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Al —RREILERTE
All BF—4%

F3X, T5EX0NTEBBOEGREGDOF IS, /NXWEMTEDTRTLESBERIRLS Z %
EZle & WOBRIPNT I 2825 DEEFHET 2 S/ &0 IEx 6B og

REGOFD S, NEWRHTEHDUNTLE 3 BEMDERLS ) W RAZ, RIVLHARTTIEZ W
AT =& LWHHAHTE LD 5.

Notation A.1.1.

o Bllay,...,an DERRKEKEE (a1,...,a,) TERT.

o Bl ay,...,a, ODRNREEE [a1,...,a,] TERT.
BT, XREAWS Z 8T, BEOME ABICXBITE 5.




Definition A.1.1 ($GAHIEIEK).
(1) BAREEER N 2SR 3 2 ERBEREE BERIVEEE & FE.X.
(2) BGRMIBEEL f BBENTH 2 21%, f(1) =1 ThH, FEOEARE m,n LT

(m,n) =1 = f(mn) = f(m)f(n)

BRI THIEEES.
(3) ¥GRMIBIEL f PREFEMNTH 221X, f(1) =1 THH, FEDHARE m,n I LT

f(mn) = f(m)f(n)

BRI TEIERED.

Remark A.1.1. Definition A.1.1 THRIEAIBIRL L FERRIEMIBIRICSM: f(1) =1 ZBRL TV 3
2, CHUTEBBEE f(n) =0 2HBRT 2720 TH 5. ZOEHBEE f(n) =0 2FRE, f(1) =1
WBREEDERDOEDD ((m,n) =1 = f(mn) = f(m)f(n))] 2WVIFGDORETH 5.

Notation A.1.2. COERTIINT p ZIRTHFEDOD LR LIC»PDOOLTHRBERTDHDOLTS.

Definition A.1.2 (BFi7—%). U FDd D545 (4, P, w, X) ZET—R LIER .
o i VEBOERLEELS J.
o HidFTEHLLVRBOES P. GREBETTRI TS LW)
o FIENBIM w THoT

0<w(p)<p 22 pgP — wp =0

750, BAABRE LR, (FOEKIE Remark A.1.3 2Dz k.)
o BUODZEES d OEBFEZELUT 27-0DFEH X > 0.

i — X O ERHNIZ D DUE DT, Proposition A.1.3 ¥ Proposition A.1.4 THDH K S.

Remark A.1.2. ZEHEAYL S > T2 DIE, ERICIIEBROES I THRFHFoh-
d = (an)nel

VWS EOIRBHHNDZTHS. HIZIX, dla,=1R2Z2e2bx583200DnelT
IR AW 1 IFEHEEZE 3 TEEN TV LT 2. 2EESOERB L IR LTA
T EQOEHDOZ L, OF D EHREALDOERMTHZ L T5. Dk, LEESIHLTEEDOH
ELREEMAT 3. HlZX, MAZEES L EBEFI ORIz RS,




Definition A.1.3. BB OZHEHES o L HA d 1T LT

dg={ned|n=0(modd)} Cd

Notation A.1.3. i7— & (4, P, w, X) I LT, LROFEEHANS :
o BERMIBEE E 2 B d i LT
w(d)

#olg = ==X + E(d) (A.1.1)

TEDS. ZOFKX (A1ll) ZRAFRME LS. GBE, ZOREHEIE R(d) ZerE1H
253, 5] LA BZEDLYE 570 E(d) L EFE W)
o EHz>0TMLT
P(z) = H P

pEP
p<z

i
3u

Remark A.1.3. RZMF (A.11) 3RHHEICE - C

w(d)

nedhdTEHOYIND THER) & g

TH5

Wik EEEE() HET) §oTW05.

A.12 [BFrEEFDAI

PURC, ZHATES M 2 BB OS5 E RS & 2 OFEERHMIi oM 2 R TA XS .

Notation A.1.4. DUR, B n, d 123t LT, EHEeh
7 — 7./dZ

(DFD,dTH->LRDEWMBEMR) X2 nDBEDIL%E n (mod d) bEHEL ZLIZT 3.

Definition A.1.4. ZIERX F € Z[X] 1 LT, ¥GRIBEH wr %
wr(d) = #{x (mod d) € Z/dZ | F(z) =0 (mod d)}

TEDD.




Proposition A.1.1. ZIERX F € Z[X] LT, wp ERIENTH 3.

Proof. LI wp(l) =1 ThH 3. £oT, HWZRBBERE (d,e) 2D, wr(de) = wr(d)wr(e)
TH3 e zrBiRRV. PERAEREM (Lemma C.3.1) X HERFAM

Z/deZ — (Z/dZ) x (Z/eZ); x (mod de) — (x (mod d),x (mod e))
DdH5. ZORRRZEL T
F(z) =0 (mod de) <= F(z) =0 (mod d) 2»2 F(z) =0 (mod e)

THEZebTENES. O

Definition A.1.5. FEH « 120 LT,
[z] =max{n € Z|n<z} BIUY {z}=x-|1

LBE, ThZenFE o OBBED B L CINEERS L A

Proposition A.1.2. ZHHKX F € Z[X] L5 2,y THoTy>0R2bDIIHL, REEZX5 .
o BHOARI A = {F(n)|neclx—yx)NZ}.
e EH X =y>0.
o FENBM w = wr. (ZOEGHMWEEEDFIEMIZOWTIX Proposition A.1.1 Z&[].)
F 5L, RS L 2 DR THFH

Hely = @X +E(d) BXU |E(d)]<w(d)

DAL T 5.

Proof. 7% dy DEF (Definition A.1.3) XD,

#daq = Z 1

rz—y<n<zx
F(n)=0 (mod d)

TH5. HidDEH% n (mod d) DETHET S &

I SIS VI

u (mod d) r—y<n<z
F(n)=0 (mod d)
n=u (mod d)

LR35, & F(n) =0 (mod d) & n (mod d) DfEIZ LMKIELIRWDT

H#olg = > oo (A.1.2)

u (mod d) rz—y<n<z
F(u)=0 (mod d) n=u (mod d)



TH?. 2ZTn=u(modd) R T n=u+dn TSI

ooo1= > 1= > 1

r—y<n<z rz—y<ut+dm<z %<m<%
n=u (mod d) -

THB. e m ~ —m TEREIL T

Y= 3 o 1= [—x_g_“] - {—x;“] :%+E(u,d) (A.1.3)

rz—y<n<x —%<m§—7

n=u (mod d)
T—u T—y—u
E =< — e
wo ==

2155, Fio, FEDOERITH LT {z} € [0,1) Zh 5,

|E(u,d):’{—x;u}—{—WH§1 (A.1.4)

TH5. T, (A13) % (A1.2) ITRAL, wr DEFREZEBVHEIZ,

=7l

#sla=2 N 1+ Y Bud= wrld) | pa) (A.1.5)

w (mod d) w (mod d)
F(u)=0 (mod d) F(u)=0 (mod d)

ul

7271
E(d) = > E(u,d)

u (mod d)
F(u)=0 (mod d)

218%. Bz B(d) 2FHMETAUS X023, ZAUE (A14) &b

|E(d)] < > [E(u,d)| < > 1= wp(d)

u (mod d) u (mod d)
F(u)=0 (mod d) F(u)=0 (mod d)
FAUR RV, BRI (ALS) KT, X =y BIP w=wp ZROHEBIZFRES . O

A.1.3 EFEIEK

R THEZ N BEOAREEGDOTD S, NIVEBTHDUNTLESBEWMORS 2 2%
ATt &, MO BRPNFTIIR - 2R b OFERZFH S 21 b Eo D TRDRI2NTICHK -7
Wb iy 2R TEBEBDOER ZOHWTOHlZRTALS.

Definition A.1.6 (EFREER). i — & (A, P,w, X) L EE 2 > 2 1T U THiBEEL S(oA, P, 2) %

S(d,z) =8(A,P,z) ={ned|(n P(z) =1},



S(d,z) =S(dA, P, z) = #8(A, P, 2)

TEETS. TITHIFER 2 DZ L%, the level of sieve (Fi/k#E) LRI LD 3.

Definition A.1.7. EHOEE P L HABnIIHLT, dLln>1451F
pmin(n) = pmin,?ﬁ(n) = mln{p S P | n}a pmax(n) = Pmax,% (TL) = max{p eP p ‘ TL}

YIED, n =1L T
pmin(l) = 400, pmax(l) =1

LEDD.

Remark A.1.4. ¥ T5 5%, Definition A.1.6 ICBWT, KOS WVIRZ DT T 5

(n,P(2))=1 <= FEDpePN[lz) ML Tptn
<= pmin(n) > 2.

SED, (n, P(2) = 11&, Tn AVNSOEHTEDTRZV) 205 2L 2 EkKT 5.

Al4 EREERROFRA

T SRR DR T ik % 5 2 5 ik BT 205, £3, GBIz FHliT % 5 & BEWUFRY
D ZFHETE 2 Z e 2L TH I 5. T HMID S Selberg DEfIZZDEETIE L2 5D
FHli L 225 2 720D T, WFRBOEZICOWTIE LA 5 DFHIIDAE X .

Notation A.1.5. ETRTOELEEZ P ELZ2IZT 5.

Definition A.1.8. &z > 1 12X LT,
m(z) =#{p<x|p: T}

5%,

Definition A.1.9. EGEHIVEE Q ¥ v &, BAE n 1L T

Qn) = Z 1= (n DEEEZAD -RHRBDFERK),

p¥In
v(n) =Y 1= (n OEMEERCLEHEO ML)
pln

TEDS.




Proposition A.1.3. ¥z >4 I1ZNL T, RD XS WCEZbNEET—X%2HEZ 5 !
e o :=[0,2)NZ.

o 9 =P
o w(d) =1 CEXER0 .
o X =u1.

ZDLE RMBEDHID
(i) EROBARB dITH LT,

#ﬂw=%?x44ﬂ@ BIW® |Ed)|<1

DAL % . (RFRStt & 2 ORRZERHi)

(ii) FEEDOFEK 2 > 21T LT,
m(x) < S(A, P, 2) + 2

DIRALT 5.
(iii) (£ F—TERET) EEOFEK » € [27,2) IKNLT

S, P, z) —1<7(z) <S(A,P,z)+ =

DMILT 5.

Proof.
(i). Z4U% Proposition A.1.2 % F(X) =X,z = x, y ==z & & bIHVIUIHES .
(ii). RKEHET 20T (v ARMOBEBIEL T 1 2MZT)

mx) < #{nelzna) | n: ERY+#{ne 22 | n: B +1

195, LI TEREBT 2 ETHZ e 2FE 2HETHVW. T2, KM [2,2) OHDH
RHOMEBEZHZH <[2] - 1<2—-1TH2hb,

m(z) <#{ne€lz,x)|n: B} +(z-1)+1
<#{nelzz)|n: B} +2

2185, Ko THIX, (d DERIFIEEE 1 L2200 T) aabfk
{nelzz)|n: T} CSA,P,z2) (A.1.6)
ZREIERV. 24U, Remark A.1.4 2 B0WHEIZ,
ne{nelz,z)|n:FH} = punn)=n>z = (n,P(z))=1 = neSd,P,z2)

YHERTE . £ oT, (A.1.6) LD IO,



(iii). &,z >4hDz€[22,2) KDT2>2Th%. LoT, brdboiiid (i) »5HE5. Hrik
T2 o0 HliZ R~EIE LIV, ZhIFEER%

S, P,z) C{ne0,z)|n: FH}U{l} (A.1.7)

ZaRER
S, P, z) <m(x)+1

232,56 RV, 2L, 2 € [22,2) £ Remark A.1.4 % BWHiEE,

neS(d, P, z) = pmn(n) >z = 22 < Hp”:n<o:
pv|In
logz
log =
= Q(n)=0orl
= n=1%FkEn: B

= Q(n) < <2

CHERTES. Xo7T, (ALT) A DD, O

Definition A.1.10. 8z > 1 1T LT,
mo(z) =F{p <z |p,p+2: T}

LBXL.

Proposition A.1.4. 8z > 1 ITR LT, ROESICHEZX6NBET—X%EZ 5 .
d={nn+2)|nel0,x)NZ}.
o P =P
o wi=wp. LELIITF(X)=X(X+2) € Z[X]. (Definition A.1.4 Z5.)
o X :=ux.
DY E, RXMBWHALD
(i) |BpiTRLT

1 (p=20r %),
w(p) =
2 (p>20r %)
AL T 5.
(ii) EEOBEAR dITHL T,
w(d)

#ola = =X + E(d) BXF |B(d)] <w(d)

DIRALS % . (RFrSett & 2 OFRZERH)

(iil) FEEOER > 21THLT,
mo(x) < S(d,P,z) + 2




‘ DAL 3.

Proof.
(i). Definition A.1.4 225
w(p) = wr(p) = #{z (mod p) | 2(z +2) = 0 (mod p)}
THEW, L/pZ \3KEH o
w(p) = #{0 (mod p), =2 (mod p)}
TH3. HLF0=-2 (mod p) L RZDMRp=2DL XTH 3 LICKEO2FITREBES.
(ii). Z4Ud Proposition A.1.2 % F(X) = X(X +2),z =,y =2 & & bIHAVIUINES.
(iii). X% PE T2 22T (r,2+ 2 DPFRROHEDBIMKLT 1 ZMZT)
m(x) S #{n€zz) | nn+2: R} +#{ne2,2) [nn+2: B} +1

B85, 2FELCCEMEST 2 ETH 5 2 L BB 2 HATHVE. T4, K [2,2) OF0H
PHOMRIZH 2D <[z] —1<2— 1 THEHE,

mo(z) <#{ne€lzx) |nn+2: FH}+(z—-1)+1
<#{nelzz)|nn+2: BH}+2

2185, Ko TR, (4 ERIIEHE 1 LKk RwoT) dabfk
{nelz,z) | n,n+2: T8} CS(A,P,2) (A.1.8)
FREIERWV. 24U, Remark A.1.4 2 EB0WHEIZ,

ne{nelzr)|nn+2:FZH} = pun(n(n+2)) =min(n,n+2)=n>z2
= (n(n+2),P(z)) =1
= nedd,P,z2)

LHETES. koT, (A.18) AN D, O

A.2 Eratosthenes—Legendre D&
A21 FERBIRICEYT 5%R

Definition A.2.1. BA¥ d,n I LT
d|n &L d|nb»o (dn/d) =1

LEDD.

10




Remark A.2.1. BE n, B8 p, IFEEEK v 1T LT,
P’ |n <= p'|ndop'Thin

OFD, p' | n DY En OREERBIRCENS p DRZDIEII v THS. (v=0%ED3.)

Remark A.2.2. DI, Z2EEICHE LM (ML) dzheh ot 1 2 HET 5.

Lemma A.2.1. SEEMNBEE f & BRE n oL T,
S A = H(Zf ) = TLa+ 561+ + £6°)
din p¥lln “e=0 p¥lIn

MHAIT 5. (ZZTHUDHBIEERE p! THo>TveNBRBZHDICES, OF D n ZHERKY
fRUIZ 2B B HENE pV 125 Z 2 ICER)

Proof. ®ALDESZ f ORENDS f(1) =1 THEDOTHL L. BAIDHESERT.
FF n=10 ZTFRIFAARDT, n > 1 EIRELTIW. HRAK n OZRES RS

n=p{"-plr, T E€L>1, D1y pr: AWVITHRRZFE, vy,..., v, €N (A.2.9)
LELZRIZTA. TBE, n ORI
pyteeprr 2L e €{0,1,...,u;}

WO EOBHRBTRTTHS. koT,

d};f ZZf-T

e1=0 e,=0

CEZEES. T2, f ORENED»S

;f(d): i i o) flpr) = (i f(p?)) X oo X (i f@g))

e1=0 e,=0 e1=0 e,=0

285 HeEpr, . D1, ,v B (A2.9) TEZONTWZZ 22 BWHBIZREW. O

A.2.2 Mbobius %k

Definition A.2.2 (FHEF).
HAE n DY DZEHDOFTHENR LRV E =, n IZTFEHER (square-free) THB L E S

11




Note A.2.1. BAE n P EHERFZTH 2 2%, SV TAIL, n ZRRBOR L7 212K
NBERZDIHDITRT I THE I REKT .

Definition A.2.3 (Mobius B8#). BGRMIBEIE 1 %, BARK n I LT,

- (=1)" nHrEOHLWVCERZFZROBETHLLE (relsg),
T 0z

TED .

Notation A.2.1. & P icnt LT, 2 D454 1, %

L 1 (PHPEODL %),
"Tlo0 Popors)

LEDD. GEfE P IIBIN S ZR OB L st 5.)

Remark A.2.3. FETH 205, BRI n LT
w(n) #£0 <= n:square-free
TH3. kT, Mobius BIEIZ 0, +1 LAEICE 0 2 L ek e o iug
11(n)? = Ln:square-free

THEIeDDn5.

Proposition A.2.1. Mobius BEUIRENTH 3.

Proof. 3, 1IZ0HOEWVICELZZBOFEROT u(l) =1TH%. £oT, HWIZRERRBARK
m,n ZERIZE D, p(mn) = p(m)p(n) ZRERX IV, BWIRELRERE m,n ZEEICL 3. b L,
m,n Q5 SRR EHFEETRITIIUE mn b FEHEZTRVDT

p(mn) = 0= p(m)u(n)
%%, b L mndEb LS FEHEWERTHIUL, m,n ZAVIZHELDIS
M=p1 D, MN=Drs1 Pros 127201 PlyeeeyDryPrilyer s Pros i HWITHER 5 FE
r #HF % DT, Mobius BEBOEFR LD
p(mn) = (1) = (=1)" - (=1)* = p(m)u(n)

Z21§%. 0T, EOBED p(imn) = p(m)u(n) 2rEi. O

12



Lemma A.2.2. B#E n I LT,

> uld) =

d|n

AL T 5.

Proof. Proposition A.2.1 XD Mébius BABUIRIER L DT, Lemma A.2.1 ZHW2 Z N TE,

> o) =TT A+ pum) +-+ pp?)

din p¥lin

¥7%. Z 2T Mobius B OERE B HEIE

Z“ =[[0-1) = 1.2

pln

CERDPEONS. (I 1 R LERT 5 LR L T\

A.2.3 Eratosthenes—Legendre (D&

Wik, ZOBERORAIDEETH % Eratosthenes-Legendre DEfiCOWTRTA 3.

Theorem A.2.1 (Eratosthenes—Legendre D&f). fifi7— & (A, P,w, X) LEH 2 > 2 1TH LT,
S(s,P,2) = XV(2) + E
2
2= M BEO E= Y u(dE(d)

d|P(z) d|P(z)

LEBITHRILT 5.

Proof. BB DEFR LD

S, P,2) = Y 1= Lnpe)-1
ned ned
(n,P(z))=1

TH3. 22T Lemma A.2.2 ZHVAX

L=t = ., wld)= > pd

d|(n,P(z)) d|P(2)
d|n
Ep
.9.9-5 5 u
ned d|P(z
d|n

13



TH5b. ZZTHEANEZT Remark A.2.5 &Rz v)

S(st, P, z) = > p(d) Y 1= u(d)#sly
d|P(z) 72691 d|P(2)
|n
213 %. BRICREATSMA

#oly = #X + E(d)
ZRATHE

S, P, 2)=X Y pd )+ Y Wd)E(d) = XV(z) + E
d|P(z) d|P(z)

Z19%.

O

Remark A.2.4. Section A.2.4 TFH L DNR3 (& I F—TIERIXT) A3, Theorem A.2.1 1:i
BRERXE52 5% CilEH
E= ) w(d)Ed)
d|P(z)
CEENZERNZ TEC, IEFEIT/NEZ WV 2 RIS RWIR D | BEEHOSIEARAIRETH b, FEH
FEHF hATIER .

Remark A.2.5. Theorem A.2.1 DFFHICH 3 & 5 RO AN Z

D )= ) ) 1

ned d|P(z) d|P(z) ned
din d|n

WERD & S ITREBIEE WS & B30 L & d | n i3AMAIloFMOZEE & NlOFIDZEE D
I EENBEERDT, ZD XD REFERREEBICESIZ T

S wd)=>" > pd)Lyn

ned d|P(z) ned d|P(z)
d|n
3%, 25 LTL AR ESMIlOFIEHIZIZ 7 5 72D T, B
Do wd= D> Y uld)lyy
ned d|P(z) d|P(z) ned
d|n
EMEZANEZ S DN TES. IR ZMOEMICEL THFUI

D 2 =3 Y pd= 3 ud) 1

ned d|P(z) d|P(z) nEsl d|P(2) ned
d|n d|n d|n

14




2195, REIIRMEERZEA LTy, THREIOR MO DT AT < 2 5&MAF1EH
HNRLF EMEANEZ L) CBoTLEoRIEIMEEDIETDHS.

Proposition A.2.2. Theorem A.2.1 DFED T,

Vi(z) = H(1—w(p))

peEP p
p<z
N RYAC
Proof. $GmIBEIEL
N R; 4 M2
’ d
3L DT, Lemma A.2.1 MEX T
Viz)= ]I (i M(pe)f(pe)> (A.2.10)
e Ne=o P

185, LU, P(2) 3 FEHERZDT, (A.2.10) OFLCHNEZZRZEZv=1DdDDATHD,

v = ] (H“W(p)): I (1_@):11(1_@)

p|P(2) P p|P(z) pEP
p<z

z215%. O

A.2.4 Eratosthenes—Legendre DEFEDFER (&2 X F+—TIERILT)

Eratosthenes-Legendre ®Offi (Theorem A.2.1) %R 2% & &I S(d, P, 2) 1& XV (2) THEMT
72X HIWCBXTL 3. 2T, Eratosthenes—Legendre DfiZ FWT, 55X 6N 7E v LTRDHE
B 7(x) ZFHES 2 Z e 2l ATAHALD.

X T, Eratosthenes-Legendre O i % T 7(z) DLl ZiRATHAL 5. Proposition A.1.3 DIR
MEEZD. WKE 2 % 2 € [22,2) OFEEPIC L AUZ, Proposition A.1.3 @ (i) & b,

|m(z) — S(d,P,2)| < 2z
TH3. X512 Theorem A.2.1 ZHWiUX

m(@) — (XV(z) + E)| <z 72U E:= Y. wdE(Q) (A.2.11)
d|P(z)

185, ZZTE Y 2 23EF AR LTLEZIZ, Proposition A.2.2 &b

m(z) = XV(z) =z ]] (1 - ) (A.2.12)



WV EREIICRE. (ZZT=W0WoitHE, BT ZOEMUPHRITZEEBES ]
BEOBEKRTHWTWS.) ZRIZED 5 Mertens D EHDOFEHEE HViud

(-85 oo

<z

Band (FEO+E I F—TIEFAALRY) . 727210 Z 2T v 1&5%E Euler-Mascheroni 7E£(

) 1
W:$§&<§:n—ng)_05nm%0~
<N
rELWV. XoT, (A212) kD, 2 =2 L THEAUS
~e 7 L ~ 27 i
m(x) ~ e log 2z c log

PEONZIIICRZS. ZREROEHOZHEEHIZLLTWS .

(A.2.13)

Theorem A.2.2 (R¥EHE (Hadamard (1896), de la Vallée Poussin (1896))).

T

7(x)

~ gz (x — 00).

UL, BOHD WIS S b i

2¢77 =1.12291896 - - -

7OT, FIiTiB7 (A2.13) BEBUER E (ERUEZT) BVESTW20THS | (22 b, K
M2 0F 2= a2 LEALDUIED, 2 € (o2, z(logx)"2) OEFNA S L AR 2 TH LOF#RIIMTIL
TLEW, 2 DEEEODE TR (A2.13) DEZTLT LA TELDOBMPLELL.) —hr 2
THHEZ =D TH 2 5 2.
FiX, (A.2.11) IcBlh 3385
E= ) wdE(d)

d|P(z)

BRETEZDTH2 | EFE, Proposition A.1.3 D (i) ZHWTSH, Lemma A.2.1 75

Bl< Y @y = ] 2=2
)

d|P(z) p|P(z
Y7220, SO 2 > 22 FROHBE, BEEELSTHAD 2 T, ML D
27r(z) Z 2%%

b, x/logr MEORKEXOFEHIFEELTLES | IRDIENX, RZGHTH 2% Proposi-
tion A.1.3 @ (i) T E(d) 3 FEEHICHANThE K, B4 TRRZEHE] ¥ EA7253, Eratosthenes—
Legendre Ofifilc & £ N 2 ARG D SRR BOFMGEH E(d) 2 $ 5 —77C, TEIHIZIIM
BLATEHELAEWDIEZ o7, BRAED TELEDUILE RS Vo RECICEEIHZ R
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L7z, WVWIHDIFTH 3. 20 MALLIEOEiIED 7 — <&, TIANZ LT Z @ Eratosthenes-Legendre
DEIORFERDBZ 25, oFD, RREE ORlHZAFNC L TAIREICT 240 tWnwS i
H5.

A.3 Selberg DER

Eratosthenes—Legendre Qi DR Z T DR 272D DEARMNZ 7 4 771 T(FHEKOWHEA %2
DT ER T2 5 DFHEICHA LTS K LT) Mobius Bd%z & b #E D RWEIEL T Mobius
BIf ICEZMATLES )] tWHHDTH 5. iz, T Mobius By 0B (fH2S 0 TRWHIF)
ZHIR ST 2 Z & T, EEH

E= Y wd)B@
d|P(2)
D d DFIPHZ HEEL DN WHIFICHIR L, BEEIHOERZMZ 2w ws il s, Zhid—7
T Eratosthenes—Legendre OFiOEBIHTH 2 XV (2) L TLES O T, THEDFIHD E 2 7
FIUER B0,

A3.1 Selberg DEFDT AT T

Selberg OETD T Mobius BI% OE D FIEROIEFE ICHMABEIcH O

Lemma A.3.1. RObDEEZ S .
o ZRDHLEAE P.
o F 2> 2.
D&, B (N\a)apz) TH-T,
A =1 (A.3.14)

RBEODEEZLD. ZOLE, KN | P(2) KL T,

> p(d) < (Z )\d) i (A.3.15)

d|N d|N

TH3.

Proof. N =1T®20E0»THEDNTIEZT2. N=1Dr Zid (A3.14) kb

dudy=1 o (ZAd)Z =N =1

d|N d|N

BOTEFERIIKITS. N>10DE =3 Lemma A2.2 ¥ \g BDEBETHZ2Z 5

> nld)=0< (ZAd)2

d|N d|N

17




2155, O
Z® Lemma A.3.1 X D, #iBIED L & DiHiiZE X 5721372 5, Mobius B ORI 21

> u(d)

EAR%ER (A.3.15) O

D% b [ Mobius BEU OMEBICELZRICE SR 222 TE 3.

LA L, Lemma A.3.1 IZIEFICHMTH 5. BERoTWVWEDIEEROFABHLTIEFATH S &0
STETDIETHB. ZNETTEKD % upper bound sieve BMENDZ DIZEETH 2, bHSA
IR HTORITIR SRV DIFHEYR (V) DMK TH 5. £330 £3 Lemma A3.1 THS
NAEREEEBICHW TR SN2 i R TAS -

Proposition A.3.1. XObDEHEZ 5 :
o fiT—%& (A, P,w, X).
e MR, 2> 2.
o FERF (Na)ajp(z) TH-T

A =1 (A.3.16)
Vi
d>R = M\=0 (A.3.17)
B5HHD.
DY E,

Sd,P,2) < XV+E

Vi)
_ w(ldi, da]) L. A
Vi 3 et BEE B 3 dadnB(dd)
dy,d2| P(2) dy,d2|P(2)
di,do<R dy,das<R

X HITHDILD.

Proof. Lemma A.2.2 & Lemma A.3.1 XD,
2
S, P.2) =) Tpen-1 =), D, u(d)sz< > Ad>
ned ned d|(n,P(z)) ned d|(n,P(z))

B3, 22T 2H®EEBITIE FIOTHEOMAITITOWTIE Remark A.2.5 Z51R)

S, P2) <Y Y > XA = > Agda, Y1 (A.3.18)

ned dy|P(z) da| P(z) d1,ds| P(2) ned
dl\n dQ"I’L d17d2|n

18



YA, 22T d1,d2|n < [dl,dg} |n7\_75>6 %Fﬁ*{#%mh\ﬂCi (A318) »n5

S(gﬂ,957z) < Z /\d1)‘d2#&q[d1,d2]

d17d2|P(z)
dy,d
=X > )\d1)‘d2 Ec[i 1d TD + Y AnAeE((ddy))
d1,d2| P(z 2 d1,d2| P(2)
185, B%IC (A3.17) KRE2FETHRES 3. O

A32 FEHEOXMAIL

& T, 4% upper bound sieve ZAEH L T\ 3 728, Proposition A.3.1 T® upper bound D F %
H XV 272 5X_XL/NEL Lzw. 22T, Proposition A3.112H 5 L5

w([dy, da])
V = Ad: A A.3.19
d ;(z) Tl A
dr,d2<R

TH2D, THE N\ B EERE T2 - THE. koT, MADTNEZ LI, HlF%EME
(A.3.16) O RTXIER (A3.19) #F/MET 222 TH 3. ZoR/IMED7Z0d12, 513 (A3.19) %
Dfffe) LTaES.

Lemma A.3.2. EEMEE f  BAE m,n TR LT
f(m) f(n) = f([m,n])f((m,n))

AND AVAC N

Proof. &8 p L BB N TN LT, AT v, (N) &
pr ™| N

TEDS. T2, RABDHEEZ LT
= Hf(p”"(m)) Hf(p”p("))
_ H F(paamop )y T f(pmineetm)e(m)y)
= f([m,n])f((m,n)) '

155, O

EF (A3.19) OHFT dy,dy DEB SHD w(p) =0 ¥ 722 BRE p BHO X5 HIHZ 0 2DT,

P ={pe?|wp) >0} BEE P(2)= [[»

pEP”
p<z

19



rELZRITR

w([d1, da])
V= § N, A1, d2))
BT ]
dy,d2| P (z)

di,d2<R

ERBILIEFRTS.
— A TIEIRNDY, ROHGEZHELTHL !

Definition A.3.1. #GHfIEIE ¢ N FEABBHEERLTD LT,
n € N2 EAIEH TRV — g(n) =0

YRBIeERES. (F R HEETIERV.)

Remark A.3.1. JFHEREE A L T2 RIENEH g 2 EFRT 2 IR ETOMHE
g(p) (p: FE)

DAZEIEETIUI L V. GRRBUMRDIFE & — RO IRE.)

Proposition A.3.2. Proposition A.3.1 &R UKD T, FEABBEEICHE 2RO RENEE g &
__w(p)
p—w(p)
TERT 2 MERBELMENZ) . (BB, 0 <w(p) <p 235D Definition A.1.2 TR
EENTWDT (A.3.20) DELDIEHNZ 0 TIZARW.) ZOt &,

g(p) : (A.3.20)

w([d1, d2])
V:: )\ )\ —_—
2, AT
dl,dQ‘P (Z)

di,d2<R

LT

w(r) Agw(d)
r| Pr(z) DL &,
o0, TP

Yr = d<|é% (A.3.21)

0 Z st
TERBND (y)ren & DITKITT 5.
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Proof. Lemma A.3.2 ¥ P* DEFK LD

Z Adyw(dy) Ag,w(dse)  (dy,d2)
V= : - (A.3.22)
dy,d2|P*(2) dy da w((d17d2>)

di,da<R

%18%. 22T Lemma A.2.1 &b, IR d | P*(2) WX LT

eIl D010 5)

o @) w(p) 9(p)

2182, hE (A3.22) KIRALT

Adyw(dy) Agyw(da) u(r)?
v= > = : >
dy,ds|P* () h d r|(d1,ds) 9(r)
di,d2<R
- ¥ p(r)? 3 Ad,w(d1) Ad,w(da)
P (2) 9(r) d1,ds| P* (%) dy d
r<R d1,d2<R
T“dhdg
r Agw(d)\ 2
- > (4 X M) = X g
- g(r) = d -
r|P*(2) d|P*(z) r|P*(2)
r<R d<R r<R
r|d
YEREES. I TREOMBSEME r | PY(2) 25 FHERBOAICIES 2 2RV, O

Remark A.3.2. Halberstam-Richert [4, 3X (1.5), p. 99] & ttX% & Proposition A.3.2 T
yr DEBOMETDD ANV T THS. ZHUF Maynard [5] @ notation & b€ LITH
K9 5. %7z, Proposition A.3.2 TOEGHIIBIE g 1 Maynard [5] @ Lemma 5.2 @ g &35
%% (BHOBRICR-oTWS) ZEHEET 5. LA, Maynard [5] @ Lemma 6.1 @ g 23
Proposition A.3.2 ® g iIZx5d 5.

A33 BZTHBOFHE
& T, Proposition A.3.2 T5 x5 72ER

V=Y gy

r|P*(2)
r<R

MILE DV ORALTH % 7-H121E, Proposition A.3.2 THWW=ZEA

_ k() Aaw(d)
) 2

[P (2)
d<R
r|d

DR D D B 23, ZHUFIRDIED Mobius REEZATUCE D 5 R 2 Z e BT E 3 (H LT Maynard

D [5] TS e DI ERIRE R LET) !
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Lemma A.3.3 (Mobius REEAT). EAK k & 2 ZBORGHINBIK
AY:N > C

THoT, ROFMN 2T HOEERS !
(1) BERIBEEL A, Y 3BER T IR TR EERIcE 2 H>. 2% D
Ny, Nk D Zhﬁ’i]’yﬁﬁ@ftﬁh\ - A(dla B dk)ay(rh cee ,Tk) =0
N RYASY
(2) HERIEH A, Y OBRERTSHS. DF D
#{(dlavdk) eNk |A(d17"'7dk}) 7&0} < +00,
#{(r1,...,ri) €eNF | Y (r, ... 1) # 0} < 400
DI D 3D,
TDEE XD 2OFFEE
(i) RO S re, ..., 7 ITHLT

k
Vv = (IIn00) Y Al
1=1 d1 ..... dk
DREALT 5.
(i) EEDTH BRI dy, . .., dy IH LT
k
M) = ([[d)) ¥ ¥lrnoon)
= s
MWL T 5.

Proof. #FEED (1) = (i) ZREEHHROT, CROBHERT. FEC (1) DL L L RE
T3, T3, PHERS di, ... d L, (i) CEA BRI

Z Y(ri,...,r) = Z Y(dima,. .., dimy)
driqu', (VZ) TN yenny mpg

k

Z( (dimi)> S Alen.en)

my,...,mp Ni=1 dim;le; (Vi)

— E: GﬁM@WO E:Awmm%”w@mww

mi,...,mg “i=1 NY,eeny ng

CEEEES. 22T ARBERI L PFHEREE IR ODOT, MIOZRIZ (di,m;) =1 EW55

[
=

22



FZfRLTHRWV. T2, dy,. .., dp (2 F/7HEFZ D 5, Mobius BIBORIENEX D

(f[lu(di)) Z Y(T17-~-77“k)=mlz Z (ﬁu(mi))A(dlmlnl,...,dkmknk)

di‘Ti (V’L) ..... M MY yenny ne =1

2195, BlE u; = myn; DETHEHZSEL TH» 5 Lemma A.2.2 221X

k k
(H M(di)> Z Y(ri,...,r5) = Z Aldvuy, ..., dyug) Z (H M(mi))
1=1 dll"’z (Vz) UL yenny UL 72}:777:'? =1
m;n;=u; (Vi)
k
= Z Adyuq, ..,dkuk)<H Z ,u(mi))
ULyenny UL 1=1m;n;=u;
=A(dy,...,dg)
LB, CAT (i) BRENL. 0

Proposition A.3.3. Proposition A.3.2 ¥ R UKD T, (A.3.21) D%

Hd|P(z) O d<RDYERITS.

Proof. Z¥ZEW (A321) 1%, r | P*(2) DL &

g(r)ye = p(r) > Adt}i(d) Lgjp=(2)

rld d<R

¥ Lemma A.3.3 D (i) DICEIF 5. £Z°T, Lemma A.3.3 D k=1 0DHE

Aqw(d .
A =2y, BxT V() = g0
d<R
¥ IV, ZAUCHE, Lemma A.3.3 O%H (1) & (2) 2HAD BEHDS. EF, Ao
WTEZ 2L, &F (1) RSB DN d | PH(2) 2552 L, 50 (2) ERHERB O 504

d< RDPOLHESPICHIT S, /2, Y IR L TiE y, DEFE (A3.21) 205

r{P*(z) ¥%i& r>R = y.=0 (A.3.23)

FEHBELE (1), (2) BHTT 3. £oT,d| P*(z) Do d< ROt %, Lemma A.3.3 D (i) 75

d Aqw(d) w(d)d
= 77]]_ () = — r
L d M w20
2135, BRI, GO Z (A.3.23) Z AW TR ST FRZ1G 5. O
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A3.4 BIVELRIE

PLET, Fx O FEIHOR/MEREIIRD X 5 ITHRRTE S

Proposition A.3.4. Proposition A.3.2 ¥ R UKD R,

Ga(z,z):= Y g(r) (d|P(z) BXE G:=Gi(R,>2)

r|P"(2)
r<x

(r,d)=1

EBL.TrE, “XERX

Vie S0 gy, lonhl w([dy, da]) 3 /\dl)\@w([dhdz])

d1,da| P(=) [d1, d2] dy,ds|P* (2) [d1, d2]
di,da<R di,d2<R
il O
A =1
DR TRMET B ()\d)d|p*(z) =S
d<R
p(d) Ga(R/d, z) .
Ay = d| P*(2), d< R A.3.24
ey e (@] P*(2). d < B) (4320
pld P
THZHH, 20 (A3.24) DFTV I3
1
V=5

EWVWHEEES.

Proof. Lagrange DARERBIE DX 25, Z ZTIX Cauchy—Schwarz DRER & Z DESBHILEM
W GERES . 2R (A3.21) OMZHUL Proposition A.3.3 THZ bhiz. K

TP (2) T|P"(2)

V= > g0y
r|P*(z)
r<R
Z St
Z g(r)y- =1 (A.3.25)
[P (2)
r<R
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DRTR/MET R EBEZNEIRVL. 2Ok &

r|P(z) = g(r) =[] “)
R TR, Cauchy—Schwarz DAEXD 5

=X Jmm)s <T|PZ*<Z>9(T)%%>< > o) (A.3.26)

r|P*(z) | P (2)
r<R r<R r<R
185, £oT,
1
V= 2> — 3.
D 9w = 5 (A.3.27)

r|P*(z)
r<R

2185, ZOFFIX (A.3.26) THW Cauchy-Schwarz A ERDEFEE WIS D LD L ZITHE
X3, Cauchy-Schwarz FERDEFESIIEZ TV EEE (RNT Fv) PFEATRE BIEREINS.

OFD, HEZER Lo T
Va(r)yr =c/g(r) <= y.=c

DIRTDr | P*(2) 22 r < RZZEARE r WRHLTHRDIIDL &, (A3.27) DFESHRILT 5.
xRS (A.3.25) OHIC AU

1
L= > glye=c Y g(r)=c G~ c=7
r|P*(z) r|P*(2)
r<R r<R
5. DFD, (A3.27) 1%
1
yr_a (T|P*(Z)’ 7‘<R)

D FFEREND. Z ZIT Proposition A.3.3 ZHWVWIUX, d | P*(2) D d< R7%% dIiZHLT,

w(d) £ o=
r|P*(2) r|P*(2)

r<R r<R

d|r d|r

2185, ZOREBEOMICT r & dr I2B 2R

A= LHDL S

G w(d> dr|P*(z)
r<R/d
2h g FFT R A Ro DT
_ 1 pld)dg(d) _ p(d) Ga(R/d, z)
MTE W T;(Z)g(r) ) H<1 - W(p)) ’
r<R/d p
(r,d)=1 pld
2185, U ETFRIME SN, O
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A35 RE )\, OFHE

& 512 Proposition A.3.1 TOFREFL Z1T 5 7212, Proposition A.3.4 TH LN E#IR Ny D
x5 2 THL

Proposition A.3.5. Proposition A.3.4 DIRHDTF, (A.3.24) THZ BN A\ I LT,
‘)\d| <1

Hd| P (z) o d<RDYEFILT 5.

Proof. Proposition A.3.4 TH x &47=H/1

G= > gn)

n|P*(z)
n<R

ZOWTER 5. ZOROHEE ¢ = (n,d) DETHET 5 &

G=3"3 g =3 3 glen)

eld n|P*(z) eld en|P*(z)
n<R n<R/e
(n,d)=e (n,d/e)=1

L2, TOMTIX g BWEFEGREE BRSO T, g DFEREED BVWHLT

G=>"gle) Y. gm)=>gle) > gn)=> gle) > g

eld en|P*(z) eld en|P*(z) eld n|P*(z)
n<R/e n<R/e n<R/e
(n,d/e)=1 (n,d)=1 (n,d)=1

(n,e)=1

219%. 4, FHIIELOT

=Y 00 Y an) = (Zg<e))cd<R/d,z>.

eld n|P*(z) eld
n<R/d
(n,d)=1

BRI d| P*(2) 5 d PFHEFTH 2 Z 2 IERLT Lemma A.2.1 2213

1
G>|1(1+g9(p)Gi(R/d, z) = Gq(R/d, z) = G4(R/d, z).
5 ’ E(p—w@)) ‘ H(l—“g’)) ’
pld
£oT, (A3.24) &b e .
(r-=7)
2155. O
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A36 BROFLD
Moz £ DT, ROFMREES ©

Theorem A.3.1 (BEARZ Selberg DFF). XObDEHEZ 5 !
o HEF—& (A, P,w, X). £
P ={peP|w(p) >0} BLL P (z):= H P

pPEP
p<z

rEIZLICTS.
o EHM R, 2> 2.
o FHEEREICH & OFIEIIBIRL

0 (2L

TERSINDDD. LT
G(z,z) = Z g(r) (d] P(z)) BLY G=Gi(R,2).

T|P"(2)

r<x
(r,d)=1

DL E, RHWHILD !
(i) R L & O
S(sd, P, 2) < g+E

WIRARIE
Ei= > AAs,E([d,ds])

dl,dz‘P(Z)
di,da<R

Y HITH D ILo.
(i) fEED d | P(2) LT, M| <1 TH 3.

w(d) Ga(R/d, 2) (d| P*(2) 2 d< RDY ¥),

Proof.
sition A.3.5 TRENT.

27

FHifli (1) 122V T, Proposition A.3.1 12 Proposition A.3.4 #FAWiUIREW. (ii) 1& Propo-
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A4 EBEAFBZL Selberg DERDIGHA | — R DAL

Selberg DEIDIGH E LT, £31& « UTORMDMEE 7(x) DFHliZH{TAH LS.
ROAHE % UEf T 5

Lemma A.4.1. 8z > 11T L T

DRI 5.

Proof. B3t u— L3 u > 0 THIHIHEAT 20T,

n<x n<x n<r

ThH?b. T, n<cRB2ARKIL, ..., [2] -1 TIRTERDT, I RMEDRIFT

1 1 d
Sz [ = togle] 2 loga
n 1 U

n<x
185, (Z2ZLZZT, [z]E [z] =min{n € Z | n >z} TERINZ KHEBTH3.)
TRERC m(z) ZFHE L TAH LS. ROKRI, EBAE2PRE, REBCEM

xT

()

~ —
log x (z = 0)

CAFEOFHEiZ 2572 TED LD, T I LWL TVS !

O

Theorem A.4.1 (Chebyshev). E# C > 1 BFAEL T, FEH x> 2 1TH LT,

T

<
mw) < Clogw

RO RYAS N

Proof. Proposition A.1.3 Dfii7—% (4, P, w,X) ZHW3. §5% &, Proposition A.1.3 ® (ii) &b

m(x) < S(A, P, 2) + 2

Ths. ko T, GBI S(d, P, 2) % L &FHE L7

Selberg Dffii (Theorem A.3.1) ZHAW3. T XX — R > 2 2L, Theorem A.3.1 &b

S(d, P, z) < X

X
A p-".p
ctt=aT

(A.4.29)

(A.4.30)




WL T 3. 7272L2 2T, MG

LEFRSN, FRRIE E

E= Y JMAE(di,do)) %EL |n| <1
di,dz| P(2)

dy,d2<R
TERSINS. KT, (A4.30) DEMAZFE TN, G & E OFHiiZ175.
9, MG IOWTHEZS. Ml (A.4.31) DL | P*(2) DTN H50WDT
R:=2z

b, g(p) =0 < w(p) =0KEFEELT,

G= Y gr=> g
G

CHMLLTBL. 4, AFEEIXw)p) =1 TERINTVWEODT, (A431) &b

DRILT B, 22T, BRE n 1T LT, ZORRBIEOIERZITRT1LIZLELDDE
k(n) = Hp
pln

EEINE, PITHEREL r I U T, FHARE O R ¢ SRR RO —REIEL D,

1 1 1 1 1
=I5 "I+ )= X - X4
plr plr pln <L> p|r k(nﬁ:r

2185, Ik L RiFtud, (A.4.34) i¥ Lemma A.4.1 ZHWT

G=SurPelr) = Y =YL =g

n
r<z k(n)<z n<z

E TR HFHETE .
R, BATH E TdH %75, Proposition A.1.3 D (i) & [N\ <1 % (A.4.32) KAWL,

El< ) 1< ) 1<R’

dl,dzlP(Z) d17d2<R
d17d2<R
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(A.4.31)

(A.4.32)

(A.4.33)

(A.4.34)

(A.4.35)



YAMETE 3. 4 (A4.33) TIRDZEIC R =2 LEBATVENS
|E| < 2°

2155,
LLED (A.4.35) ¥ (A.4.36) % (A.4.30) ISV

+ 22

A, <
(%, 2) < log 2

2185, Ik X 51T (A4.29) ICHWIUE

x
< 2
m(z) < Tog 2 +2° 4z

219%. —H, o 3 +oK Ficz>8 &L T

Wl

z=x3 >2

(A.4.36)

(A.4.37)

YHoTHS. FHX > 01EHL, log X < X 2L Llog X =log X5 < X5 B0 2H5

2x 6x
=<

205 = 22 <
r3s ~ logx

2242 <222

2155, koT,z>8Dk % (A437) 25
3z 6x 9z

< < >
m(@) < log x + logz ~ logx (z28)
HEoNs. —7, HEEZH TG 5N 5 FHl
. x
min —— = =e
z>2 logx logz /|,_.
v, . 0
x i
<8< — < <zr<
mw) <8< elogx ~ logx 2sz<8)

TH3. koT, (A438) ¥ (A439) D, C =9 LHAUZTEDHILT 5 2 LA 5.

(A.4.38)

(A.4.39)

O

EF D Theorem A.4.1 DFERATIX, Eratosthenes-Legendre O fifi A3 2 B U 7= 52 43 T8 o il £l %2

Selberg D7 A4 T 7 BRFICH LZRIFTW2 Z e A THIN 5.

A5 Mertens DFEIE

A.5.1 von Mangoldt B8%&

i T, FiEZ VT n(z) D LS OFHIEC I Lz, L L, 2O F FCTERFEHBICE T 20k
RRETRTOIREHELZOT, OFEEZEZTA LS. FHE WS DIFERBUCERE T AR 5L

DEIWERLLDDTHS. ZZTHAMn ITHL T, ZOXRERBIHEEZENTHS !

n= Hp”.

pv|In
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I HR D VDIRRBICE LI MOMDFNTH 2. LirL, LORRE BRI HEIEEZ S
WCHRZ%. 22T, Bz2MICETARL log 2o ThAD L

logn = Z vlogp

p¥lIn
LWHEAEES. ZZTlogp OHIORETF vid p ¥ n ZEI2EELEH, S, Z0HEXE
logn = Z log p (A.5.40)
p¥In

LHEITE. ZOFEREIRD XS ITEFE XN S von Mangoldt BIEUE S © & b f#iRIcE T 5.

Definition A.5.1 (von Mangoldt B8%k). von Mangoldt BA% ¥ M. 2 FGaRfBIE A %

A) { logp nPHEEp D 1RXUEDREFD L =,
n) =

0 Z=hbt
TEDD.

Proposition A.5.1. HAE n I LT

logn =Y A(d)= > Ad).
d|n

dm=n

Proof. ZAUZ (A.5.40) 2 B XA R FOERTH 3. O

A5.2 Mertens DFEIE

Proposition A.5.1 OFRIT X T, T4 D & Hlo TV A MBI e FEDFE SO0z, ZDFK
% Mobius KEx% FWT A(n) ICBILT M#EL ) 22 BAMRETH 328, SlHE X 720 OXELRICTE 21
DT, 4L Proposition A.5.1 THZEFXEEL LT XS, RE®EHELTHL.

Lemma A.5.1. Sz > 21 LT

Zlogn:mlogx—:c—i—O(logx)

n<zx

DILT 5.

Proof. MR OEAREH K D
T du
logn =logx — —

TH5. AT, DDz Remark A.2.5 25E&I12 LT

Zlogn—logx21Z/:i?—[x}long/lm]lngu?

n<z n<x n<z n<lz
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= [a] logx—/ (Znn@)du

n<x

— [Jc]logx—/lx(z 1)‘3‘

n<u

z[x]logx—/lz[z}du
:a:loga:—/lxdu—{x}logx—i-/lz{Z}du

:xlog:ﬂ—x—{x}logw—i—/ @du—l—l
1 u

7203
xr Id
f{x}logx+/ @du+1<<logx+/ £+1<<logx
1 u 1 U

oo FEREHE5. O
T3 &, xR -5 72421 Proposition A.5.1 DFERX%E L] 2 XBELNS .

Theorem A.5.1 (Mertens MEIE). F z > 1 1TRL T,

A(n) e logp
> - =logz+0(1) BXU > =logz + O(1)

n<zx p<z

DMILT 5.

Proof. & x > 2 T TAUIE .
¥ 31 von Mangoldt BIEUICEE S 212> 5% X 5. Proposition A.5.1 &b

dlogn=> Y Ad)= D Ad)=) Ad) Y 122A(d)[ﬂ

n<x n<x dm=n dm<z d<z m<z/d d<z

TEh, R DEERR T 2L,

D logn=a)" @ +0 <Z A(d)) (A.5.41)

n<z d<z d<z

185, K2, ZOMEEEZIZ 72\, von Mangoldt IO EFRE B VWH T &

S A=Y Y logp

d<z v>1pv<z

u

TH 2D, ERIFIC2UEROT, pP <z hdov< logl DB D8

ZA(d): Z Zlogp< (log x) Z 77(3:%)

d<z 1<v<1°“ v<w 1<y los2
= — log 2
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ETEZ. ZZTo=10ERURAIHELCv>20 23 (X)) < X ZHVWSZLT

Z A(d) < 7(x)logz + (log x) Z T < 7(x)logx + :Eé(logalc)2

dsw S
£i2%. 2512, w(x) D kS DFHE Theorem A.4.1 ZHwViud

STAM) <+ a2 (logr)? <z
d<z

DBahd. Tk (A5.41) IRAFTHUR

A(d)

Z logn =z Z — T O(x) (A.5.42)
n<x d<z
#18%. —7, Lemma A.5.1 &b
Z logn = zlogz + O(x) (A.5.43)

n<z

DKL 5. BLED (A5.42) ¥ (A5.43) AbEd L

xz # =zlogx + O(x)
d<zx
%218%. 2k von Mangoldt BIOFNZOWT T I
> # =logz + O(1)

d<z

¢ von Mangoldt BIII X3 2 Eik%E155.
TICEBUTTE B FNCEIT 2 EIRTH %27,

A(n) _ §~ logp
3 Ay o
n<lx pv<z
Khro v =107 IR U

1 A(n 1
P R ID I

p<z p n<zx v>2pv<zx

®18%. Z 21T IR L7 von Mangoldt BAEUZBE§ 2 FiE% FWT

> a3 3 B2 o

U
p<z vs2pr<e P

2185, XoT, RINEIX

>3 logvp <1 (A.5.44)

v>2pv<z p

33



TH5. ZhiZ

S Y ey =X 0

v>2pv<z v>2

ENp>20rEp-—1>2Thh, 7= logp = 2logp? < 2p? KDOT

PO LD DN
v>2pv<z n=1

2135, RZOHNIFRD & LS 2 0

s 3 ™ s 3 [ _s 3 [ s
Zn 2:52/ u2du:§/1 (Zl)u 2du§§/1 u 2du =3

n<u

Y FAULIORIEA 35 % DT, (A.5.44) AURE T, O

A6 FENEREDFITE

Selberg D il

><

S(d,P,2)< =+E kEL G= Z g(r)

G
r|P*(2)
r<R

EWH BRI Z 52 5. XoT, THEERICMHS & 2 IIHENEE g OF G O R 5 OFHilin 2
B2/ %. Theorem A.4.1 T ad hoc RATET G O™ 5 DFHIi 21572253, 2 2Tk & D systematic
WG ZWORS FiiEEER L. HEDLSTHHDLEDIC R =2 MBI TdL,r<z%%H
%ﬁr DHEKEFIE 2z £ D/NX VDT, Definition A.12 Tpg P DL X w(p) =0 RELTVWEZ

Y GARVIIRERE 5
G=) g(r)

r<z

YA, FIT, Fle > 1L THNEE g 0 FEHEES

M(x) = My(z) =) g(n)
n<x
r#EE QF L BHIEGR TR LR LI ORI Z 2P AT L 0 XS RIERILORFES
CHEMRZW) |, ZOVPEHEOHEARE G Z 2 —RIEHZHERL X 5. Z OEHIZ Maynard [5]
® Lemma 6.1 \Zxf)53 %. Maynard [5] & Halberstam—Richert [4] Z5[HH L TW2% %5, Z Z Tl
Iwaniec—Friedlander @ Opera de Cribro [1] @ Appendix A.2 #ZE I Lzimz HVW5. (Z0#
MEE B[ IR VWS THS.)
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A.6.1 HGERAYBIER D TIE D i B 75 5Tl

53, ARANAHNE E O TIEIC DWW TE R B HMIZ, IFEE D IR BEE— M 120 U T i B 72 3
ZHELTE L (Z DM Maynard OFX [5] THHH ZHTHERTH Z) !

Lemma A.6.1. “F-/7#EFEE BICROIFAMEDORENREE g T, E >0 A> 11X LT

(2 <Vw <Vz) (A.6.45)

PRI TE2HDEEZS. T2, Ele>2 b ARBW <z ixfLT

1 K
> g < [10+90) <<p1}v<1+g(p))<logx>

n<x p<x
(n,W):l ;DJ[W

ML S 3. 7272 L Z 2T implicit constant & k, A IZKIFT 5.

Remark A.6.1. & (A.6.45) 1& Lemma A.6.4 ZHHWTHEDD 515 Z L.

Proof of Lemma A.6.1. GRHIBIEL g 13 F 72 BICHR DD T, Lemma A.2.1 £ R5ER

1+ X <eX (XeR)

PIREENTWS W <z IZREDITT

> ot =< [T+ 960 =TT (15507 ) TL0+09)

n<x p<x p\W p<x

(n,W)=1 ptWw
<T1 (i) (X o)

p<x

8%, 22T (A645) Fw=22, z:=x L& DITHL,

1 A
Z g(n) < H (Hg(p)) exp (/{ loglog xz — kloglog 2 + log2)

n<z p|W
A 1
=els2 (log2)™" H () (log z)"
S ML T 9(@)
215, I CERIRES N O

A6.2 BFrREICEYTSRE

P, Z® Section A.6 TlE, IROKE « &F2HWS .
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o JEEMHDRIENBILY ~. AT E TORATEHE w IZHIGT 5 DT, U L RATEE LS.
(—H, Definition A.1.2 & b —fIRKMTEZ 3.)

o FH k> 0. EEIXKICLMER. L%, implicit constant & x ICHKFEL TRWH DL T 3.

o SERL AL, Ay > 1. DUt%, implicit constant & A1, As, 6 KKIFL TRVWHDE T 3.

o B L > 1. DI#%, implicit constant 1% L IZFEL TIEWFHREWE T 3.

o RDJFFEHE DRI TOMIZEE T 250 ¢

v(p) 1
0< L o9 — r
- p Ay ()
o RDFFTEE DRI T 554 .
1
L< Y w—ﬁlog%SAg (2 < Vw < V2). (T'3)
w<p<z
CDEMEDPBALT B %E, Y IZEXRIT k ZFD) LW,
o EHEGHE B IR OTIEMNELK g %
v(p)
— P A.6.46
9(p) p—e ( )
TEDB.ATE ([1) £ DALDHERL 0 THV. EETH S0
g(p) = 1p) + @g(p) (A.6.47)

p p
YELILBTES. v ¥ LTRFIEE w MG %, g ZHENEBEELZNS 225 5.

o Efz>21THLT
Vi(z) = H (1 — M)

p<z p

LEDD. (Section A2 TD V(2) ST 32, —HF LWVids e LTEALEBELTEL.) L
IR L7 BERRIBEE g R VWAIUZ

~TTa+90) (A.6.48)

1
V(z) s
BHinsd.
o FRFIEEIEK
M(z) = My(z) = g(n).

n<x

Lemma A.6.1 OFFRA & FFEICEIR Euler B2 W5 Z & T

1

G (A.6.49)

M) < [T +9) =5

p<x

Doh b, BEOFERITIE (A.6.48) &z,
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A6.3 RFIEEICET 3REDIFEE

LUR, & (1), (T2) DIFHED S BRAER D DEWL OHFEHT 5 ¢

Lemma A.6.2. 5:fF (Tp) ZIRGETS 5. IEEME,DLFEHHIED 4 O HREIRL

O: [w,z] > R &EL 2<w<z2

o[- raw) < Y WELa) < [Tag) + apa)

u
w<p<Lz p

DKILT 5.

Proof. WRET¥OEARFERELD
MmzfvwmmM+ma
p

7275, Lemma A.5.1 ®FEHT® Remark A.2.5 IZEHSWEBESEIZL T

Z v(p) logp 10gp S 7(p logp/ Diu+B(z) 3 7(p) logp

w<p<z w<p<z w<p<z p (A 6 50)
1 .6.
:/(Z 7(p) 0gp>(q> Jut 3(z) Y 7(p)logp logp
w < p <
wsp<u w<p<z
82, 2ZT2<w <z LT
Z y(p)logp Ing /<;10gi +0(w, z) (A.6.51)
wp<z w
YELILIZTS. THE (Iy) &0, FED2<w < 2 IKHLT
—L <(w,z) < Ay (A.6.52)

BT 5. &T, (A651) % (A6.50) IKRALZED Y, (—& (v) BT 5 & 5 ICHBIHD BTV,

> 7(p)logp logp ,{/wz<1og;:>(@'(u))du+n(10gi)q’(z)

w<p<z

/Za(w w) (=@ (u))du + ®(2)5(w,z)  (A6.53)
:KJ/ d —|—/ O(w w))du + ®(2)d6(w, z)
®13%. B (2), —/(u) > 0 ZDT, (A.6.52) 55

/ 5(w, u) u))du + ®(2)6(w, z) < As /Z(—q)'(u))du + Ag®(z) = A2®(w),

w
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z

/Z S(w, u) (=9 (u))du + ®(2)d(w, 2) > —L/ (—=®'(u))du — L®(2) = —LP(w),

w w

2135, ZOREHTIZ (A.6.53) ICHWTEREZGS. O

Lemma A.6.3. 5 (T2) 2IRET 3. #HiH2<w <2 T

L 1 A
- < Z M — klog 0g = < 2
log w P logw ~ logw

wp<z
BLU
1 A
Z(P) Sl (K_i_l 2 )
wipes plogp ogw ogw
DIRSLT 5.

Proof. ZZF4, Lemma A.6.2 1B\ T

I kv, kol FEERIZ

i 1 . i 1 1 1
/ du ~ log og z LI / du <
w

ulogu log w w u(logu)? - logw logz — logw

w

CEHRB I UOFHIIE NS, O

Lemma A.6.4 (Mertens DEME). &P 2 <w <z T

1 1 1
Y - =log %% 10
P log w log w

HMILT 5.

Proof. Mertens ®EM (Theorem A.5.1) 2#H 21X, BB v(p) = 1LITHL T, & ) D=1
¥ A L=0(1) THILT 3. 5T, Lemma A.6.3 25 FRIES. O

Lemma A.6.5. &t (') ZIRET 5. (EEORE p 1T LT

AL T 5.
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Proof. 38 e € (0,1) 22 3. &M (D) IZBVWT, wi=p, z:=p+e ETHUL, 5, e €

X [w,2) NOZEUE p DAL B DT, w 2B EH e 71U

logp ’y log w p+e A,
log b5 4 222
2 =rloe p " logp

wlw<z

2135, H IR\, 0 B L AUT X,

(07

1) 5

Lemma A.6.6. 5t (I'1) & (I2) 2IGET 5. [EEOFH p LT

DRALT 5.

Proof. BGRHIBEEL g DEF (A.6.46) & (I'1) &b

#1835, ik Lemma A.6.5 ZH 2 1XBF 0215 5.

Lemma A.6.7. 5 (T'y), (T2) 2RET 3. #HF2<w < 2T

’y 1
Z < Z logw

w<p<z w<p<z

DAL 5. 7272 L implicit constant 1 &, A, Ay DAIHKET .

Proof. #i*EOFHlild Lemma A.6.6 225

S mr<a Y W)

w<p<z w<p<z p

YHES . B DFEME Lemma A.6.3 ¥ Lemma A.6.6 XD

Ay

'Y A1A2 Ay A1 A,
) < A1 A, <
Z Z plogp log w (KJr logw) ~ logw

wlp<z wp<z

(+

log 2

)

Lemma A.6.8. &t (T'y), (T2) 2RET 3. #H 2 <w < 2T

1 1
1 = o(p) — wlog 32 §O<1 >
ogw w<p<z ogw ogw
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ARD RYAS N

Proof. ¥73, (A.6.47) 5

Y o= Y Wy 7;p)guo) (A.6.54)

w<p<z w<p<z p w<p<z

TH5. $5r,Lemma A.6.3 05

Z o(p) > Z Mzmoglogz L

w<p<z w<p<z P logw logw

oo, MrooiHliziss. &oT, ko Dt

1 1
3" glp) — rlog =~ SO( )
log w

log w
w<p<z &

DAREIX V. FEIcfB720E (A.6.54) DFLDRAIDOFIE Lemma A.6.3 & D

7(p) < klog llogz 1A2
Wi P ogw logw
LAHMlT E, 57200 DFNE Lemma A.6.7 TRHliT X, FIRDIIES. O

Lemma A.6.9. 5 (T2) ZIRET 3. #HH2<w <2 T

zt? f[(lﬂm>lll<l+mm%<<byvn

log w
w<p<z p w<p<z g

RO RYAS N

Proof. &BZEDFHMD ARBIET7. FFX
1+ X <eX (XeR)

¥ Lemma A.6.8 DEMIZHWIUX

H (1+g(p))<exp( Z g(p)) <exp</<;log11§ggi+0( 1 )) < <logz>n

log w log w
w<p<z w<p<z & g

LERERS. O

A6.4 BRHAEXDEH
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Lemma A.6.10. {E (1), (T2) DK, FHx > 2L T

M(z)logx = (k+1) /: %u)du + A(x) (A.6.55)

DAL L, BEAETHE A(z) Wz > 21X LT

Ar) < LM (z) < ﬁ (A.6.56)

LFHMfiCE 5. 7272 L Z 2T implicit constant & x, Ay, Ay DAIKIFT 5.

Proof. I n 1L T
logn = Zlogp = Z log p (A.6.57)

pm=n

TH5ZeZHVERL, —H, g(n)logn OIRFIBILK

> g(n)logn

n<x

IOWVWTHE X 5. HERHIBIE g 1P HEREUC B Z2H20 5 (A6.57) XD

> g(n)logn= > g(mp)logp =Y g(np)logp

n<z mp<x np<zx

THE. T, g PTPHIERBICARREODS (n,p) = 1 L5 RAREET, g ERIENEZOT

> gn)logn= > g(n)g(p)logp (A.6.58)
n<x np<z
(77,7])):1

Z2155. 22 TgoRbDIzdedrd vy ZHVWENL (A6.47) ZEWVHL, (A.6.58) &

logp logp
> gn)logn= > g(n) + ) gln)—=—""g(p)
n<x (np§f1 (np§11
T ? 29 logp logp (A.6.59)
= 2 9 +2_90) 9(p)
np<x n<x p<a:/n
(n,p)=1 (pyn)=

PENTHEL. & (np) =1 2B pin DI LEND, (A6.59) DFTE 1 EEIZE 512

I LG SRl IL - Sl L

np<x p np<x p np<zx b
(n,p)=1 pln
7(p) log p 7(p)logp
=> g(n)(i— > g(np)(i
np<zx p np?<z p
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ETES. ZORGIUE 2HBR g P ERBICA 2RO, g DRIEELD

D (0 ELALCI Y oA UL T R A L DL )

np<x p np<x p np2<w p
(n.p)=1 (n,p)=1
v(p) log p v(p) log p
=Y gln) == == - dgn) Y )
np<x n<x p<(z/n)%
(p,n)=1

CHEEES. Ik (A6.59) ITRALT

_Zg(n) Z ( Ing Z Z ’)/ logp p)

n<x z/n 1 n<x p<:v/n
ey ()=t

=Y gn) Y 2P logp )

: P
ST (a/n)E <p<a/n
(p,n)=1

REoFE

S gmlogn= 3" gm)TEL LN gy 0 Ap)logp )

p
n<x np<x n<x (z/n)% <p<z/n

(p,n)=1

Y 2O0DMADEESS. —B, Efu> 11T

Z 1(p)logp = rlogu + 0(u)

p<u

p)l p)l
27 o8P —klogu = Z Py ng log%fnlogﬂ

p<u 2<p<u p

BOT, (Tg) b, T u > 21K LT
—L—rklog2 <§(u) < Ay —rlog2 H-oT §(u) <L

182, 2,1 <u <2 QHPATD p<uRZBFRE p PFELBRVDT

)1
1<u<?2 = §(u Zw klogu = —klogu -oT §(u) <L

p<u p

%%, EoT, WFhICE &
Sw) <L (u>1)

TH3. 22T, (A6.60) %

> g(n)logn =Y gn) > a0 logp+z ) (p)logp

p
1
n<x n<x p<z/n n<x (z/n)% <p<z/

(p,n)=1
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PEX Z 212 (A6.61) BRATIUL

Z g(n)logn =k Z g(n) 1og% + A(z) (A.6.63)
VAP :
A= Yama(2)+ o Y TERG) (aeo

p
1
n<x n<x (z/n)% <p<z/n

(p,n)=1

®183. X512, (A.6.63) ORI

x
;g(n) log ~
R, .
M(z)logz = (k +1) ; g(n)log ~ + A(x) (A.6.65)
#18%. 22T

S gtmtogt =Y gtn) [ = [*EMay

n<x n<x
THEH, g DFREEDPS g(1) =172DT, 2 >2DL &

u

du+ (k+1)log2

(f@'—l—l)Zg(n)logi:(ﬁ—i—l)/;

n<x

2185, ZhE (A6.65) ICRATHIUE, FREINATVE%ER (A.6.55) H
A(z) == Az) + (k+1)log 2
Y BIRILTWB Z e hbhd. b,
(k+1)log2 < LM (x)
2, (A6.64) THZ BN Alz) iIcH LT
A(z) < LM (z) (A.6.66)
ZREIXRWV. (A.6.56) OEF DI (A.6.49) 22505 .
9, (A.6.64) DFILE 1 HITOWTIE, (A.6.62) 225

3 g(n)5<:1> < LY g(n) = LM(x) (A.6.67)

n<x n<x

213%. X512, (A.6.64) DFE 2 TH

Som 3 MR

n<z (w/n)%§p<x/n
(p,n)=1
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WZOWTIE, AlOMZZETRIFIUR, MIET 2 p it L T2 <p<z/nHBHDHILDODT,

gy Y] 1w)logp ) o > gln) > W(Z))plogpg(p)

D
n<w (m/n)%§p<z/n n<w/2 max((z/n)%,2)§p<x/n
(pn)=1

LTES QMUOFOHFAD n < 2/2 ITEFTHEDTVWEZLIHER) . §5&, Lemma A.6.6 &b

v(p) log p v(p
T T T D AL PP e 3 2p)
n<x 1 D n<1;/2 1 p
(¢/n)% <p<a/n max((z/n)? 2)<p<z/n
(p,n)=1
CIRBIA,

n<z/2 = 2< max((m/n)%ﬂ) <zx/n

76, X512 Lemma A.6.3 205

S g(n) 3 Mg(p)

7 p
(z/n)2 <p<wz/n
(p,n)=1

< Z g(n) (/@log log(z/n) + Az ) (A.6.68)

n<w/2 logmax((z/n)%,2)  logmax((z/n)?,2)

<> g(n) = M(z).

n<x

LLE® (A6.67) ¥ (A.6.68) % (A.6.64) ICfRAF4UL

A(z) < LM(z)

v (A.6.66) HEHS. O

A.6.5 FEmEXDEH

Lemma A.6.11. IE (I'1), (I'2) DR, H2E 8 ¢y PFEMEL T, Ef x> 2120 LT

M(z) = cg4(log )™ + O(V(Jc)LlogJ;> (A.6.69)

MDD, 5, Lemma A69% 2 =x, w =2 & 2 HIHEZIX

M(z) = c,(logz)" + O(L(log z)"~1) (A.6.70)

M DIIDOZ bbb B, 7272 L implicit constant 725 1& K, A1, Ay DAITKITFT 5.
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Proof. £731%, Lemma A.6.10 OFAZEFHf (A.6.56) £ Lemma A.6.912 XD, F7)

) du

¢y = (k+1) / A(u)(logu) 12 % (A.6.71)
2
PHIURT 5 2 L ISR 5. BHC, o > 2 1S LT

> du < L du

—(k+2) %™ - —(k+2) %™

| Aoz % < [ ooy

L > V(l’) —(H—&-Q)dl

<<7V($)/ch Viw) (logu) " (A.6.72)

L o0 du L
— —K 1 —(r+1)
< vy 8 ) / aflogu < Vizy 87

W35 tail estimate SKIZ T 5. £ 2T, Lemma A.6.10 THfH7 FER (A.6.55) OZ M x % t
WWEEHZ, Wt (logt)” 42 Tt € [2, 2] 1K - THED T UL

/ M(t)(log t)‘("“)%
2

Sl /; (/; Mzimd“) (log t)’(““)% + /21 A(t)(logt)%m)%

¥ %, ZOHNE 1 HE ORI EIEF 2 ANE 2R

(k+1) /; </2t Mi”) du> (logt)*('“r?)%

~ (4 1) /; @ ([Lz(logt)_(““)aét)du

- / %u)(@og )=t — (log )=+ D) du
2
= [ Moog )L — rogryten [,
2 t 9 U
YEMETES. I (A6.73) IKRATR L, by YEUEMNHAT
(logx)_('ﬁ‘l)/ Mdu:/ A(t)(logt)—(,ﬁ-g)@
2 u 2 t

¥%%. ORI (A6.71) & (A.6.72) ZHWTH S (logz) T 2 iU

/; Mi“) du = ,:i -(log )™+ + O(V(Lx)>

2185, Held, Zoini% Lemma A.6.10 @ (A.6.55) ODEITRATUIFEEREZTG 2. O

(A.6.73)

A6.6 FEEEDRBDRE
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Definition A.6.1 (Riemann zeta B8%). 53 s > 1 1R LT

=1
((s) = —
n=1 n
LEDD. OB ¢ % Riemann zeta B & FEIR.
Lemma A.6.12. 38 s € (1,2] 1T L T
1
C(s) = -1 o(1)

DRILT 5. FHIC

TH5.

Proof. R FDOREAREHN S, s > 01X LT

1 > du
— =3 —
ns " us+

[ du * Jul > du > {u}
Q(s):sZ/ u5+1:8/1 usﬂduzs/1 E_S/l usﬂdu
ziﬁ—l—s/ @du
s—1 1 U
THs. ZZTse (1,2 D=

o0 oo
{u} du
Ogs/l usﬂdugs : u5+1:1

ThHdZeZHVWIUITFRPELNS.

Lemma A.6.13. & (T1), (T2) ®F, s € [0, 1] iexf LT, &P 2 <w < 2 12T

9(p) 1" L
1 14+ 222 (1 —
og H ( + o ) ( psﬂ) < Tog w

w<p<z

DAL 5. T 2T implicit constant 1 &, A, Ay DAIKET .

Proof. Lemma, A.6.8 % Mertens OEM ¥ fA S LB

> (o00-5) <y sws)

w<p<z
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2185, 221, s € [0,1] 10 LT

1 ? du 1
p 0w s

ZRviud
9p) K ) T ( K) 1
> - = 9) —~ ) =
S s+1 S
w§p<z< p p w<p<z p/p
K Z du 1 K
:SZ<9(P)—p>/pus+1+zs Z (9(23)_p)
wp<z w<p<z
? K du 1 K
(b )T o
A(é;@” “)) e = X (-]
L / du L 1 L 1
logw J, us*t! = logw z*  logw w®
L7235 T
L
3 (g(f) - il) < (A.6.74)
w<p<z D p og w

#18%. X512 Lemma A.6.6 25

10g<1 i 9}()2’)) - gzgf) - O(g}(,gf> g;f) +0(g(p)*),

1 1 1 1 1
log (1 - ps+1> = Tt + O<p2(s+1)) = Tt + O<p2>

Z215%. Tk (A6.74), Lemma A.6.7 Z#AGEHLEIUL, s € [0,1] £ 2 <w < 2 ITHLT,

log II (1+%g0>(1_p;1>“: 3 (bg(l+%¥0>+ﬁk%<1_pil)>

w<p<z w<p<z

_ 9(p) K 2 1

-3 (W) vo( X osers ¥ o
w<p<z w<p<z w<p<z

L 1

LK—+ — <K

logw w log w
LFRERFS. O

Lemma A.6.14. i (I'y), (I'2) ®F, Lemma A.6.11 THEAZINER ¢, LT

- 2) o3

p

LT 5. BT ¢y > 0 TH B EAHDB.
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Proof. ¥ FEER ¢y BHRET 510D 7 A 77 %3~ %. Dirichlet 5

Zy(s) = i 9(n) = H(l + gz()f)) for s >0 (A.6.75)

ns
p

%#Z %. ZO Dirichlet fEDIHRMIZHIC Lemma A.6.11 ZHVWTHERT 2. 2D Zy(s) D
s\, 0 D FTOXHENE Lemma A.6.11 THEFEXZEL Ty ZHWTEE R T IENTES. —
T, Zy(s) 2 C(s+1) EHERL TS Zy(s) D s (0D FTOEHEZHREZTES. EBEIZ, Z,(s) &
C(s+1) DRNEFETEMT S22 %2E %5 L, Lemma A.6.8 % Mertens OEM & FL# 37 1UIFHEH
I

9(p) =

SRS

THHZeDWFTE 2. T3, Euler BORTD 12 X OIEZEHRTIUL

Zy(s) = H(l + gz()f))

P

~I(1+ 55 ) =1+ ) ~I(1- ) =covr
p

p p

CWVIUASHIRHTE S, |RIED ((s+ 1) DREFEE Lemma A.6.12 2F 21X s \ 0 DL ZDEH)
ZHNRDZZENTES. b 2D IBEONT Zy(s) D s\, 0 DR TOWHLEMZ B LT c, D
FRZ/IZ 0.
Z DFEFAH @ implicit constant I FTRT g KKFLTRWVWSDE T 3. £3UE, s > 0 ITHL T,
WD EDEAREHD 5
1 > du
v o

TH5. £oC,
> < du o du & du
Zy(s) :sZg(n)/ T :s/l (Z g(n))us_H :3/1 M(u)— (A.6.76)
n=1 n n<u

%#18%. Lemma A.6.11 %
M(u) =cg(logu)” + E(u) 7=ZL Eu) < Llogu)*™ '  (u>2) (A.6.77)

LEFI,
l<u<2 = Mu)=g9(1)=1

R EDIT, (A6.76) 1F

e d
2




Y%, 22T (A6.78) OAUHE 1HEIZ u =" ¥ ZHEHTII

oo d o0
cgs/ (log u)"” }:1 = cgsf"/ e Pxdr = cgI'(k+1)s7"
1 u? 0

YT 3. A, (A.6.78) AT 2 HEE (A.6.77) #HVW3ZL T

e du e ey du (e
5/2 E(u)us+1 <<Ls/1 (logu) IF = Ls~ "=V (k)

(A.6.79)

(A.6.80)

ETE%. DIED (A6.79) & (A6.80) &b, (A6.75) s >0DEZPHLTVWE Zehbhrb. F

7z, T (A6.79) & (A.6.80) % (A.6.78) IcRATHZ, s € (0,1] T
Zy(s) = c,U(k +1)s7" + O(Ls~ "~ 1)

215 0DT,
gi{%(s“Zg(s)) =c,I'(k+1)

TH5.
—7%, s > 012 LT, Riemann zeta B3 ® Euler R

g(s+1)H(1];+l>_l

p

Zy(s) =T(s)¢(s +1)" F2L I(s) = H(l + g(p)> (1 - psl+1)n

) 4
THd. T THEREI(s) &% T 5729, Lemma A.6.13 TaEBH L 77

9(p) 1 \" L
1 14+ 220 (1 =
og [] ( + 55 )( ps+1) < loew

w<p<z

(A.6.81)

(A.6.82)

FROHT. ZOFMEZw — co D2 E s e [0,1] KBELT—RRIC0IRPNKTZ. Db, (A.6.82)
THZ HNIERE II(s) & s € [0,1] KB L T—ARRICPCRL TV 3. MR I(s) DFRFIEdH 5
A s € [0,1] 1ITB LU CERBIEUIZ O T, Zh 6k kKT O —HRICRS 2 R TH 5 11(s) HiE S

s €[0,1] 1B 2GR TH 3. koT,

iy 11(5) = 110) = [T+ 9(0)) (1 1)

0
SNy p P

:1;[<ppv(p)>(1_;)m :H<1_ ﬁ@)_l(l_;

P

TH%. Zh#x (A.6.82), Lemma A.6.12 L flAGDEIUR

lim (57 Z, (s)) = lim (I(s)(sC(s + 1)) = H(l - m) : (1 - 1>K

sN\0 sN\0 p p p
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Z2155.
HLid (A681) ¥ (A683) 2EDHET

cgl'(k+1) 1;[(17;1))>1<11>n

Z1§207T, ¥FEkEH5. O

Lemma A.6.15. 5:fF (I'1), (Is) ZET . Lemma A.6.14 DEE c, WXL, HiFA 2 > el T

1 K
W < Cg (lOg Z)

ML T 5. 7272 L Z 2T implicit constant (& x, Ay, Ay DAIKIET 3.

Proof. 7,

)

p<z

e @) e

p<z

e ([ ) @I6- ) )

p>z p<z

Ths. (A6.84) DEUEATOEFIE, —HAFX—& ¢ > 2 ZEHUS

()0 - ()

z<p<z z<p<z p

72725, Lemma A.6.13 D s = 0 DFEEFHWT

JLO)05) —elofis)

YIMIITER. 22 Ta—oo DMRZ L od Y, IE 2z > el 12K %E 213 UT

11 <1 - WS?)) (1 - ;) T exp (O(b;)) <1 (A.6.85)

p>z

Db s, ®mEIC (A.6.84) DHUEKR DK TFIE, Mertens DEF (Lemma A.6.4) kD

[1-2) ol D) ) -wledeo(2)

p<z p<z (A.6.86)
= exp (Ka loglog z + O(l)) < (log 2)"

LIBTE 5. BLED (A6.85) & (A.6.86) % (A.6.84) ICRA LTERES. 0
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A67T HEROEL®

M E® Lemma A.6.11 ¥ Lemma A.6.14 X #lAEHEIUL, XE185

Theorem A.6.1. {KGE (T'1), (T2) OF, FH x> 21T/ LT
M(z) = cy(logz)"™ + O(L(log z)" 1) (A.6.87)
HEDIID. EHIT ke (0,1] BIRET 2L, Tl > 1 IR LT, IREHICER ¢, ZFHAL
M(z) = c,(logz)" 4+ O(c,L(log z)" 1) (A.6.88)

DD (x DHPAD LN > TWB I EIZHER) . 7272 L 2T,

N

T&H D, implicit constant 72 51X k, Ay, As DAIKET 5.

Proof. Ri#® (A.6.87) I¥ Lemma A.6.11 @ (A.6.70) & Lemma A.6.14 2> HEHITHES.

Rz, HBED (A.6.88) % k € (0,1] DIRED FTRT. £3, 2> el DY %X Lemma A.6.11 D
(A.6.69) ¥ Lemma A.6.15 225EHBIIHES. KT, 1 <z <el DrEZEZ 2. (A6.88) DL
V(z) 53 2 I L CTIRRERHBDTH 2 Z & 2FH UL, (A.6.49) & Lemma A.6.15 5

11
Vi) = V(eh)

M(z) < < c¢gl" =cyL- L1

#19%. ZZTl<z<e! D EIZ0<logr < L TH2h5, k€ (0,1] DIRED T,
M(z) < cyL(logz)" ! (A.6.89)
#19%. (A.6.88) DEUFE—THHIZ 1< <el DX 0<logz <L TH205
cy(logz)™ < c,L(log z)"* (A.6.90)

YRHETE S, MLED (A.6.89) & (A.6.90) ZEDEIUE, 1 <z <el DX & (A.6.88) IXHIHICHD
MO EDbRB. O

S BIZER RSN 2 W AUX Maynard DS [5] @ p. 400 123 % Lemma 6.1 25§50 3 (24
Maynard O [5] LA R 223, Wi Remark A.6.2 2BBOZ &) :

Theorem A.6.2. fRGE (T'1), T2) BEUL k€ (0,1] OF, FE# 2 > 1 & C* #RBI%K

G:[0,1] =R
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LT

1
> old) (k’g > = Hcg(lng)K/ G(2)z" dz + O(cgGmax L(log 2)" ")
0

d<z IOg

M DHILD. 7272 L2 2T,

— 1 _@ B ! " sro ‘= max !
o= i (- "2) (1-5) B2 Guw= max (60 + 6/0)

» b

T b, implicit constant & k, Ai, Ay DAIKIFT 3.

Proof. WS ¥ OEARTEED

G(Eij):am— 1 G (z)dx

oo, The FROEDAALT

S aa)6([E2) =G - Yol [ 6w

d<z d<z Tog =

logd

<z = d<2”
log 2z

(R AT M IR =02 S i W g U =8

Zg<d>G(i§§j) o Yo - [ (X g<d>)G'<x>dx

d<z d<z 0 Ng<ze

/M )& (a

218%. §52,%5 ke (0,1 DT Theorem A.6.1 @ (A.6.88) 2SHEHATE, k > 0755
log d
Zgw)G(logz)
d<z 8

= ¢, (log 2)" (G(l) — /01 G’(x)a;”dx) + O(CgGmaxL(log z)Rt (1 + /01 :c“_ld;v>)

= ¢,(log 2)" (G(l) - /0 1 G’(x)a;”dx) + O(cyGaxL(log 2)"™1)

Y75 BRI k> 012K 20T, FEEIC TS TR

1 1
—/ G'(z)z"dx = n/ G(x)z" 'dx
0 0

Li25DT, TiRkEF5.
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Remark A.6.2. Theorem A.6.2 £ Maynard DX [5] ® Lemma 6.1 TiX, LFO KRS :

e Maynard DFi [5] @ Lemma 6.1 Tl g 52 EFIEMBE Y LTERL T, FIC p(d)? 2w
SHBMESTITVS. LaL, TR g 2 P EREICA 2R ORIENBEKE LTERL TH
W u(d)? 2V RBEOF RV EFELTH 5.

e Maynard D&m3 [5] 1& Theorem A.6.2 D k=1 DHETH 5.

A7 EAXBZ Selberg DERDIGA || — WMFZH DA

Maynard DF I 2 I O®RFZEDEEE L LT, Selberg D iz HWT, o LI DOWTFEBEDOEE
mo(z) DFHEIZIT o TA K S . ROFRIZ, €S ZFRZ, Hardy-Littlewood D#EATN

mo(x) ~ 2 H <1 e _1 1)2) (logx)2 (x — 00)

p>2

CAFEOFHEiZ 2SR TRED LD, T IEREIHLTVS !

Theorem A.7.1 (Brun). ¥tz > 2120 L T,

X
(log 2)?

ma(x) <

DAL 5.

Proof. Theorem A.4.1 ® & 2 ERIZ, TORD 2 1222V TREIE T TH 5. Proposition A.1.4
DT —2 (4, P,w, X) ZHWS. 3% &, Proposition A.1.4 @ (iii) & D

ma(x) < S(A, P, z) + 2 (A.7.91)

TH3. XoT, WA S(A, P, 2) & Lo SFHI L 72w,
Z Z T, Selberg ®fifi (Theorem A.3.1) ZHW3. T XX — R > 2 ZHEHUZ, Theorem A.3.1
By

X x
SA P N<Z=4+E==+F A.7.92
MRS 3. 7272 L2 2T, MG
. w(p)
G = r) 7=7°L = A.7.93
Tlpz(z)g( ) 9e) = =0 ( )
r<R
CERIN, BRIEE X
Ei= > AABE(di,d]) 7EL A <1 (A.7.94)
di,d2|P(z)
di,d2<R

TEHRING. KT, (A.7.92) DEDEFMIT AL, G ¥ B OfHlizT>
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9, MG IZOWTHEZ 3. Ml (A.7.93) DEME | P*(2) WD NS H50WDT
R:=z

b, g(p) =0 < w(p) =0 KEELT,

G= Y gr)=> g

r|P*(z) r<z
r<z

CHALLTH L. 2 2 THMEE g 13 Section A.6 EFIT k51

_ ), —w
9(p) = p——r 2L A(p) =w(p)

(A.7.95)

(A.7.96)

THZ 560 TWADT, Theorem A.6.1 Z# 21, (A.7.96) DWHERDPELNZSTHS. £ZT, 5
EZTWBRMEE v = w it LT, &M (1), (Ty) 2D D720, 5, RAFTEE X Proposition A.1.4

DA DkdiC

1 (p=20r %),
w(p) =
2 (p>2mr %)

T, Ko T, p=2ThHiu

0<¥@ 14 1
- 2 2 = 3
THH,p>2THHX
o<cw® 2 2 L 1
- p p~ 3 3

e, &M (D) B A =3 LB LTWS. ¥£7z, (A.7.97) & Theorem A.5.1 kY

ZWZQZW+O(1):2Iogx+O(1)

n<x n<x

DD ILD. ZOWEARDEZEIUE, 2 <w < 2z LT

Z w(p)logp :2log%+0(1)

wn<z

(A.7.97)

Z132DT, & (Do) k=2, Ao, L=0(1) L & HITHZLTWS. £oT, Theorem A.6.1 XD

G > (log 2)?

EWVWS I o DFHE 2135 .

(A.7.98)

RIZ, EH E T»H 3753, Proposition A.1.4 @ (i) & [Ag] <1 % (A.7.94) iZH WAL, Defini-
tion A.1.9 TER L7z XS I1Z n OBEFEZFROVARFBOMEBE v(n) EHE L 2R VWHTE

2
Bls Y wlhd)s 3 20l < 3o (5 50)

dl,dQ\P(z) di,d2<R di,da<R d<R

d17d2<R
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¢ TE3. ZZTAd<RTHIEIR/Ad>1TH3ZrZHWSYr (Rankin’s trick & LX)

21/(d)

d<R d<R

YTEZDT, W=1DrE®D Lemma A.6.1 ¥ Mertens DE# (Lemma A.6.4) %HAWiud

> 2" < R(log R)®
d<R

218%. £oT, % (A7.95) TRDZESIC R =2 LIBATVEHH
|E| < 2%(log 2)* (A.7.99)
%5,
PlED (A.7.98) & (A.7.99) % (A.7.92) iIcHWAUX

S, P, 2) < + 2%(log 2)*

_r
(log 2)?
2195, Ik X512 (A7.91) ICAHWIUR

< 2 4
ma(x) < llog 22 + z%(log 2)
%183, brizs 2 oKL, z =27 >2 L THMoTAHIUE, TERE2. O

Theorem A.7.1 ZHAWIURX, NFZBROFHMOPERMES L2 5.

Theorem A.7.2 (Brun). #%%%

>

1
p,p+2: T p

FIRS 5.

Proof. WFHEBBERME L 22787 2 72/ E13E Z T S HREUIARML DO TIEHTRE Z i3k,
£ o T, WFRBHERBEFE L HE2E TRV, M FOEAREHLD

17/°°du
p J, u?

P A A A e

p.p+2: B p.p+2: B P

7Zh5

p,p+§: Ev

CEZXERS. 22T, Theorem A.7.1 ZHWVULX

> 1<</Oo;du<—|—oo
p Jo u(logu)?

p,p+2: FH
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A.8 Maynard DFEX T DGRBS DFHEIC DL T DT
Maynard O3 [5] TR FTBGHII B O FHi#HZ LIATbATW 3 ED 0 H 5. ZOHIT
X Z NS % systematic 12175 HIEICDOWTE DS .
Bl 21X, Maynard O [5] @ (5.3) X THD D 12 2 2 7t
> u(d)’mi(d) < R(log R) (A.8.100)
d<R

Xd<ROYER/d>1%DT, R/d %I D 4135 ¢ (Rankin’s trick & IE.3)

> ud)’m(d) <RY M (A.8.101)

d<R d<R

7%, ZZT,Lemma A.6.4 XD, #Hif{2<w<2zT

2 1 1
3 wo)mlp) _ L heg 82 40 k
p p logw log w

w<p<z w<p<z

TH2H» 5, Lemma A.6.1 DFMF (A6.45) &k =k, A= O(k) THRIZT 3. £-T, (A8.101)
EW =10t %D Lemma A.6.1 XD (A.8.100) 215 5. A%iE, (A.8.100) DHAD log N ZlZ
(log R)* "L IcETHETE S, 2D log R —fli5 DIEKIE Rankin’s trick DffIC k> TATTL
FoTW3. Z® Rankin’'s trick D35 ORI HNZ, x LTO BARBOEBREBZ 2 2I2hbX

H X Rankin’s trick % Hu\ 7z .
xelezgxxlogx
n<x n<x
T®H» 5. —J7, Maynard D& [5] @ (5.9) KD X 51T Rankin’s trick Z2ff 5 HE D R WIGE K
RO log DIEEDELNE Z EHZ W,
Fix izl X7 Rankin’s trick D55 035 22 23 CTE 5. 24X, RISHNT % Lemma A.8.1
D & 512, Lemma A.6.10 THWZOEFEL M) vy Z7E2HWS LBV

Lemma A.8.1. VRSB Z2RDIEAMEDRIKNEL f 25X 5. L7, BB g %2

TEDD. IBITRD 2 5-:MERET S -
(1) Lemma A.6.1 ® (A.6.45) DSED LD, DFD, Fr >0 A>1ITHLT

1 A
og z n

Y 9(p) < rlog

w<p<z

DT 3. USARIE Lemma A.6.4 ZSBoZv.)

2<Vw <V
logw = logw (2 < Vw < ¥2)

56



(2) BEFBC > 0 BFELT, T8 > LIS LT

> f(p)logp < Cx
p<z
ML T 5.
FT5L,F e >2 b HAREW <zl LT
Z ) < H< ) (log )",
n<z p|W
(n,W)=1

Y S <<H<1+g ) (log )"~ 1,

n<zx p|W
<1+ ) —l(logx)m—l

(n,W)=1
MRILT 5. 7272 L Z 2T implicit constant & x, A, C DARIKIFT 5.

> L
n>x
(n,W)=1

Proof. H#D g(n) OMOFHfiE Lemma A.6.1 ZDbDRDT, &b D 2 DOFHHiZFAEHT 5.

fHHED 7z
F(n) = f() w1

[ & PRSI A % FHoIEABOTENETH D,

St =Y Fn)

n<x n<x
(n,W)=1

B HHHI

7%, PRI LT,

logn = Zlogp— Z log p

mp=n

P D A0 LS BRBAOROIEEE AWV, 2070, f(n) OROD DI

> f(n)logn
n<x
EZD.THE,
> fm)logn=>"f(n) > logp= Y f(mp)logp= > f(np)logp
n<z mp=n mp<x np<x

n<x

2153, [I3THIERECAZ FHORENBEBR DT, (n,p) > 142513 f(np) =0 TH DY

Y fm)logn=Y" f(p)logp=Y_f(n) > f(p)logp
np<z n<zw p<x/n

n<x
(n,p)=1 (py,n)=1
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%18%. 22T, fRIFAMEDLS (pn) =1 LWIEMFEALT

> fn)logn <> f(n) > flp)logp

n<x n<x p<x/n
¥ TE3. 22T (2) ZAHVIUR
f(n fn) _
Z n)logn < Cx Z =Cz Z = Cx Z g(n) (A.8.102)
n<x n<x n<x n<x
(n,W)=1 (n,W)=1

#18%. —HT, F o 1L Tlogz <z 25 fﬁféFﬁflEf‘Zéé )

Z f(n log <z Z fn Z f =z Z g(n) (A.8.103)
n<x n<x n<x n<x
(n,W)=1 (n,W)=1
b hb. ko T, (A.8.102) ¥ (A.8.103) ZEL T logx THIFUZ

o fm)=> fn) longf n)log x

n<x n<x n<x
(n,W)=1

logm(zf logn+Zf Jlog 2 ) loggc

n<x n<x

2185, H Ll g OFNZ Lemma A.6.1 %@ 34U, FHf

1 Kk—1
> < ;HV(Hg(m>x(logx) (A.8.104)

n<x
(n,W)=1

2185,
BHORIZOWTIE,

FRWS Y, f PIFAETHE 22 BVHL

S IR S [ G (X ) [ (T m)G

n>w n>x z<n<u
(n,W)=1 (n,W)=1 (n,W)=1 (n,W)=1

Y TE%. 22 ETRLE (A8.104) WU

> 5 M) [ e

n>x p|W
(n,W)=1

#18%. THOKDER 20 LT, 272 (log )" 1% [10, 00) L THFRDT 205

= ke [ < T k)

n>x p|W u
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LD, REOMOFHH1F 50 5.

Remark A.8.1. FEIZIEd 5P Likinz #1Z, Lemma A.6.1 ¥ Lemma A.8.1 TD FF#E
BREUCHEZFD] LVIEKHFEMD R 22 TES. 2 2Tl Maynard DX [5] Zatir®
WA B TR RIS T 2720 Z OS54 EF L.

Corollary A.8.1. FHIGEICEZFROIFAMORENEE f &R 5. $i, ZGalIBIK g &

{0
g(n) =~
TEDD. 51T, BERIIBEE f 58 >0 A> 11T LT,
A
flp) <K+ > (A.8.105)

P L22 TS, T3, Bl >2 LHARBW <z ITHLT

1
Z g(n) < H (H—g(p))aDgx)K’

(TleV[;')T:l PIW
1
Z fln) < H ()ac(logar:)"“_l7
1
= S M1 T 9(P)
f(n) ( 1 ) _1 -1
Z <<H z~ (logz)~
2

= n S ML 9(@)

ML S 3. 7272 L 2 2T implicit constant (& k, A DAITHKEFET 5.

Proof. Lemma A.8.1 D5t (1) & (2) ZHEDDIUIR .
9, &M (1) 2T 5. #iPH 2 <w < 2T (A.8.105) &b
Yo=Y f<e Y 44 Y S=x Y 1+O(1>
- P P’ p w

w<p<z w<p<z w<p<z w<p<z w<p<Lz
Y TE3. X512 Lemma A.6.4 VR

1 1
E g(p) < klog 082 + O
log w log w

wp<z

L%, ko, &M (1) Ml hs Lot
iz, &M (2) WD 5. (A.8.105) 55

flp) <1
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MM BDT, x> 110 LT, Theorem A.4.1 ZFHWVWUE
Z f(p)logp < Zlogp < 7(x)logr < x
p<z p<z

LY, & (2) diiIND BT o).
YEXD, Lemma A.8.1 BEATE, ERMIESNS.

Example A.8.1. Maynard DX [5] D (5.25) TEDHIL TV %51

2

1
> <o
s>Do 95) 0
(s,W)=1

ERLTALS. FOPTERES (s, W) = 1 53B2 5 < implicit IKFEINTWET (25
LW e BD s TEHAMRKICKR2) . Zhud, K (5.22) T Ag,,...q, DBDFRM (d,W) =1
MBS s 2B (55, W) =1 2 W0SHIKZRLTOMMILEDLRVWI LT ETF) XL
ZTDo>3,W=][l,.p,p THY, SEEREBL g 13

g(p)=p—2

TEFHREENS. (Corollary A.8.1 D g LIZEMN R S.) FHEGBICH EFOBERIIEK [ %

( P >2 (p> Dy DY X),

fp)={ \p—2 (A.8.106)
0 p < Dy
TEDHD L (52 )
u(s)* f(n
2 aer T
(s,W)=1

TH3. ZZTp>Dy DL EEp>3KDT, f DEFE (A.8.106) 225

2 2 2
2 6 12 36 24
f(p):<p ) :(1+> §<1+> =1+=+=5<1+=—
p—2 p—2 D p D D

%185, —J, p< Do D& %%, f DiEH (A.8.106) 2 & EHIHIC

fo)=0<1+2
p
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> - ey
2 2
( Sa/?gl g(s) s>Dg " DO
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