEDD.MAE (T2) XKV GHEDTEHII 0 TRV, v & LTRMEE w PRSI F, g 138X
BECIHINZZenHS.
o FRFIREHK

M(z) = My(x) =) g(n)

n<x

A.6.3 RFIBEICEAT 3RED T

PR, &t (T1), (T2) DIREFED 5 B EIR S DZ N DEEHT 5 ©

Lemma A.6.2. &AF (T2) 2IRGET 2. IEEMHE,DLRFEHEFAIND 2 C1 #HEIRL

O: [w,z] >R ZZL 2<w<z

z 1 z
H/ o)™ raw)< Y 18Py, o /cp(u)%“+A2q>(w)

u
w<p<z p

HALT 5.

Proof. BRI OEAFERED

o) = [ (! (w))du + D (2)

VbAL5)
p)l
Zv logpq) :Z/ Vdu + @ Zv ogp
w<p<z w<p<z P w<p<z (A646)
:/<Z vplogp> Ndu+a(z) 3 7(p)logp logp
W Nw<p<u p w<p<z
182, 2Z2T2<w <z IZHLT
p)l
Z 1(p)logp /<a10gi + 0(w, 2) (A.6.47)
w<p<z w
EESZLIRTS. T2 ) D, FED2<w <2 ITHLT
—L <(w,z) < Ay (A.6.48)
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AT %, T, (A6AT) % (A.6.46) ILRA LD &, (—& (u)) 2HHT 2 & 5 1R BTV,

Z 7(p)logp logp (p) = K/:OOgZ))(—q)’(u))du—&-/@(log;)‘I’(z)

w<p<z

+/ §(w,u)(—®' (u))du + ®(2)8(w,z)  (A.6.49)

_ / /w (w))du + B(2)8(w, 2)

182, HLid o(z), 0 (u) >0 BDT, (A.6.48) 75

5w, 2)(—& (u))du + B(2) / W))du + As®(2) = Ard(w),
/ 5w, 2)(— (u))du + B(2) L/ Vdu — LB(2) = — Ld(w),
R13%5. ORI (A.6.49) (VT EER 5. O

Lemma A.6.3. 5 (T2) ZRET 2. #HIH2<w <2 T

< Z 'y logz < Ay
logw weres 1ogw log w
BLY A
1
’X(P) < 1 </§—|—1 2 >
W5 plogp T logw ogw
WRALT 5.

Proof. #1ZF#, Lemma A.6.2 I2BWT

1 1
BEY @)= s

B(u) = logu

i kv, B, FEEIZ

/ du :loglogz LIy / (du _ 1 < 1

w Wlogu log w u(logu)?  logw logz ~ logw

CRIEB JURHIiE NS, O

Lemma A.6.4 (Mertens DFEE). #iPH 2 <w <z T

1 1 1
Z — =log %% L0
P log w log w

DWILT 5.
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Proof. Mertens DEHE (Theorem A.5.1) Z{H21E, EREK v(p) = 1 1T LT,

¥ A L=0(1) THILT 5. o T, Lemma A.6.3 25 FiRDES .

FfF (T2) k=1

O

Lemma A.6.5. 5&ff (I'y) ZIRET 5. EEDOHEH p ITHL T

v(p) _ A
P log p

HKILT 5.

Proof. ¥ e € (0,1) 2t 3. &M ([) BVWT,w=p, z2:=p+e &FTHL, 5, c€

X[ [w, z) NOFEKIE p DA D DT, w 2R BEE AR THhE

logp 7 log w p+e Ay
log=—— + ——
2 = rwio p logp

wlw<z

2155, HLEMR e \, 02 UI I,

(07

1) 5

Lemma A.6.6. 5t (') & (I'y) Z2RET 5. EEOHEK p LT

g(p) <

DAL 5.

Proof. ¥GaMIBIEL g DEFEYL (T1) &b

v(p) 1 ) Alv(p)

Cp-yl) 11 p T p

Z13%. 3 Lemma A.6.5 22 IXRF DM 2155 .

Lemma A.6.7. 5t (T), (T2) ZIRET 2. #iPH2 <w <z T

’y 1
Z < Z logw

wlp<z w<p<z

WKL T 3. 7272 L implicit constant 1& k, Ay, Ay DAIHKFET 5.

Proof. #i*£OFHlild Lemma A.6.6 25

S oapr<a Y 120

wlp<z wp<z p

YHES . HBFOFHEIE Lemma A.6.3 £ Lemma A.6.6 XD

Az

’}/ A1A2 A2 HAlAQ
) < A1 A, <
Z Z <H+logw) ~ logw

wlp<z wp<z plng Ing
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EHES.

Lemma A.6.8. 5 (), (I'2) ZIRET 5. #HifH2 <w < 2T

< ffilogll()gz §O< 1
ogw

10 w
g w<p<z

DIEALT 5. FFIZ Lemma A.6.1 ZHWiUZE

Zg < (logz)"~

n<x

Wah 5. 1272 L _EEEHEO implicit constant 72513 &, A1, Ay DAIKET 5.

(A.6.50)

Proof. ¥73, g DERH»H

> = X W 3 1,

w<p<z w<p<z w<p<z

TH5. $5r, Lemma A.6.3 05

P log z L
S oz 3 el

w<p<z w<p<z

Eho, FhooiliziEs. &oT, ko 0Hi

1 1
g g(p) — klog 08 % <O
log w log w

w<p<z

DHFAE L, SR (A.6.51) DEBLORIOMIZ (Ts) £ D

7 1og z Ay
2 +
log w  logw

w<p<z

LAHT E, 57200 DFNE Lemma A.6.7 THHliT %, FRHIIES.

A6.4 BRHAEXOEH

(A.6.51)

Lemma A.6.9. & (1), (T2) DR, ¥z > 21K LT
M(z)logx = (k+1) /m @du—&— Alx)
2

DIKOL L, BEZETH A(x) ld 2 > 2 1L T

A(z) < L(log )"
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LRHMfiCE 5. 7272 L Z Z T implicit constant & x, Ay, Ay DAIKIFT 5.

Proof. VI iEHBE n 1L T
logn = Zlogp = Z log p (A.6.54)

pm=n

THBZeZHWERL, —H g(n)logn OFHIBEEL

Z g(n)logn

n<x

EOWTE R 3. HERIIBIE ¢ BT IR AEHom 5 (A.6.54) XD

> gn)logn =Y g(mp)logp= > g(np)logp

n<x mp<x np<x

THE. ToHY, g WEHERIICAEREONS (n,p) = 1 £\ 5&A2HET, g ZRENZOT

> gn)logn= > g(n)g(p)logp (A.6.55)
n<x np<zx
(n,p)=1
2185, 22 TgofRbhicbrdbed vy ZHWAERL (A6.45) ZEWVWHL, (A.6.55) &
p)logp p) logp
Y gmlogn= 3" gm) B L N TPIO8L o (p)
n<x (np§x1 (np§z1
" P 2(p)logp logp (A.6.56)
= 3 g PPER L N ) Y 9(p)
np<x n<x p<z/n
(n,p)=1 (p,n)=1

CEVTBL. &M (n,p) =1 2@EptndZeED5, (A6.56) DAIE 1 HEIZX 51

O EAALCTA S UL T (LT
p

np<x p np<x np<x p
(n,p)=1 pln
7(p) logp 7(p) logp
= gn)—=——== > glnp)——+
np<e p np?<z p

ETE2. ZORADE 2B g WP RSB 2O, g DFRIEELD

D (0 ELALCI A oA LT R A L LS )

np<z p np<z p np?<z p
(n-p)=1 (n.p)=1
B v(p) log p v(p) log p
=Y gln) == == - dogn) > E—)
np<x n<x p<(z/n)%
(pyn)=1
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CEZEES. Ik (A6.56) ITRALT

=Y gn) > WQ(Z}HZQ(N) > %9@)

n<x . 1 n<x <z/n
pelem® (1
v(p) log p
=> gtn) Y. =4
n<x 1 p
(z/n)2 <p<z/n
(pn)=1
REouE
v(p) log p v(p) logp
S gmlogn= 3" g B2 LS gy s RIBR ) 6
n<x np<x p n<x 1 p
(¢/n)% <p<a/n
(p,n)=1
L 2O0DMANDGRERS. —H, Efu> 11T
I
Z 7(p)logp = rlogu+ d(u) (A.6.58)

p<u
&Y,
1 1
o(u) = Z 7(p)pogp — klogu = Z v(p)logp —nlogg — klog2

p<u 2<p<u
BODT, (g) 25, Fu > 21T LT
—L—klog2 <d(u) < Ay —klog2 ->T du)<L

182, 72,1 <u<2OHPATD p<uRZFE p PEFELEVDT

1 \
1<u<?2 = 5(u)zzw—nlogu:—nlogu oT d(u)< L
p<u

Y5, koT, wIhick &
d(u) < L (u>1) (A.6.59)

Th5. 22T, (A657) %

S glntogn =Y gtn) 3 TR LSy 3T 2R

p

n<x n<x p<g;/n n<x (:p/n)% §p<z/n
(pn)=1
CHE, 221 (A.6.58) A TAUR
x ~
1 = — .6.
Z g(n)logn =k Z g(n)log — A(z) (A.6.60)

VAP
Awy= Yama(2)+ o Y TERG) e

p
1

(p,n)=1
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®13%. X512, (A.6.60) DM

x
;g(n) log ~
R, .
M(z)logx = (k+1) ;g(n) log - + A(x) (A.6.62)
#18%. 22T . "
T * du T M(u
;g<n>1ogn:§g<n>L -

THBD, g DRIEMEDPS g(1) =1RDT, 2 >2DL X

M
ziu) du+ (k+1)log2

(/ﬁ—f—l)Zg(n)logz:(/ﬁ—i—l)/j

n<x

218%. ZhE (A6.62) IKRATIUE, FRINATWEER (A.6.52) »
Az) = Az) 4 (k4 1) log 2

LB LTWE I bhs. Hrid,
(k+1)log2 < L(logz)"

e, (A6.61) TEZ BN Alz) I LT

A(z) < L(log z)~ (A.6.63)
ZREIERV.
%9, (A.6.61) DEUHE 1 FHIZOWTIZ, (A.6.59) 225
Z g(n)é(f@) < L Z g(n) = LM (z) (A.6.64)

2185, 2512, (A.6.61) DAL 2

Sem Y Aedloerg,

2
"ST (@/n)? <p<a/n
(pyn)=1

WZ2OWTE, NOFAZETRITIUR, XET 2 p I LT2<p<z/nHRYHILDODT,

dogn) Y 1w)logp ) > gln) > l@%%gﬁm

n<x p n<x/2

(x/n)%§p<x/n Inax((a:/n)%,2)§p<ac/n

(p,n)=1

ETES QMIDMOHAD n < 2/2 ITETHEDTVDE I LIZHER) . $5¢, Lemma A6.6 kD

Sgm) Y l@ﬂ%ﬁmm<:§:gmﬂ 3 6?

1 p
nee (z/n)2 <p<z/n n<a/2 max((z/n)? 2)<p<z/n
(p,n):l
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LIRBH,
n<z/2 = 2<max((z/n)?,2) < z/n

6, E5IC Lemma A.6.3 205

dogtn) Y] 2p)logp )

p
ne (z/n)2 <p<a/n
(p,n)=1

< > 9 (m log log(z/n) + Az 2)) (A.6.65)

n<z/2 logmax((‘r/n)%a2) 1Og max((x/n)

Nl

<> g(n) = M(z).

n<x

P (A6.64) ¥ (A6.65) % (A.6.61) ICfCAF4UT

A(z) < LM (x)

%155, HE3T 21T Lemma A.6.1 ZHWT M(z) 23T 34U (A.6.63) 23550 5. O

A.6.5 FEmEXDEH

Lemma A.6.10. i€ (T'1), (I'2) D, H2ER ¢y BFELT, Fflx > 21T/ LT

M(z) = cy(logz)" + O(L(log z)" )

MDD, 7272 L Z 2T implicit constant (& &, Ay, Ay DAIKET 5.

Proof. ¥731%, Lemma A.6.9 DFEZAFH (A.6.53) 2k b, By

cg = (k+ 1)/ A(u)(log u)_(’“”)d;u (A.6.66)
2
DHEHINHR S 5 Z CICHERET 5. RS, 2 > 21T LT
/ A(u)(logu)_("w)i—u < L/ (log u)_QCiTu < L(logz)™! (A.6.67)

W5 tail estimate 2SI 3 5. Z 2T, Lemma A.6.9 THED R (A.6.52) OZf z % t 12
BEZ, WAt (logt) =2 22Tt € [2,2] K-> TR THZ

x
/ M (t)(log t)_(“"’l)%
2

=(s+1) [j (/: Miu)dU) (IOgt)*(”“)% - /j A(t)(logt)’(”“)%

E72%. ZOHNE 1 HE O EIER 2 ANVE 2R

(k+1) /; </2t Mi“) du> (1ogt)*<~+2>%
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=(k+1) /; @ (Am(logt)_("“)it)du

:/ @((bgu)_(ﬁﬂ) — (log z) ="ty dy
2
= [ aw10gt) 0L — (rogryen [T,
2 t 9 U
LARTES. ik (A668) IKRAT B Y, b 5 5 LAMBIHAT
(logx)*(m+1)/ Mdu:/ A(t)(logt)f(’ﬁq)@
2 u 2 t

v7%. ZOEIC (A6.66) ¥ (A.6.67) ZHWWTHSIHZIC (logz) ! Z2Fiud

””M(u) _ Cg k1 K
/2 = 2 (log 2)*+1 + O(L(log 2)")

2185, ek, ZoWuai%E Lemma A.6.9 @ (A.6.52) DR ATIUETIRE1S 3.

A6.6 FEIEDRHMODRE

Definition A.6.1 (Riemann zeta B#K). 5% s > 11T LT

() =3 -

n=1

LEDD. OB ¢ % Riemann zeta BIE ¥ FEA.

Lemma A.6.11. 3% s € (1,2 I L T

C(s) = P o(1)

DRRIALT 5. RHC
(5((5 + 1)) =1

lim
sN\0

TH5.

Proof. WD OEARTEHD» S, s > 012 LT

1 * du
"s =S5 s+1
n n U

[ du < [ul > du > {u}
C(S):SZ/ us+1:3/1 us+1d“23/1 E_S/l qudu
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1 oo
= +1—S/ @du
1

s—1 U

TH5. ZZTse(l,2lpex
> {u} < odu
O§5/1 us+1du§s . us—&-l*l

TH2 e zZHWIUITFRVELNS.

Lemma A.6.12. {7E (I'1), (I'2) ®F, Lemma A.6.10 TEHA XN EH ¢, ITH LT

= T H<1 - 723))(1 )

AT 5. FZ g > 0 THB LB MB.

Proof. $ 33 ER ¢y ZIET 27:0D7 4 77 %8 %. Dirichlet #EL

ns
n=1 D

Zy(s) = i 9(n) _ H(l + 9}(9’:)) for s > 0 (A.6.69)

%% Z%. ZO Dirichlet fZ D IR M IZHIC Lemma A.6.10 ZHWTHER T 5. 2D Zy(s) D
5\ 0 D N TOZEFE Lemma A.6.10 THAWELXZEL Ty ZHWTEZ T I ENTES. —
FTC, Zg(s) 2 C(s+1) LHELLTD Zy(s) D s 0D FNTOEFHZ2HFEZTES. FERRIC, Z,(s) &
((s+1) DRNEFTELTZ 2 %2EZ %L, Lemma A.6.8 % Mertens O EH & HiK 3 1UXFIIH

i
_k

TH2ZePHIFTES. §5 L, Euler ORI FD 12 XU DIHZ 31U

Zy(s) = H<1+ 9;?)

P

<TI(0e i) <11+ ) ~TI( - i) =ctovr
p

p p

WS BDHIRFTE 5. BED ((s+ 1) DRNEFFRIT Lemma A.6.11 ZHRIE s \ 0 D& D2
ZHNRDZENTES. b 2D IBEONT Zy(s) D s\, 0D R TOWHLEMZ B LT c, D

FRZ/ 0.
Z DFEFAH @ implicit constant I3 FRT g KKFLTRWVWSDE T 5. £FUE, s > 0 ITHL T,

WHE D EDEAEH D, S
- < du
ns y o ustL
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THb. £oT,

—sZg /wﬁ:s/loo(Zg(n))lgzl:s/le(u)l;lzl (A.6.70)

n<u
#18%. Lemma A.6.10 &
M(u) = c(logu)® + E(u) 727L E(u) < Logu)*" (u>2) (A.6.71)

EEITR,
l<u<2 = M@u)=g9(1)=1

K& EDIIT, (A6.70) &

du
/ M s+1 / us+1
2

d d
_ cs/ (log u)* ﬁl —I—s/ E(u)u::1 +0(1)
1 2

Y%, 22T (A6.72) OEUE 1HBIZ u=—c" ¥ ZBEHTII

o0 d oo
cs/ (logu)"” 31 = 057”/ e Txtdr = cl(k+1)s" (A.6.73)
1 u? 0

Y CES. RS, (A6.72) DAL 2 HEZ (A6.71) ZHW3 Z 2T

3/200 E(u) ucfﬁl < Ls /100(10g u)"%% = Ls~ ("D (k) (A.6.74)
YTES. LLED (A6.73) & (A6.74) kD, (A6.69) A s>0DLENKHLTWZZebhb. %
7z, Zhe (A6.73) & (A6.74) & (A.6.72) ITfRATHIZX, s € (0,1] T
Zy(s) = cl(k + 1)s™" + O(Ls~ "~ 1)
%185 (22Tse (0,1 Tl<s D ThHszer2HVE) DT,

21\%(3 Zy(s)) = cl'(k+1) (A.6.75)

TH5.
—7%, s > 0120 L C, Riemann zeta BIE(D Euler FEF~

g(s+1):H(1_ij>_l

P

VAU

Zy(s) =TI(s)C(s + 1) 7L T(s) = H(l + g(p)> (1 - p:ﬂ)“ (A.6.76)

pS
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TH5. ZZTERBEI(s) ICEHT 3. Lemma A.6.8 % Mertens OFEH 2 flAGHEIUL

> (s0)-5) <y 5wz

wp<z

185, 2212, s€[0,1] iexfLT

Huviud
glp) K ) T < ﬁ) 1
> - = 9(p) — = ) =
S s+1 S
w<p<z< p p w<p<z r;p
K * du 1 K
=s ) (g(p)—>/ —t= > (9(19)—)
w<p<z p p U z w<p<z p
# K du 1 K
(S -k ()
/ (w2< 0 -5) )i+ 5 3 (o5
L /z du L 1 L 1
< — = —
logw J, u$tt  logwz® logw w?
L7=oT
L
3 <g(f) - il) < (A.6.77)
wp<z p p ogw

Z13%. 52 Lemma A.6.6 725
log(l N g(p)> _9(p) +O(g(p)z> _ 90 L o),

s ps pZS ps

1 1 1 1 1
log <1 - ps+1> = _szrl + O<p2(s+1)> = _ps+1 + O<pz>

218%. Zhbk (A6.77), Lemma A.6.7 Z#HAGEDLEIUL, s € [0,1] £ 2 <w < 2 ITHLT,

> (log(l + g}g?) Jr/ilog(l - ps1+1)>

w<p<z
- X () ro( Z e ¥ 5
= IS Pt g\p P2
w<p<z w<p<z w<p<z
l L

<
logw w — logw

219%. ZOFHbiE w — co DEEF s € [0,1] KL T—HIZ0IIKRT 2. 2% b, (A.6.76) T
B Z N7 MR II(s) 13 s € [0,1] KB L T—HRICPER L T3, HIRFE I1(s) ORREFIED B 5
A s € [0,1] 1ITB U TR BIBUR O T, 2R ol KF o —RRICRS 2 RFETH 5 11(s) HIR S
s€[0,1] 1ICBAF 2 R TH 2. Lo T,

: 1\"

lim I1(s) = I1(0) = H(l +9(p)) <1 - p)

sN\0
p
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g(p—pv(p)>(1;>n H<17g)>1<111?>n

p

THd. Zh# (A6.76), Lemma A.6.11 LHAEDEIL

-1 K
ok : . ~(p 1
;1\11(1)(3 Z4(s)) = ;1\11(1)(1_[(3)(5((3 + 1)) = 1;[(1 - ; )> (1 - p> (A.6.78)
z2155%.
HriX (A6.75) & (A.6.78) EADLET
v(p)>_1< 1>K’
Pe+1) =T(1-22) (1-2
cgl'(k ) 1;[( D ?
B30T, TRERS. O
AbT7 FERDILD
L E® Lemma A.6.10 ¥ Lemma A.6.12 LA G HEIUE, XE1HF3 :
Theorem A.6.1. {iGE (T'1), (['2) OF, FE x> 21T LT
M(z) = cy(log 2)"™ + O(GmaxL(logz)" 1)
MDD, 7272 L2 2T,
N a1y
RERYCESY H<l C) ()
T Y, implicit constant 1 k, A1, Ay DAITHKIFT 5.
Proof. Lemma A.6.10 ¥ Lemma A.6.12 2> 5EHIZHES. O

& HITER RSN 2 W AUX Maynard O3 [5] @ p. 400 1I2® % Lemma 6.1 23§50 % (24
Maynard OFSL [5] L ALEN R 253, Mtld Remark A.6.1 22O ) . £73, ¥ ¢, OF
ZHEMHLTHL

Proposition A.6.1. f57E (I'1), (I'2) @, Lemma A.6.10 TEA S NER ¢y 1TH LT

cg K1

ML S 3. 7272 L & 2T implicit constant (& x, Aq, Ay DAIHKIEL, L ITITMIFEL 2.

Proof. Lemma A.6.10 £ Lemma A.6.8 ® (A.6.50) 225, x > 21X LT,

M(z) < (logz)® BEUL M(x) = cy(logz)* + O(L(log )"~ 1),
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2185, XoT, K A1, A DAIRETZERC,Co > 0BFEL T, 2 > 21T LT,
|M(x)] < Ci(logz)* BT |[M(z)—cy(logz)?| < CoL(logx)™*
MELNL. LEdoT,

|¢ql(log2)™ = |M(x) — (M(x) — ¢4(log z)")
< |M(z)|+ |M(z) — cy(logz)"| < Cy(log x)* + CaL(logz)"*

2155, 28 % (logz)* THIZ &
legl < C1 + CoL(logz) ™"
LRBD, x— oo DWRZIS Z T L ZELHIFHATLEY,
legl < Ch
DY, FiRE2E5.

3% ¥, Maynard O [5] ® Lemma 6.1 IZXDETRE S :

Theorem A.6.2. {E (I'1), (T2) OF, FE 2 >2 & C B G: [0,1] > R LT

Zg(d)G(lOgd> = kcg(log 2)~ /0 G(z)x" tdr + O(GraxL(log 2)" 1)

= log 2z

MDD, 7277 L2 2T,

= L 22) (1-1)" 538 Gua = s G601+ i)

I(k+1) 4 p tef0.1]

T® Y, implicit constant I k, Ay, Ay DAIHKIFT 5.

Proof. WD FDREAEED S
logd\ v,
G<logz> =G(1) - /}Zgj G'(z)dx
oo, The TROALIAALT

Zgw)G(k’gd) = GME) - Y g [ | Gy

= log 2z

21§5%. 22T
logd
log z

(R AT M IR =0 S L W AU =8

S aa)6( ) =6 ol - [ 1 (3 o) (w)aa

d<z d<z 0 d<z®
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:G(l)M(z)—/O M (%) (2)da

log 2
O<ax< o8

= 1 <2 = MGRZ")=g¢9g(1)=1
< oo <2< (=") = g(1)

e, 2>2 KOBETD z2=0REHDHEDETIFT

o 1
Zg(d)G(Léj) = GOME) - | M(zgc)G’(x)dm—/ G (x)dx
d<z s ’ (A.6.79)
=G(1)M(z) — s M (2%)G' (x)dz + O(Gmax(log 2) 1)

L TEZ. HADFERD D532 Proposition A.6.1 ¥ Theorem A.6.1 25EHATE, K > 0725

G(1)M(z) — M(z")G (z)dz

log 2
log z

= ¢, (log z)“(G(l) - / 0; G’@)ﬁ@) + O(Gmax(log ) <1 + /O 1 z“dx»

Gl(x)lﬁdl') + O(Gmax(log Z)K_l)

— ¢, (log z)”(G(l) - /

LD, X BT E [0, 1] 1L R CIET RIS TS

1
G(1)M(z) — M(2")G'(z)dz

log 2
log z

log 2

= ¢,(log 2)" (G(l) - /0 1 G (z)z"dz + O ( /0 |G’(x)|x"‘da:>) + O(Gax(log 2)" ™)

1
= kcy(log 2)” /0 G(z)x" tdr + O(Gax(log 2)" 1)

YA Ik (A6.79) ICAHWT RS 5. O

Remark A.6.1. Theorem A.6.2 £ Maynard O3 [5] @ Lemma 6.1 Tld, A RO AR S :

e Maynard O [5] ® Lemma 6.1 Tl g Z78RFENBIKE LTERL T, M u(d)? 2w
SR OTTWVWE. Lal, Thid g 2 PG EBIC A 2 HORENBEK L L TER L TH
2 u(d)? BV SRR DN L LR TH B

e Maynard D&&3 [5] 1% Theorem A6.2 D k=1 DHFETH 3.
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A7 EEREIZ Selberg DERDISH || — WFE=EOEENEEM

Maynard DF I 2 I O®RZEDEEE L LT, Selberg Dfii%E HWT, o LI DOWTFEBE DO MEE
mo(z) DFHEiZIT o TA K S . ROMERIE, ELRUE ZFR %, Hardy-Littlewood DA

1 x
””””HO‘@—whmeW%“)

p>2

LA Z L2572 TRED D, T ERHIILTVS !

Theorem A.7.1 (Brun). E# x> 21ZxfL T,

xT

m(®) < Tog a2

AL T 5.

Proof. Theorem A.4.1 ®r & 2 FEIZ, THRD 2 122V TREIE T TH 5. Proposition A.1.4
DT —2 (4, P,w, X) ZHW3S. 3% &, Proposition A.1.4 @ (iii) & D

mo(x) < S(A, P, 2) + 2 (A.7.80)

THb. koT, FBEBS(d, P, 2) & Lo SFHIli L 72w,
Z Z T, Selberg ®fifi (Theorem A.3.1) ZHW3. T XX — R > 2 ZHEHIZ, Theorem A.3.1
iy}

X T
< == .7.81
S(sﬂ,@,z)_GJrE G+E (A.7.81)
DRILT 5. =72 L 2T, MG
. w
G= Y gr) %ZEL g(p)= () (A.7.82)
P ) p—w(p)
r<R
CERIN, BREE X
E= Y AA,E(d,da]) %EL A <1 (A.7.83)
dl,dQ\P(z)
dy,d2<R

TEFIND. XIT, (A.7.81) DfLEFHET XL, G & E OFHbEiZ1T5.
5, MG IOVWTHEZS. Ml (A.7.82) DM | P*(2) WD NS 50WDT

Ri=z (A.7.84)
b, g(p) =0 < w(p) =0KEELT,
= Z g(r) = Zg(r) (A.7.85)
T\f;‘gz) r<z
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EHHME L TH L. T T THIMERE g 13 Section A.6 LR L & 51

7(p) .
= 772 L =w
9(p) p——r v(p) = w(p)
THEZX 6N TWBDT, Theorem A.6.1 221X, (A.7.85) DHERIBONZSTHS. 22T, 5
FEZTOVBREE v = w N LT, & (1), (Ta) 2L DT, 5, RFTE L Proposition A.1.4

D) DS

1 (p=20r %),
w(p) = (A.7.86)

2 (p>20Dk %)
T, Ko T, p=2ThHiu

w(2) 1 1
< = - <1—=
0= 2 2*1 3
THYH,p>2THHX
o<cw® 2 2 L 1
- p p 3 3

Fint, &fF (D) A A =3 L BICHAILTWS. %72, (A.7.86) ¥ Theorem A.5.1 XD

ZWZQZWJFO(I):?bngrO(U

n<x n<x

MDD, ZOWHEARDOEEZRNL, 2 <w < 2 ITRHLT

w(p)logp z
Z ) = 210gw +0(1)

wn<z

Z8BDT, & (T2) k=2, A2 =0(1) L & BITHKIZLLTW3. £ -, Theorem A.6.1 &b
G > (log 2)? (A.7.87)

WS 5 DFH 215 5.
R, RFIE E TH 555, Proposition A.1.4 @ (i) & [A\g| < 1% (A.7.83) iICHWIUZ, BAE n
DENI R 2 ZREOERZ v(n) e FHELZ2IZLT

2
El< Y wldd)s Y ol@d < 3 2u<d1>+u<d2>:<22u<d>>

d17d2‘P(Z) d1,da<R d1,da<R d<R
di,d2<R

Y T&E3. ZZTAd<RTHNUIR/Ad>1TH3Z%HAV3 L (Rankin's trick & FE&R)
2y(d)

D 2WSRY -

d<R d<R

¥ TESDT, Lemma A.6.1 ZHWAUX

> 2" < R(log R)®
d<R
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Z18%. XoT, 5 (A7.84) TRDZEXICR=2 LFEATVEIDH
|E| < 2*(log 2)* (A.7.88)
z215%.
ko (A7.87) & (A.7.88) % (A.7.81) ICAWIUL

S, P, 2) < + 2%(log 2)*

_r

(log 2)2
135, kX512 (A7.80) ICHWIUR

z 2 4

7{'2(33) § (log 2)2 +z (log Z)

2182, Hrizaz B THkE L, 2 =21 >2 THHloTARIE, FERES. O
Theorem A.7.1 & FWVAUE, W TFEEOHEF DUHIED DA 3 .

Theorem A.7.2 (Brun). &%k

3 1

p,p+2: T p

RS 5.

Proof. WFZBDAMRME L 2272702 2 725 E13E 2 T S REBUIERMAL DO TAEATNE Z i3,
£ o T, WFRBHEIRMEFE L L HEE2E ZUTR Y. MBS FOEAREHLD

17/°°du
p J, u?

VA AL5) - - S
1 du du o (u
> 5= Zf/ ?Z/ (E: Qm:/ 2
p,p+2: R p,p+2: BCP 2 p<z 2
p,p+2: FEK

CEEXBEES. Z 2T, Theorem A.7.2 ZH Wi

1 > 1
p,p+2: T p 2 g

BE BB, O
A.8 Maynard DFEX TDEEEHIBEIHRDF@IC DOV TDHE
Maynard O [5] T A RIS OFMABIR A LIz (T bh Tl 584555 5. = OfiT

X Z NS FHII % systematic 12T 5 HIEICDOWTE DS .
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Bl 21X, Maynard D3 [5] @ (5.3) THD D I2fili 2 2 i

> u(d)*ni(d) < R(log R)* (A.8.89)
d<R
Bd<RODrZER/d>17DT, R/d ZHHL D H1F 5 (Rankin’s trick & FELR)
2
S udPn(d) < RS #ld)"e (d) (A.8.90)
d
d<R d<R

k5. ZZT,Lemma A6.4 XD, #i2<w< 2T

2
3 pp)l (o) _ 3 1 klog logz o _F
p D log w log w

wp<z w<p<z

TH 375, Lemma A.6.1 D&M (A6.44) 1k v = k, A = O(k) THRIZF 3. £-T, (A.8.90) &
Lemma A.6.1 X0 (A.8.89) %35, A3, (A.8.80) DFEID log A X% (log R 12  CHET
%3%. Z0 log R —f5 0K Rankin’s trick DFIC X > TAHELTLE > TW3. 2D Rankin’s
trick DR DORBAVZHNL, z L TFOHBABOERZIZ % £ 212b X HE Rankin’s trick Z W7

THA 5. —J, Maynard D [5] D (5.9) D & 512 Rankin’s trick 2{# 5 BDEO R WEE IR
RO log DIEEDELNE Z 2 HZ W,

Fix Rz X7 Rankin’s trick Q5SS 22 3 TE 3. ZHUE, RISHNT % Lemma A.8.1
D& 512, Lemma A.6.9 THWEOLHEL MY vy 72V BV

Lemma A.8.1. VRSB 2R OIFAMEDRIENBIE f 25X 5. L7, BERIEK g %

TEDS. THIERD 25%HMERET S -
(1) Lemma A.6.1 ® (A.6.44) B DD, DF D, Er >0 A>1ITRLT

(2 <Vw < Vz)

DAL T 3. USHARIX Lemma A.6.4 SRz v.)
(2) BEIFEHC >0DPFELT, E x> 11T LT

> f(p)logp < Cx

p<z

DPALT 5.
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THE,x>210LT

Zg( < (log z)~ Zf < z(logz)" 1, ZfT(LZ)

n<x n<x n>x

1

~(logz)"~

MRS 3. 7272 L & 2T implicit constant (& k, A, C DAIKIFT 5.

Proof. &#W1® g(n) OFDFHiilE Lemma A.6.1 ZDHDRDT, %D D 2 DOFHHiZFEH T 5.

T fERRBUT T LT,
logn = Zlogp = Z logp

mp=n

B D 170 ¥4 5 RE O RER IV, 2075, f(n) ORIORD DI

Zf(n)logn
n<x
BERD. TDL,
> fn)logn=>"f(n) Y logp=Y_ f(mp)logp= Y _ f(np)logp
n<x n<x mp=n mp<x np<x

B3, fIRTAERECA R ORI DT, (n,p) > 1 2513 f(np) =0 THD

> fm)logn= Y f(np)logp=>_f(n) > f(p)logp
n<zx (Zziil n<x f<%ig

B85, 22T, fRIEAMEESS (pn) = 1 LS &ERILT

> fn)logn <> f(n) > f(p)logp

n<x n<x p<z/n
Y T&ES. 22T (2) ZAVWIUR
f(n)
f(n)logn < Cx ——==Cz» g(n) (A.8.91)
185, —HT, E WL Tloge <z 7205 f WIFAMETHZ 2 &
Z f(n) log% <z Z @ =z Z g(n) (A.8.92)
n<x n<x n<x

o5, koT, (A8I1) & (A8.92) ZEL T logx THIAUX

1 1 T
S 1) = o X ftoga = o (S fmogn + X fmoe S ) < 3 gt

n<x n<x n<x n<x n<x

2185, H i g DFNZ Lemma A.6.1 %@ 34U, FHf

> f(n) < z(logz)™ ! (A.8.93)

n<x
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BOFNZDOWTIE,

PRHW2 E, f 2IEAMETHZ 22 2B VHL

Yig =y [=a (2 ) =2 [ (Zae)

n>x n>x r<n<u n<u

Y TS, 2 B TR LE (A8.93) BAVAUL

r—1
/ (log u2) du
u

%185, THROFER 20 10 LT, 272 (log )" 13 [0, 00) LTHIAMD T 205,

n>x

oo

d
Z — << x” 2 logx)K_l/ —Z <z (logx) !

n>x z U2

LD, REROMOFHI G50 5.

Remark A.8.1. FEIZIEd 5P Ligiaz#H1E, Lemma A.6.1 ¥ Lemma A.8.1 TD [ Fr5#E
BERICBEZFD] EWVWSEMAIIMDR 2 TES. T 2Tl Maynard OFiX [5] Z#LedD
W0 s CHEA 2 BB T 3 -0 Z &R L.

Corollary A.8.1. FHIBFEICELFOIEMEORIEMNBE f e FE R >0 A>1H
A
flp) <k + » (A.8.94)

iz L7235, §58, 2>21X0LT

Zg( ) < (logz)" Zf ) < z(logz)" 1, Zf;;)

n<x n<x n>x

-1 (log x)m—l

ML S 3. 7272 L 2 2T implicit constant (% x, A DAIHKEFET 5.

Proof. Lemma A.8.1 D5 (1) & (2) ZiELDIUIR .
ZM (1) RS 5. #iPH 2 < w < 2z T Corollary A.8.1 XD

SFOEDSNCELD ST ML VA &)
w<p<z w<p<z w§p<z w<p<z w<p<z
Y TE3. X512 Lemma A.6.4 ZHVWHUE
> g(p) < rlog GOy (.
log w log w

wp<z
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Y5 koT, &M (1) Bl b e ot
R, &M (2) 2T 5. (A.8.94) » 5
flp) <1

MR BDT, x> 111 LT, Theorem A.4.1 ZHWAUZ
> f(p)logp < Y logp < m(x)logz < x
p<x p<x

PRD, P (2) il ENB L Ao
M EXD, Lemma A.8.1 BHEATE, FRMPIESNS.

Example A.8.1. Maynard O3 [5] @ (5.25) THDHA T %7

5)2 1
3 o )2 < 5
s>Do g(s) 0
(s, W)=1

ZRLTALS. (FIOFTIEEN (5, W) =1 23BZ 5 L implicit KREXNTVET (25
U RV BB s THEPER AR S) . 24Uk, R (5.22) Ty, a, DEOFKME (W) =1
D5 8 7B (5,5, W) =1 W0SHIKEZRL THMMIEDLLRVWI ICX D ET.) 2L
ZTDy >3, W=][[,.p,p THY, sERREMBIEL g 1&

g(p) =p—2
TEFZRENS. (Corollary A.8.1 D g X IZEHKMAEKL 2.) EHEGEICHE EROBGERIEK f %

p 2

—_— Dy D ¥ %),
f(p) = (p - 2) &> Dy ) (A.8.95)

0 p < Dy
TEDDBE . )

us)” _ N fln

S;ﬂ g(s)? g;:o n?
(s,W)=1

TH5. ZZTp>Dy DL EEp>372DT, f DER (A8.95) »5
2 2 2
2 6 12 36 24
f(p)<p > (1+> §<1+> =14+ =+ <14+ =
p—2 p—2 D p D 2
8%, —H,p< Dy DY EX, f DERK (A.8.95) 25 HIIC

24
fp)=0<1+=
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TH?. £oT, Corollary A.8.1 DM (ABI) N r=1 A=24 22 DITHILLTWVWBDT,
Corollary A.8.1 O—&FRHKDF i &

M(S)z Z f(n) 1
> - ey
2 2
( Sa/?gl g(s) s>Dg " DO

Z13%.

SE X
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